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1 Introduction 

   Boolean algebra is a subfield of algebra 
where the value of variables can be true or 
false. True and false values are usually 
expressed as 1 and 0 respectively. Unlike basic 
algebra, where the variable values are numbers 
and the operations are addition and 
multiplication, Boolean algebra has the 
operations “and” denoted by ∧, “or” denoted by 
∨, and “not” denoted by ¬. [1] 

  Boolean algebra is named after George 
Boole (1815-1864) and is claimed to have been 
first proposed by Sheffer in 1913 [2, 3] 

   George Boole is considered the father of 
Boolean algebra.  In 1848, a work called 
“Mathematical Analysis of Logic” was 
published. This work opened a new era in 
mathematics and Boole gained a certain 
reputation. This pamphlet was also appreciated 
by de Morgan. This work was to be the 

harbinger of a work that would appear six years 
later [3, 4]. 

Aristoteles, a famous Greek mathematician, 
created symbolic logic, Aristotelian logic, on a 
mathematical basis. Later, Boolean improved 
this idea and therefore it is called Boolean logic 
and then Boolean algebra, mathematical logic, 
symbolic logic, after some studies, fuzzy logic 
etc. were created. 

De Morgan (1806-1871) later developed the 
famous De Morgan theorem on Boolean 
Algebra. This algebra has been fundamental in 
the development of digital electronics, and 
therefore, for all modern programming 
languages. It is also used in set theory and 
statistics. Huntington's primary research interest 
was the foundations of mathematics. He was 
one of the "American postulate theorists". 
Hunginton developed postulate for Boolean 
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algebra. His postulates are used for modern 
algebra circuits [5 - 7]. 

Huntington established Boolean algebra on an 
axiomatic basis in 1904. He revisited Boolean 
Axiomatics in 1933 and proved that Boolean 
algebra requires a single binary operation 
(denoted by infix '+' below) that commutes and 
combines, and a single singular operation, 
completion, denoted by postfix prime “ ' ”. The 
only axiom required by Boolean algebra is: 

    '  ' '  ' '  'a b a b ab ab      

                                               'a b b a   . 

It is known as Huntington's axiom. 

Shannon [3] is the first to show that all these 
axioms and theorems could be used as the basis 
of electronic circuits as a field of application. In 
1937, at the age of 21, he wrote his master's 
thesis “Symbolic Analysis of Relay and 
Switching Circuits” at the Massachusetts 
Institute of Technology, showing that 
electromagnetic relays could be simplified 
using Boolean Algebra. In this way, he laid the 
foundation for the use of electrical switches, 
which are the building blocks of today's digital 
computers [2, 3]. Çağman gave the important 
contribution to logic(fuzzy) with his study on 
the basic methods used in mathematical proofs 
in [8]. 

With the digitization of systems, the rules of 
Boolean algebra have been used in digital 
communication systems. Algebraic structures 
are introduced by Peirce in [1]. The 
contribution on the basic structures of ternary 
logic is made by Keleş in [9, 10].  

Binary logic has many uses, especially in 
statistics, economics, communications, 
electrical-electronic circuits and computer 
science, such as regression analysis [7]. 

Boolean algebra is based on 10 fundamental 
postulates [1,7]. Because of the numbers 0 and 
1, each postulate is expressed in pairs. Since the 
postulates include the characters 0 and 1, their 
description is usually done with closed and 
open electrical circuits [6]. Bhandari, 
Manandhar and Jha gave some constructions on 
the cartesian product of Fuzzy b-Metric Space 
[11]. Lampreia, Mestre, Morgado and Navas 
used fuzzy logic in maintenance system 
management [12]. 
 
In digital electronics, the three-state buffer is an 
of the best examples of ternary logic. This logic 
is used in processor, bus and memory design. 
 
2 Logic 2B  

In this section, some definitions, properties 
and basic rules on simple logic are given. 

 

Boolean Algebra based on, especialy, 10 
theorems [1] as follows: 

Substitution Rule 

,      . .A B B A A B B A     

Merger Rule 

   A B C A B C A B C         

   . . . . . .A BC A B C A BC   

Same Force Rule (law of identity) 

. ,        A A A A A A    

and (and) law 

.1 ,  .0 0A A A   

or (or) law 

1 1, 0A A A     

Ineffective Element Rule 

.1 ,  0A A A A    
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Complementary Rule 

. ' 0,  ' 1A A A A    

Rule of Ingestion 

 .A A B A   

 A AB A   

Dispersion Rule 

     A B C AB AC    

    .A BC A B A C     

Double Reversal Rule (Reverse Reversal) 

 ' 'A A  

  ' 'A B A B     

De Morgan Rule 

 . ' ' 'A B A B   

  ' '. 'A B A B   

     Let D  be the set of expressions. There exist  
at least 1 2,X X D  such that 1 2 ,X X X   for 
some X D , where  with the operation  . 

Example. 2.1.  Let 2 1x   be the expression. 

This is the product of two independent 
expressions 1, 1x x  . This is written as 
follows. 

  2 1 1 1x x x    , true.  

Algebraic expressions are true or false in the 
case of equality or inequality. An algebraic 
expression is true or false in a set other than the 
given set. For example, the equation 2 1 0x     
is meaningless in the set of real numbers. But, 

 
22 1 0, 1 0i i      are true in the larger set, 

complex numbers, 2 1 0x    is false for all 
2 1x   . 

 
A proposition is a statement that is either 

true or false, but not both.  
If  1 1 0    is true. 
If  1 1 1    is false. 
These statements are propositions.  But, 
 1 0x   is not a proposition. Because, 
If  1x   , then it is true and If  1x   , then 

it is wrong. 

Logic 2B  is the basic structure formed by the 
idempotent elements. 

In Logic 2B , 

     ,. 22 0,1x x x    . 

1,   is 
( )

0,   is 
if X true

P X
if X false


 


 

 Definition 2.2. Let D  be a set and P  be an 
expression depending on the variable X . If 

( )P X  is a proposition for each X D , then P  
is called a propositional function or a verb with 
respect to the set D . This set D  is the 
definition set of the proposition P  and the set 
 0,1  is the image set ( )P X . 

 

That is, an expression  ,.: 2P D  is called 
a proposition in  2B  that satisfies the following 
two conditions  

i. For all X D ,    ,.2P X  . 
ii.  For all ,X Y D , if X Y , 

then 

              P X P Y  
iii. For all X D , 

                0, 1P X P X  . 

We now give the following. 

Lemma 2.3.  The equality or inequality of any 
two mathematical expressions without variables 
or parameters is a proposition. 

Proof.   
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Two different mathematical expressions 
expressed in numbers are either true or false. 
And the comparison of these two statements is 
not true and false at the same time. 

For example, the proposition  
21 1   is a true 

proposition and  
41 1    is false. 

Example 2.4.  Let  1D =  and  ,.: 2P D  

by       ,.1,1 , 1,0 2P   D , then  this is not 
a proposition. 
 

Definition 2.5. Let ,P Q  be any two 
propositions on an arbitrary set D . The logical 
operations  “.” and “+” are defined as follows. 

i.    
   

   

0,   0 or 0
.  

1,    1,  1  
if P X Q X

P X Q X
if P X Q X

 
 

 

 

ii.    
   

   

1,   1 or 1
 

0,   0,  0
if P X Q X

P X Q X
if P X Q X

 
  

 

 
So we get the following. 
 

For any X D   

 P X   Q X   Q X  
AND 
 P X  

 Q X  
OR 
 P X  

 'P X  

     

     

     

     

Table 1. 

If expression X is not true, it is false. 

If expression X is not false, it is true. 

If an expression is neither false nor true, then 
the meaning of this expression is absent in 
Logic 2B . 

For all ,X Y D ,  
i. If   1P X Y  , then   0P X   

and   1P Y   or   1P X   and 

  0P Y  . 

ii. If   0P X Y  , then 

  0P X   and   0P Y  . 

Note:  Is a lie or imaginary verb true or false? 
This is quite difficult to distinguish in Logic 

2B . Because there are two options there. This 
expression is neither true nor false.  

If there is some X D  such that   1P X   and 
there exists YD  with X Y ,  such that 
  0P Y  . This situation is not possible. 

Lemma 2.6. Let D  a set and P  be an 
expression depending on the variable X . If 

1 2,x x  are two different expressions of X  in 

2B , then    1 2P x P x . 

Corollary 2.7. If    1 2P x P x  such that 

1 2,x x  are two different expressions of X  in 

2B , then X  is not a proposition in 2B . 

Example 2.8. Let  : 1 3X x  , for x , then 
X   is not a proposition. Because, 

For all x ,    ,.2P x  .  But, if 2x  , then 

  1P X  , if 2x  , then   0P X  . 

This is explained bellow. 

2B  L or I 

1(T) 0(F) Unknown 

Table 2. 

Definition 2.9. An expression that is neither 
true nor false is called a vague (lie, imaginary) 
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statement. A vague expression whose truth or 
falsity can be calculated by at least one 
operation called a vague proposition. It is 
denoted by   1P X   in [9]. 

 

The expression in Example 1.6 is a vague 
expression. Because, the truth or falsity of this 
expression can be calculated as   1P X   . 

        
3 Logic 3B  

This section is started with the values in the 
uncertainty table. The added value is -1 in 
ternary logic. This value is corresponded to 
uncertain, imaginary, lie or false, as in the 
following table. 

 

3B  

2B   

1(T) 0(F) -1 (L or I) 

Table 1. 

Definition 3.1. Let D  a set and P  be an 
expression depending on the variable X . If 

( )P X  is a proposition for each X D , then P  
is called a propositional function or a verb with 
respect to the set D . The set D  is the definition 
set of the proposition P  and the set ( )P X  is 
the image set  1,0,1 . 

The definition of a proposition in Logic 3B  
similar to the definition above is given below. 

An expression  ,.: 3P D  is called a 
proposition in  3B  that satisfies the following 
conditions  

i. For all X D ,    ,.3P X  . 
 

ii. For all ,X Y D ,if  X Y , then 
  1P X   . 

iii. For some X D , P(X)=-1 

We explain this as follows.  
i. For all X D ,    ,.3P X   

ii.  P X  is only one value in  ,.3 for any 
X D . 

iii. If 
1

n

l
l

P P


  ,   1iP X   for ,i j  

,i jP P   , 1,2, ,i j n , X D  

then       1i jP X P X P X   . 

For all  , 1,0,1X Y   ,  

i. If   1P X Y  , then   0P X   and 

  1P Y   or   1P X   and   0P Y  . 

ii. If   0P X Y  , then   1P X   and 

  1P Y    or   1P X    and 

  1P Y  . 

iii. If   1P X Y   , then   0P X   and 

  1P Y    or   1P X    and 

  0P Y  . 

Let us give the following theorem without 
proof. 

Theorem 3.2([9]). For any k   1  the 

following statements hold. 

i.  
   ,. ,.2 1 3k   . 

ii.   
   ,. ,.2 3k  . 

Definition 3.3. Let ,P Q  be any two 
propositions on the set D . The logical 
operations “.” and “+” are defined as follows. 

i.    

   

   

   

0,  0 or 0
. ,   1                      

1,   1, 1

if P X Q X

P X Q X Q X if P X

if P X Q X

 


 
     

 

ii.    

     

   

   

,  
,   0       

1,   1 or 1

P X if P X Q X

P X Q X Q X if P X

if P X Q X




  
  
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Addition and multiplication operations in B3 are 
given in the tables below. 

 

    

    

    

    

Table 2. 

 

    

    

    

    

Table 3. 

Property 3.4. Let ,P Q  be any two propositions 
for any X D . The following hold. 

i.         P X Q X Q X P X . 

ii. If   1Q X  , then 

     P X Q X P X . 

iii.  If   0Q X  , then 

     P X Q X Q X . 

iv.         P X Q X Q X P X   . 
 

Proof.  From the tables the proof are 
immediate.  

Lemma 3.5. For all , ,X Y ZD ,  
i. if X Y Z  , then  

     P X P Y P Z  . 

ii. If   1P X   , then there are some ,X Y  

such that   1P X  ,   0P Y   for 
X Y . 
 

Proof.  From the tables the proof is clear. 

Definition 3.6. Let P  be any propositions and 
any X D ,  

 
i. if   1P X  , then  P X  is called a 

tautology. 
ii. if   0P X  , then  P X  is called a 

contradiction. 
iii. if   1P X   , then  P X  is called a 

liarology or vaguosity (uncertainty science). 
 
 

Lemma 3.7.  Let    ,P X Q X  be any two 

propositions. Then the following hold. 

i. If    P X Q X , then the truth value 

of    P X Q X  is 1. 

ii. If    P X Q X , then the truth value 

of    P X Q X  is equal to truth 

value of  Q X . 

Proof. Let  P X ,  Q X  be any two 

propositions.  

i. If    P X Q X , then the result is 

unchanged as the truth value of  P X  is 

the same as the truth value of  Q X . In this 

case, the truth value of    P X Q X  is 

preserved. That is 1. 

 

iii. If    P X Q X , then the truth value 

of    P X Q X  is  determined by 

 Q X . It is equal to truth value of 

 Q X . 
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( )P X  ( )Q X  ( ) ( )P X Q X  

1  1  1 

1  0  0  

1  1 1 

0  1  1  

0  0  1 

0  1 1 

1 1  1  

1 0  0  

1 1 1 

Table 4. 

The following abbreviations for the proposition 
( )P X  and '( )P X  used in the table are given 

below. 

 

( )P X

 

'( )P X  ( ) '( )P X P X  ( ) '( )P X P X  

 1 '( )P X

 

2 '( )P X

 

1( ) '( )P X P X

 

2( ) '( )P X P X

 

1( ) '( )P X P X

 

2( ) '( )P X P X

 

1
 

0  1 0  1 1  1  

1
 

0  1 0  1 1  1  

1
 

0  1 0  1 1  1  

0  1
 

1 0  1 1  0  

0  1
 

1 0  1 1  0  

0  1
 

1 0  1 1  0  

1 1
 

0  1 1 1  0  

1 1
 

0  1 1 1  0  

1 1
 

0  1 1 1  0  

Table 5. 

Theorem 3.8. Let  P X  be any an proposition 
and let 1P  and 2P  be defined as above. Then the 
following hold. 

i.  1( ) '( )P X P X  is the liarology. 

ii. If  ,.( ) 2P X  , then 2( ) '( )P X P X  is the 
contradiction. 

iii. 2( ) '( )P X P X  is the tautology. 

 
Proof. The proof of this theorem is clear by 
Definition 3.6. 
 

4 Discussions 

The accuracy values of binary logical values 
and ternary logical values are compared. Some 
results in binary logic are realized in ternary 
logic. The following additional additions are 
obtained for any X D , 

i. If ( ) 1, ( ) 0P X P X   , then ( ) 1P X  . 
ii. If ( ) 1, ( ) 1P X P X   , then ( ) 0P X  . 

iii. If ( ) 0, ( ) 1P X P X  , then ( ) 1P X   . 
Binary logic is embedded in triple logic. The 
main conclusion of the study is necessitated the 
development in binary logic. 

 

5 Results 
 

The values of triple logic are up for debate. A 
new logical value is presented other than the 
existing logic values in the binary matrix. This 
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value is -1. This new logical structure is 
introduced with references. This structure gives 
rise to many calculations and operations. These 
are open problems. 
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