INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,
COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING
DOI: 10.37394/232026.2024.6.2 Bouzeghaya Fouzia, Merouani Boubakeur

Different Boundary Problems Governed by the Dynamic and Stationary
Operator Nonlinear Vibration of the Plates

BOUZEGHAYA FOUZIA, MEROUANI BOUBAKEUR
Department of Mathematics, Faculty of sciences, Applied Mathematics Laboratory,
University Ferhat Abbas Setif 1,
Campus, El Bez, Setif 19137,
ALGERIA

Abstract: - In this paper, we propose to study some nonlinear boundary problems for the dynamically modified
operator by adding a viscosity term —aAu'’ to the nonlinear vibrations of the plates. The field of application for
vibrating plates is extensive. To meet user needs, we have considered the geometric shape, the density of the
material constituting the plate, the plate thickness, and Poisson's ratio. Once the problems have been posed, our
approach then consists of transforming them into nonlinear problems of the hyperbolic type. In this work, we
study six boundary value problems and we prove for each problem an existence and uniqueness theorem.
Finally, we demonstrate the existence of a solution to the stationary problem using a variant of Brouwer's fixed
point theorem.
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1 Introduction stationary problem using a variant of Brouwer's
The field of application for vibrating plates is very fixed-point theorem. Thp techniques us.ed here are
wide. This includes, among others, the following those of [1]. More precisely, the techniques of the
areas: famous Faedo-Galerkin method, used in [2], [3], [4],
» Individual use at home, beauty salons, well- [5] and [6], to study nonlinear boundary value
being, relaxation, and massage. problems of the elliptic and hyperbolic type.
= Sports and fitness halls, sports clubs, health, Although new techniques have appeared since
and rehabilitation professionals. then (such as homogenization or compensated
» Machines designed for soil compaction, compactness which are taught more recently) these
trench back-filling, and the paving or techniques have retained their interesting properties.
flagging of surfaces. Remember that these techniques are currently taught
In this paper, we consider a series of six in most major universities in the world; let us cite as
boundary problems governed by the nonlinear, examples '[7]' and [8]. .
dynamical, and stationary modifying operator, The blbllography q‘}Ot?d here does not claim to
incorporating the viscosity term —adu’’ into the be exhaustive, and this incompleteness must be
nonlinear plate vibration equations. attributed to the author's ignorance and not to the
To respond to the needs of users, we will take author's ill will. _
into account the geometric shape, the density of the The various problems being coupled, between
material constituting the plate, the thickness of the the Airy function apd the transverse displacement,
plate, and the Poisson's ratio. Once the problems the approach consists of reducing the problems
have been posed, our approach consists of gqvemed l.)y.equatlons .of the hyperbollc type. For
transforming them into nonlinear problems of the this, we eliminate the Airy function from the. system
hyperbolic type. In [1], the author studied the first and prove, for each p.roblern, by the teghmques of
problem (Dirichlet) by proving an existence and the. famous method cited above, an existence a}nd
uniqueness theorem. In this work, we extend the uniqueness theorem for these modified evolution
study of [1], to five other boundary problems and equations. These pregented I.noc'iels. plgy an
prove for each problem an existence and uniqueness important role in the design of artificial intelligence.
theorem for the dynamic case. Finally, we In other words, mathematics makes it possible to
demonstrate the existence of a solution to the design the basic rules of artificial intelligence. It is
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based on four fundamental pillars of mathematics
(linear  algebra, probability, statistics, and
calculations).

Consider an isotropic homogeneous vibrating
plate occupying an open domain Q c R%on
lipschitzian boundary I' made up of two measurable
and disjoint parts I'g and I';.

The normal and tangential derivatives are given by:

where Mj(u) and N;j(u), i=0, denote the following
differential boundary operators:

\ v/ oy = u ¥
Mlu) |z Alu ""Au + 41 (24 I 1Z)

s

and
a9 @Fu
Niu)ly Ni(u i B Au+ (1 ”1”“):" }
where y; is the trace map on [;,i = 0,1 . We will
denote by a;,i =1to3, the following positive
constants
ER’ 2

(ry ph, sy and ay . (4)

12(1 - o* En

where Eis  Young's modulus, o €]0,1[is  the
Poisson's ratio, p is the density of the material
constituting the plate and his the thickness of the
plate. In what follows, we will set for u and v as
two functions in Q:

Liw,v) = a(Diw.Div+ Diw.Div — 2Dy Daw.Dy Dav (5)

We denote by A, the iterated Laplacian A% in
the wvariable x, decomposed according to the
Poisson's ratio o , as follows, ([9]):

2 Formulation of Problems (Py,)
We consider here a family of six problems governed
by the dynamic equations of non-linear vibrations of
the plates, that is to say for f € L2(Q), which we are
looking for a couple of functions (u, F) defined in
Q=Qx ]O,T [, of boundary ¥ = I" x]0, T[, solution
of the problem

[ wu” —adv +asden— L F)=f inQ
L wou) =0 in Q.

0" on ,

Ay
on 2.

0

i, r), a
1 Geulx ) mlr), e
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Where the different notations are specified as
follows: for @ > 0, -adu'’ is a viscosity term, [10],
for a;,i = 1to 3,see (4), for A, see (6) and for
L(u,F) see(5).

The boundary operators Bf and B¥, k = 1 to 6,
are given by:

1) Boundary conditions on the unknown u:

Bt | 6. onSo

e
Miw)
Viu)

(
|
r
|
I'
[

2) Boundary conditions on the unknown F :
: [ 1

Bil { ¢ n M

[
|
|
| o
|
[

Physical interpretation:

fis the given volumetric force density, uis the
transverse displacement, F is the normal
displacement or Airy function, M (u) is the bending
moment and N (u) is the transverse force composed
of the shear force and the twisting moment. The
boundary conditions (8) to (9) mean that the plate is:
- recessed at the boundary , for the first problem,

- recessed at the edge X, and simply supported at the
edge X, for the second problem,

- recessed at the edge X, and free at the edge X, for
the third problem,

- simply supported at the boundary X, for the fourth
problem,

- simply supported at the boundary X, and free at
the boundary 25, for the fifth problem,

- free at the boundary X, for the sixth problem.

Remark 2.1. In (Py) there is no initial condition
on F, it depends on the fact that the system of partial
differential equations does not contain a derivative
in termst of F. The system (Pj) being coupled can
reduce in the following way, by elimination of F.
Indeed, the domain{2 is bounded and with a
lipschitzian boundary, there is no particular problem
in the application of the variational method to the
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resolution of the elliptic equation with the

corresponding boundary conditions, [11].
Furthermore, the famous regularity theorems of

[12] and [13], make it possible to prove that F is

regular, that is to say thatF € H*(Q). When it
comes to the problem of Neumann problem, for
k=6 and T, =¢ , we assume the necessary

existence condition is verified:
/ Li{u,uw)(x)dx = 0.
Q2

So, if G, denotes the Green operator, i.e. the
inverse operator of A, in {2, of the problem:

J ag AL+ Liw,u) =0 in Q.
Bk |
then
1
! Gl L{w, u)), (11)

g

and the first equation of (7) becomes

aldu + a9 1,0+ I.r'._fv" (L{u.n)) "‘ 12

and therefore the problem (Py), k=1 to 6,
becomes of the hyperbolic type, that said, we have
the following:

J.;w adu +asdati + S Lin Gy [ Llw,u [ in Q.
B*u=0on L.
," [ ’ ’

Theorem 2.1. We assume f, uy, u; given with
fe L*Q). (14)
e Hy(6). (15)

tn Ve() and u

Then, there exists a unique solution (u, F) of (Py) ,
k =1 to 6, such that

we L0, 7T: V%) (16)
u' € L>(0,T; HA (D). (17)
F e L7>=(0.T: V). (18)

E-ISSN: 2766-9823

Bouzeghaya Fouzia, Merouani Boubakeur

where the V), are the variational spaces of the
problems (PAG), k =1to6,([11], Chapter IV):

l,<:l ‘l.].lll,|l| :nll (_’.
(£4,) [ BEF =0 - (19
H I ‘l “," 0 ol .
We have
Vi = Hy(Qh), )
V, = {v e HAO L . Yov =0 ]
Vo = {v EH (D), v = d—'! =0 sur [ et ypv="0sur [1}
Eh‘ N
Va = {v € H3{()), yqv = To(—) = 0 sur T}
J i i d',’ vJ
Ve = HH{O) N HHQ),
Vs = {v € HY0),7qv =7, Miv}) =0 sur [y}
Vs = HA(N)

The V., k=1to6,are closed subspaces of
H?2(0), hence Hilbert spaces containing HZ (12).

Remark 2.2.
It follows from (16) and (18) and from the definition

(5) that L(u,F) € L”(0,T; L*(£2)) and so the first
equation of (13) implies that

u'" € L*(0,T; VD),
and hence the initial conditions in (Py), k=1 to
6, make sense. Indeed, to show that, it suffices to
remark that L'(Q) c V}, € H™2(2).Indeed, if g €
L'(2), we have

= U (20

Remark 2.3. In this remark, we consider the spaces
H%(2), where s is non-integer, developed in [14],
the function F in Theorem 2.1. satisfies
Fe L>*(0.T: H3*(Q)) ve >0, (21)
In fact, let € > 0 arbitrarily small. So

L) H717=(0) < VY, (22)

In fact, if g € L'(22), we have:

I (g ¢)l = |I9llzray IPlL=(a)
| )

\l S cliglipria II¥ H+2{Q)

seen that H1*¢(0) c L®(2) forn =2 and € > 0;
[11]. Then

L(ww) € L”(0,T; H17¢())
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andas F = — ai GrL(u,u), we deduce (21) using
3

the solution of the problems (P,), k =1 to 6, and
the fact that send H5(2) in

HS*(Q) NV, s = 0.

3 Proof of Existence
In the proof of Theorem 2.1, we use the following
lemma:

Lemma 3.1. We have
1) The application

V, xV, —>Vk', k=1to6
(u,v)= L(u,v)
is bi-linear and continuous.
2) The form (u,v,w) - (L(u,v),w)is
linear and continuous on V.
Proof: Analogous to that of [1].

tri-

i) Definition of approximate solutions.
The space Vi, k=1, to 6, is identified, by the
application

av

o)
- v, — ., —
v v'axl’ "0x,)

to a closed subspace of
L?(Q) X .. x L*(1)

which is separable and uniformly convex, so that
one can project a dense countable set onto the
subspace V. So let {wj,..,w,,} be a basis of Vj,
(for example we have V; = HZ(2)), and let
Uy, (t) be such that

< 0%
u, Le it Y Gimlliu 125

the g;,, being to be determined by the conditions:

| i, (t)a { 1| At
| +2(L t).Gelum(E), umlt)), wyl = (fit), wy),1

Where

¢ Ou ov
a(u,v):;J.Qa—Xia—Xidx

where we use the notations of (11) and (12), with

e () = 1 W1y vees Wl T wo in Vi k=11t06,
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If we define F,,(t) by

1

Fo(t) Grl Ll (£). wm(t)) 27)
or by

I 1!;.1-f‘,"\‘.’. U (L) Upy (L)) U R
‘l_ Fo.(t) € 15, k | ta B I
then (24) reads

Livum (€), Fin(t))ou,) = ({2
Of course F,(t) is not (in general) valued
in [Wy,.., wp,]. According to the general results on
the theory of systems of differential equations, one
is assured of the existence of u,,(t), and therefore
of F,,(t), on an interval [0, t,,, ], for some t,,, > 0.

ii) A priori estimates
We multiply (29) by g;,(t) and we sum inj. He

comes:

But according to Lemma 3.1, we have

(Lau, (). F, @).u;, )= —(La, ®.u; @), Fy )
1(d
- —4[dt L(U,, (0).U,, (). F, (t)j,

and by (28) this is equal to
% (AF (1), F, (1) = %%\ma ®)+(1—G)AF, (0)].

So (30) is written again:
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But according to (25)

a |ulrn |2 + oc||u1m||2 + a2|0'Au0m +(1- 0')Au0m|2 < constant.

By definition (27), we have

- an
F..10 NS

and since L(uUgm, Upm) remains in a bounded
subset of L'(2), hence of V., c H™2(Q), k=
1to 6, then E,(0) remains in a bounded subset of
V. and therefore in (32)

|cAF,,(0) + (1 — 0)4FE,,(0)| < constant.
So (32) implies that t,, =T and

;1)

Uy, Fyy Temains in a bounded subset of L0,

remains in a bounded subset of L*(0.T: L*(0)). 3|
iii) Passage to the limit

From (34) and (35), we can extract a sequence
Uy, F, such that

I wy = u, Fy = Fin L*(0,T; Vi) weak star.

w, =, F, = F'in L*{0,T; L*()) weak star, (36)
l u, — uin L?(Q} strongly,

Let ¢;,1<j<j, be functions of C*([0,T]),

such that ¢;(T) = 0, and

P D Lrd
L= ; @, 0wy L)
£aT)

We deduce from (29), by integration by parts of
the first term, for m = p > j, that

(v, Fﬂ) - L(},F) in L?(Q) weakly,

E-ISSN: 2766-9823
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for example and so since u,, — u strongly in L%(Q),
we see that

[(Lw,.F)w)dt - [LOY,F),udt = [ (L, F), W),
and

T T
ja(uﬂ,wj )dt —> ja(u,‘P)dt )
0 0

Therefore, (38) implies by passage to the limit:

and this is Vi of the form (37).

By passing to the limit we deduce that (40) still
holds for all ¥ € L?(0,T; V), k = 1to6, such as
Y’ € L?(0,T; L*(2)) and ¥ (T) = 0.

This shows that u and F are related by the
first equation of (Py),k =1 to 6, and u'(0)=
u4. It remains only to show the second equation of
(Py),k =1 to 6. We can go directly to the limit
on (28) (for m =y noting that L(w,u,) -
L(u,u) in D'(Q) for example; indeed we have

T T
[(L,,.u,).@dt = [(Lu,.9).u,)dt, vo<DQ
0 0

and we pass to the limit as above.

4 Proof of Uniqueness

Let (U, F) and (u*, F*) be two solutions, let us
say:

vyy=u—u.wn=F—F", (41)
Then we have the algebraic relations

2y, —uAtv_ +mA vy = L
agdqto = Llvy, v1) = 2L(u. vy ), (43)
obviously with

1(0) =0, v3(0) =0 (44)
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a) Estimates for v,
We use remark 2.3 here. From (22) and (43) we
have:

However,
IL(w, vl oy < Callully, llvally,
And since
(w,v,) € L?(0,T; Vy) € L°(0,T; H2 (1)),
we have

IIL(u, V1)||L1(!z) < Cz||u||H2(n)”V1||H2(n)

valiy Callvallgzqay - (40)

We remark that |Av;| is a norm equivalent to
lv1llpzq) over Vi,k=1 to 6, so that (46)
defines a norm and is equivalent to

vall g < Cy|Ay|. (47)
For D? = D} we have

D%v, € L*(0,T; H'"£(1))

(This holds obviously for D;D;) and, [15]
2
H'75(Q) < Le(),

So

D*vy, D*F € L¥(0,T: L7 (1)) (48)
and according to (47)

D* s 2y S CslAu|. (49
In (42), let
I L{te,va) + L{vy, F*), (50)

let us show that

Ke L*(0.T:H(Q)) and [K]|5-,,q < Cs|Ary

Indeed let ¢ € H}(2). Then, still according to the
fractional Sobolev Theorem, [15], we have, for
fixed e >0 :

E-ISSN: 2766-9823
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This is true according to (49), (52) and wu €

L=(0,T; Vi), k =1 to 6. Then

(L{vy, F ¥ Cy [le4ll, |\‘ DD F |

La vl gan '\ DDFY 2

Cyo At
whence (51).

b) Equality of energy
From (42), (50) and (51), we deduce by setting

[ Lo (01 + a4 (01 + a2 lodenit) + (1 - a)Aua(t))

l ,“T""\‘ vy Jds, almost evervwhere SR
Indeed, the method of Theorem 1.6. of [1] leads to

, 2 , 2
L@V +avi®| +aloav, ) + 1 -o)Av,t)])
= [[(K,v))ds + [} (K,V,)ds, almost everywhere.

But
%(al Vi@ +efvi@)| +a]onv, (o) + - o)Ay, ())

= J, (< vds,

Il ‘v‘.""':"‘ oy jeAny () + (1 - w )
ap [P+ alltd (P +aalede (7 oAy (Tl
l c TR, vy s
for almost all T and t.
According to (44), we can extend v; by 0 for t <
0 and K being also extended t < 0. In (56), we do
the same thing fort < 0. Therefore, we obtains
(59).

¢) Uniqueness
We complete the proof easily from (55) and (51); In
fact

(K. )as| < € [7 [aAey(#) + (1
. {‘_“: oy (8) = (1 —eAvy )| L (8] ds,

L

[
’l.

and then, we deduce from (55) that
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Thanks to Gronwall’s inequality, we obtain v; = 0.
Consequently, from (47) we deduce that v, = 0.

5 Stationary Problems (S;),k =1to 6
We now propose to prove an existence theorem for a
solution, using a variant of Brouwer's fixed-point
theorem [1], for stationary problems corresponding
to problems (7). Therefore we are looking for a pair
of functions u, F € V,, k=1 to 6, such that

Liu F)

- Lin.u
H“: w=1

Pu =10

33 F =0
1F =0

f in €2,
(0 in 2

[ (L8 PR
| asA.t

(Si) B*u on | (59

;
BF S on T,
.'

e, o e,

X
1

Where the different notations are those of the
previous paragraphs 1 and 2.
We will need the following lemma:

Lemma 5.1. ([1]). Let & —» P(§) be a continuous
map from R™ to it self, such that, for a suitable p >
0, we have:

(P(E). &)} = 0, VE such as |€ 0. G0

where if & = {&;},n = {n;} € R™:

m

[ C .y ol

<7 > Sillis IS
st

Then there exists &, £ < p,such that
P(&) =0.

We use Lemma 5.1. to show the following theorem:

(£, )3 (61)

Theorem 5.1. Let f be in V;, then the problem
is (Sx), k = 1 to 6, admit a solution.
Proof.

1) Approximate solutions.
Let wy,.,Ww,, ...a«base»de V,, k=1 a 6,
formed for example, by functions of D(£2) as in the
dynamic case. We are looking for w,,, € [Wy,..., Wy, ],
m
ie. U, = Zfiwi , such that
=)

1
agl Ag g, wy) -+ Llug, Gylog. e oy ) = (foag] ) 1< m 62

If we define E,, by
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1
f’,,, (l',l.|,_ll|‘“_|’,",

Then (62) is equivalent to

[ [y A (L{wy,, Fo)u f.u |
l agdLF Lty u 0

We have to show that (62) admits a solution. We

use Lemma 5.1 for this as follows. To & = {§;} we
m

associate U, = Zfiwi then
=

;= (@2 Asty — L{ti Bl 1) = (fr;) 1 < <y 63
and we put
P l: e {,.,,:}. (66
So,
1 (67)
‘_'}w. (1 7) A ' : l’ s F Uy ) oy
a3 | Aty [* = L{ttys Fou) 1) = (0

But by Lemma 3.1 and by (64),

(LQum, En)yum) = (LU, Uy ), FBy) = _a3|AFm|2;

so that (49) gives
‘!I: i =% '5) Ax.‘ n 2 ol { & Af“ 2 \‘f‘A.'.',‘ \',i\\
But

|(Fundl < Nf Nl lltmllv c1ldum],
and so

ay | Au i'l -ag | AF, - Au

L

So (P(§),§) = 0 if |Auy| > = (where a; =
S, see (4)) condition fulfilled if | & |= o,
large enough. We can therefore use Lemma 5.1;
there thus exists u,, € [wy,.., Wy, ]a solution of (62),
or, which comes to the same thing, of (64).
Moreover, if u,, is a solution, we have P(§) =0
and (68), (69) give

P{E).£) = 6y 1 Aum * + a3 [AF. P = (f,u ey | Au (70

2) Passing to the limit.
We deduce from (70) that

Uy £y

remains in a bounded subset of 13, k=1 106 (Tl
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We can therefore extract two sequences
such that

Uy, By

in l‘l weak
» I in Vi weak

I u,, -1
\ F.
and, the injection of V,, € H2(2) - L*(R)
being compact,

f '
t, — 1 i L8 strong (and even in H*(0

L0 strong

=trony
\ ¥
||

| 0 strong land even in H

y rl
g ll' dans L7

Let i be fixed, g >1; we have:

(L(uw Fu)' Wi) = (L(u”, Wi)' Fl'l)

and
L(u,,w;) - L(u,wy) in L2(2) weak,

which, with (73), gives

(L(w,wi), E,) = (L, wy), F)

Consequently
Iu\-.—l.,.’.f. wi) — L(u, F),w;) = (fow;),1<i<m,

We derive the first equation of (59) and extend the
same procedure to the limit in the second equation
of (64).

6 Conclusion and Perspectives

In the first part of this work, within the framework
of solid mechanics, and more precisely in plate
theory, we have established an existence theorem
for various dynamic problems governed by the
operator of non-linear vibration plates. Additionally,
we have proven an existence and uniqueness
theorem for modified evolution equations using the
compactness method.

As future perspectives, it would be interesting to
extend this work in cases where

- The Sobolev W'P (Q), [16], spaces with a constant
or variable exponents.

- The plates have polygonal borders.
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