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1 Introduction This translates into practical applications, such as
object recognition in 3D images or three-dimensional
simulations, where the efficient representation of
orientations and spatial transformations is essential.
Thus, adapting specific technologies and
considering the complexity of quaternion matrix
calculations can significantly contribute to the
efficient management and processing of spatial and
three-dimensional information in these domains.

Quaternion matrices, a complex extension of
traditional matrices, have become a focal point in
applied mathematics and practical fields.

Recognized for their versatility, they find numerous
applications in various real-world domains. This
article explores the significant role of quaternion
matrices in key sectors such as computer graphics,
robotics, electrical engineering, machine learning,

medical sciences, communications, and virtual The real quaternion algebra is denoted by H. This
reality. algebra has elements respecting the following form:
As powerful mathematical tools, quaternion h=ay+aifi +ayf, + asf;, where a, €ER,n=
matrices contribute significantly to technological {0,1,2,3},
advancements, enriching our daily lives. ff=fF=fF=-1
Quaternion matrices, owing to their versatility, and
bring substantial benefits across different fields. fife=—fh=f L =—f:2=fu
Within expert systems, they facilitate the f3fi = —fifz = f2.
representation and manipulation of three-dimensional
knowledge, proving useful in spatial data analysis The set of quaternions over the real numbers is a
and decision-making in complex situations. division algebra (which means any non-zero
In the realm of deep learning, quaternions can be quaternion admits an inverse).H is associative but
integrated into neural network architectures to does not satisfy the commutative property (so they
enhance the understanding and modeling of complex are non-commutative).

spatial information.
One of the bases of real quaternions is {1, f,

f2, f3}:
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Starting from the matrix form of complex
numbers [ will represent the matrix form of complex
quaternions in the following chapter.

More information about the calculation and
properties of real quaternions can be found in, [1],
[2], [3], [4], and, [5].

2 The Complex Matrix Representations

of Quaternions
We consider the field P that has the form

P= {(2 ;ib) |Zg, 2z € ]R}.

The map

4 —Zp
YiCoPYE+n) =(, ")
i?=-1 1is a field morphism and

v - (2 )

where

is called the matrix representation of the element
z=2,+zyi € C.

The complex quaternion algebra is denoted with
H¢ and this algebra has the elements of the
following form:
he =1y + 1 fi + 1of; + 1315,
Where TO,Tl,TZ,T3 € (C, f12 = f22 = f32 = —1 and
fif2 = —fifi = f3 fofs = —f3f2 = f1
f3fi=—fifs = fa

The form of the complex numbers 1y, 17, 1, and 13 is
the next one:

To = Zqo t+ iZpos Zao, Zpo € R,

1 = Zq1 t1Zp1 , Za1, Zp1 ER,

Ty = Zgo + 12y, Zg2, Zpy € Rand

T3 = Zgz +iZp3,  Zgz Zp3 € R where %= —1.
Biquaternionic algebra (or complex quaternions) is a
vector space of fourth dimension over the field of
complex numbers.

The canonical basis of biquaternions-Hg is {1, f1, f>,
f3}, and 1 has the role of a unit element.

Biquaternions belong to a special class of Clifford
numbers.
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Clifford algebra is an algebra generated by a vector
space with a quadratic form and is an unital
associative algebra. Also, it generalizes the real
numbers, complex numbers, quaternions, and several
other hypercomplex number systems.

Clifford numbers are hypercomplex numbers that
come from real numbers and complex numbers.

Hypercomplex numbers are obtained by
generalizing the construction of complex numbers
starting from real numbers.
The important part of the study of complex
quaternions is to systematically present their
algebraic structures and to determine a complete
computational theory.
Biquaternions-H is not part of the algebra with
division, because 3a,, a, € H¢ such that

a,-a, =0.
A well-known fact about the algebra of complex
quaternions is that it is algebraically isomorphic to
the 2x2 total matrix algebra C2?*? through the
bijective map I': H — C?*? satisfying:

ra) = (
ri) = (
rif) = (
rim =", 3)

o OO ~3 R
=)
-
~—

The matrix representations I'(1), I'(fy), I'(f3), I'(f3)
are called the Pauli matrix. Based on this bijective
map, we can introduce the following result:

The matrix representation of

he =1y + 1 f1 + 1ofy + 13f3 € H¢ with

r, € C,n=1{0,1,23} over the set of complex
numbers is given by the following expression:

—(ry +130)
Ty — Tyl

Ty + 11l

2X2
R )ec [6].

rehe) = (

Proposition 1.
We consider I'(1), I'(f1), I'(f2), I'(f3), we have:
det(I"(1))=det( I (f1))=det(I"(f2))=det(I'(f3)) = 1.

Proof.

det(I"(1))=1, det( I'(f,) = —i? = 1, det("'(f,))=-(-
=1, det(T'(f3)) = —i% = 1.
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Proposition 2.
We consider I'(1), I'(f,), I'(f,), I'(f3), we have:
r*(f)=r*(L)=r*(f;) = L.

Proof.2 oo 0y (—1 0
r=(fy) = (_01 _%) (0_1_1)0_ ( 0 1—%))
FZ(fZ):(ll 00)(1_10):(0 1—&)
r*(fy) = (0 __.1)(() 0 _ _1) :_10 6)

r(f;) = ( ; Ol) <—i ol) - ( 0 —1)’
re = )

Remark.

Here are some known basic properties of complex
quaternions listed below.

Theorem 1.
Considering
hic =10+ rifi +1r2fo +13f3,
hac = wo + w1 fi + W fs + wafs € He
and 4 € C.
Then we have:
1. hic = hac © TI'(hyc) =T'(hao) -
2. I'(hyc + hac) = I'(hyc) + I'(hye) -
3. I'(hyc - hac) = I'(hye) - I'(hyc) -
4. I'(A-hyc) =T'(hyc - A) = AI'(hyo) -

5. (1) = ((1) 2) = I,[6].

Proof.
1. rntnfitnfotrfs=wy+wifi+wf,+
wsfs &

o (ro +ri —(p+ r3i))
ry—13i Ty — Tyl
_ (WO +wii —(wy + W3i)>
T\wp —wsi o wy—wyi )

2. F(hl(C + hZ(C) =
(ro +wo + (rp +wy)i

—(rp+wp)— (3 + W3)i>
ry +wy, — (13 + ws)i

o +wo — (rp +wy)i
ro+ni —(p+ 1'31')) +
Ty — 131 r—ryl
—(wy + wsi)
Wo — Wyl )
I'(hic) + I'(hye)
_ (ro +wo+(r+w)di —(n+wy)—(r3+ w3)i>
T\t w, — (3t wy)i 1o+ wy— (g +wy)i
= I'(hyc + hae)

I'(hye) = (

(WO + wyqli
Wy — W3l
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| o+t —(t,+ t3i)> _
3. r(hl(C hZ(C) - (tz _ t3i tO - tli =
(TO + 'r'li —(T‘z + ')"3i)> .

Tz - T3i rO - Tli

wo +wii  —(wa, + W3i)) = .
(Wz — wsl Wo — Wil = (e Thac)

_ (At i) —A(p + r3i)>
4.T(A-hyo) = (/1(7'2 —r3i) Ao — 1)
_ . Tb + T'li _(rZ + T3l)) = *

Al (hyo) = A (7‘2 —r3i rg—mi ) Ir'(A-hyc)

Remark. In the following example, we will apply
properties 2, 3, and 4 to quaternions h;¢ and hy¢.

Example 1. We consider hy¢ = 2 + 3f; — fo + 4f5,
hyc=1-2f1+f, — f3 € Hc

andA=3+i€C.

Then we have:

3. h1C+h2C=3+f1+3f3

3+i —3i
Fhe+ho) = (75" 574

I'(hyc) + F(hzc):(

1-2i
+( 14i
(D=(2).

2+ 3i
—1—4i
(3+

3i

1 21)

250

"o

4. hyc-hyc =13 —4f; —4f, + 3f3

(1);

I'(hyc - hac) = (

13 —4i 4—3i)
—4—-30 13—4i

F(huc ) F(hzc) =
( 2+ 3i
—1—-4i 2-3i
(13 —4i
—4—-3i
(1H)=(2).

1- 41')‘ (11—+2ii

4—3i
13 —4i

14 21)

)(2);

5. (A-hyo) =GH)N2+3f; — f+4f3) =
=(6+20)+(9+31) f1- 3+1) fL+(12+41) f3.
r@mo =111y o)W
A (hye) = (3+1) - (_21+_3ii ; B gi)
(3411 7-11i )
(1 +13i 9-7i ) );
(D=(2).

Remark. In the following, I will introduce some
information about complex quaternions.
For he=1y+nfi +rofs + 13f3 € Hg,
quaternion of h¢ is

he =10 —1ifi —12f2 = 13f35
the complex conjugate of hg is

he =70 + Tifi + 1ofo + 13135

the dual
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the Hermitian conjugate of hg is ( 0 1) TT(hy) - (0 —1)
he =To—Tufs —Tafs = Tafs; -10 M0
. c — 0. 1J1 2J)2 3/3» Ty — Tyl T2+T'3l -
the semi-norm of hg is “\ertmi i) I'(hyc).

n(he) =1 +r? +r¥ +r2.[6]

. ro+1ni —(ry +130)
Example 2. 2.T(hic) = (rz _ r;i roz_ rl?f ) and
the dual quaternion of h¢ is -1 0 w1 o/
he =2 - 3f, +if; — 4fy; =% s e
the complex conjugate of A is =1 0/\rp+mt 1o+nt/\1 0
« _35 .3 = = 0 1 T(h) 0 -1
ht =2 43f, + (<0, + 3fi; (5, o) TEo-(] )
the Hermitian conjugate of h¢ is _ ( To+mi 19+ rli) (0 _1)
he =2=3f, — (=Df; — 4f \=rotmni np =i/l 0
the semi-norm of h¢ is ( 0 1) T Cheg) (0 _1)
n(he) = 2% + 32 + (—i)? + 4% = 28 -1 2 o _(r1+r0i)
= (ot TTEEY) S re)
Theorem 2. 2715l 0o~ Tt
Considering . . .
hyc = 1o + 7o fy + Tofy + 73 fs € Hg. Then, 3. If follows from a direct verification.
7\ 0 1 T 0 -1 . _ .
L r@0= (5 Drwol W) s o[t )
where hyc =19 — - — ) 2713 o~
. 1e 50 17‘1f1 r2f2 63f3_1 = 1¢ —roril +rori + 18+ 1F — 1oyl + 113l + 1
2. Thio=("; o) Tmo-(] )
where hi¢ = hyc. det(I'(hyc)) = 1§ + 1 + 1§ + 1.
* T
3. I'((h =I(h = I'(hyc)", the . .
(_( 1) ) (hsc) (hsc) . 5. It follows from a direct verification.
conjugate transpose of the complex matrix
I(hyc) - 6. It follows from a direct verification.

4. det(I'(hy)) =ré+ri+rf+7% is the
semi-norm of hy¢ .
1 - . .
5 hc=3 B T'(h) E;  where E; = 3 The Real Matrix Representations of

A—ify, fatifs). _ _ Quaternions

6. _h1(c 1S invertible 'f_ and only if I'(hyc) i The set of quaternions over the real numbers is a
invertible. In this case, we kn01W division algebra (which means any non-zero
r1(hyc) =rl(hie) ] and ()™= 2 quaternion admits an inverse).

E, - T (hyo) - E; .[6]

Definition 1.
- o — 140 75 + 1ai Re(h)‘l‘lm(h) E]HI,Whel’e ao,al,ag,a4ERiS
1. T (hic) = (_22 n ;31' 7‘2 n rii) d defined as
0 1\ .r 0 -1 h=a,—aifi — ayfy — asfs = Re(h) — Im(h)
TT(h,~) - 0 1)1 2J2 3J3
(—1 0) (hac) (1 0) With @, ay, as, ay € R.

~

0 1)( T0+7”1i rz_r3i> (O —1)
1 0/~ =13l 1o =7t/ 0 Definition 2. Let’s consider a quaternion h € H

(_01 (1)) TT(hye) - (‘1) ‘01) with the form h = ay+ aify + aofs + asfs. The
(T3 To — 11l (0 _1) real number |h| = /a2 + a? + a2 + a? represents
T \—(p+tnl) —(p-mi)/\1 0 the norm of the quaternion.
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The semi-norm is then defined as ||h|| = @3 + a? +
2 2
a; + aj.

Definition 3. Any quaternion h # 0,
h=ay+afi + ayf, + azf; € H is invertible and

_ . h
h~1 can be written as e because

R h-h_|n]*

. = = =1.
|hl?  |hI>  |R|?

Definition 4. In, [7], the map for the quaternion
algebra H is defined as follows: ¢:h = ay + a4 f; +
ayfo +aszf; € H - M,(R), where ¢(h) has the
form presented below:

@y —0p —a —az

;. G —a3 @
¢(h) = a; a3 ap —aq

a3 —a o o
However, h = ag + a1 f; + a,f; +azf; € His
an isomorphism between H and the algebra of
the matrices

(/% —a1 —Qz —a3\)
@ Gy —a3z Ay
B = a; as @y —0p .
t az —a; a; Qg J
aO' aq, dy, a3 ER
We can remark that the matrix ¢(h) € M, (R) has as
columns the coefficients in R of the basis

{Lf1 f2, 133

for the elements

{ao, a1f1, 2212, asfs}
The matrix ¢(h) is called the left matrix
representation of the element h € H.

Definition 5. Analogously with the left matrix
representation, for the element

t h = 0(0 + alfl + azfz + a3f3 € ]H[, inm [7], the
right matrix representation was defined as follows:
y:H - M,(R), where y(h) is given by: y(h) =

a; a3 —a
a, —az Qo a
a3 a —a; Qo

However, y is an isomorphism between H and the
algebra of the matrices
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{ @y —a; —a; —as 1
a1 o a3 —a
C= { a; —az Qo a1 }
a3 o —a; Q
k ,0g, A1, 0,03 ER J

The matrix y(h) is called the right matrix
representation of the quaternion h € H.

To define the matrix representations of imaginary
units, consider the following expressions: For the
first imaginary part f; of quaternions h=f;, the matrix
representation ¢ (f;) is given by:

0 -1 0 O
(1 0 0 o
0O 0 1 O

where f; is the initial imaginary component of the
quaternion h=f;, and ¢ (f;) represents this part in
matrix form.

For the second imaginary part f,of the quaternion h
= f,, the matrix representation ¢(f,) is defined as:

0O 0 -1 0
[0 o o 1
0O -1 0 O

where ¢(f,) serves as the matrix representation of
f>, the secondary imaginary component of the
quaternion h=f.

The matrix representation ¢(f3) for the third
imaginary part of the quaternion h=f3 is given by:

00 0 -1
[0 0 -1 o0
o(=(0 1 3 o

10 0 0

This matrix, ¢(f3), represents f3, the third imaginary
part of the quaternion h=f;.

The unit matrix is considered

1 0 0 0
;[0 1 0 0
7o o0 1 0

0 0 0 1
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Remark. In what follows, I will employ the matrix
forms presented in Proposition 1. Let's examine the
matrix

0 -1 0 O
1 0 0 0 }_
0O 0 1 0
Next, consider the matrix
1
— T _ _fl
Ee=(~fu~fof) =|
2
—f3

Proposition 3.

Let’s consider y=vyy+yifi +v.f2 +ys3f; € H.
The vector representation of y is denoted by y =

[yOIley2'y3]T- SO fOI’ a"
hi =ag+a1fi + azf; + aszfs € H,
hy = Bo + B1fi + Bzofz + B3fs EH

we have

hy-y=¢(hy)-y;
y-hy =y(hy) - y;
hy-y-hy=@¢(hy) y(hy) -y =y(hy) - d(hy) - ¥

¢ (hy) - y(hy) =y(hy) - p(hy), [8].

Proof.
We can observe that y = ¢(y)SF, and
y =_y()y)ﬁ4T where B, = (1, 0, 0, 0)
_)h1y = ¢(h1J’)ﬁI = ¢(h1)¢(y)B4T = ¢(hy)y
yhy = y(Yh)Bi = vy (h)BL = y(hy)y
hiyh, = hy(yhy) = ¢p(h)(Yhy) = ¢p(hy)y(hy)y
hiyh, = (hyy)h, = y(hy)(hyy) = v (hy)$(hy)y;
Lemma 1
Let’s consider h = Re(h) + Im(h) € H given.
Moreover, let ay, aq, a,, a3 be coefficients in the
field of real numbers.
Then, we can assert that the quaternion's diagonal is
(ay, ag, ay, ap), and it satisfies the following unitary
similarity factorization
equality:
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a 0 0 0
0 ap 0 0
s|o 0 a O |S*
0 0 0 a
(o4 —aq —a; —as
st %) —as a 4x4
| as o —aq € R™,
as —ay a @o
where the matrix S is written as:
1 A 2 fi
1 —f1 1 f3 —fz : :
§=8§"== which is a
2\ —f —fz 1 fi
-z fo —-fi 1

unitary matrix over H.[8]

Remark. Two quaternion matrices ¢(h,) and ¢(h,)
of the same order m X n are considered equal if all of
their components are equal:

a;j=pPij, foralli € {1,--,m},j € {1,---,n}.

Lemma 2.
Elther h1=0{0+0(1f1+0(2f2+0(3f3E]H[, h2:

Bo+ Bifi+B2fo+Bsfs €H and neR (a real
scalar number). Then

(1) hy = hy, if and only if ¢(hy) = ¢p(h,), where

ay —a; —a, —ag
a -z Ay
¢(hy) = a, as a -y |
a; -a, @ ag
Bo B B P
(B B =B B\
A I N S |

Bs —B2 B Bo

(2) ¢ (h1+h)=¢(hy) + P(hy),
¢ (hihy) = d(h)d(hy),
¢(mhy) = n¢(hy);

1 0 0 O

B)p(1) =

S O O
S O

0 0
1 0
0 1

() hy =7 Asp(h)Ay; Ay = (Lfyfofs) and
AZ = (11 _fll _f2! _f3)T-
(7) ¢(hy) = &7 (hy).
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(D" (h)p(hy) = p(h)$" () = |y |21,

(6) p(hT!) = ¢p~1(hy), = h, is non-zero.

(1) ag+aifi +arfo +asfs =PFo+Bifi + Baofo +

(7) det[¢p(hy)] =
xo — —a>
ay ao ]
a; as (40)
as —Q; ay
Proof.
Bsfs
if and only if
a, —oq —-a,
ay ao ]
a; as (40)
az; —a, a

(2) hy+hy=(ag+ o) + (ar1fi + arfy + azf3) +

(Bifr + Bz2f2 + B3f3) hy + hy = (ag + Bo) +
(a; + Bf1 + (az + B2)f2 + (as + B3)fs
¢ (hy + hy)=
ap+ Py —(ar+p) —(az+p) —(az+pBs3)
a + By ao + Bo — (az + B3) a, + B
ay + B> as + B3 ao + Bo — (ay + B1)
as+Pz —a,+pB; ay + By ao + Bo
ay —a —a, —az
ay 24 -as a;
= +
a, asg ay -a
a; -a, ag
Bo —Br —B2 —B3
B Bo -Bs B |
5, B B0 -B | ¢ (hy) + ¢(hy).
Bs -B» B Bo
Remark.

a
| = Il [81.

(44

—as
a;

-

Oo
Bo —B1 b
Bi  Bo — B3
B2 B3 Bo
Bz —B2 B

Now we are trying to prove this expression:

¢ (hy - hy) = ¢ (hy) - p(hy).
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I will start by multiplying two quaternions and then I
will write the corresponding matrix representations.
hy - hy = (aofo — a1B1 — @22 — a3fs)
+(aofy + Boar + azf3 — Bras)f
+(@oBz + Poaz + azf, — Pza)f>
+(@oBz + Poaz + a1z — Braz)f3,

We will mark the brackets above with x, y, z, t,
as follows:

x=(aofo — @11 — az B — azfs)

y=(aof1 + Boay + azf3 — fra3)

z=(aofz + Boaz + a3y — f3a1)

t=(aofs + Poaz + a1, — P1a3).

Then the final form of the multiplication of the two
quaternions will be:

hl'h2:x+yf1+Zf2+tf3.

x =y -z —t
y X —t z
(p(hl ' hZ) = 7z t x -y
t -z y X
Gy —aq —Qa; —as
a; o — a3 a;
- a; as 24 -
az; —a a, ao
Bo —Br B2 B3
Bi  Bo B B2 |
B2 B3 Bo — b1

Bz =B B Bo
= ¢(hy) - p(hy).

To prove this equality ¢(n - hy) =1 - ¢p(hy) we will
calculate n - hy as follows: - hy = nag +na,f; +
naxf; + nazfs.

The matrix representation of the quaternion

n-hyis:

¢(m-hy) =
nay —nag —na; —nas
I A nao —nas na;
| ne; nas nay —na;
na; —na; na; nao
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oy —aq —a; —as
. a o — a3 )
¢(77'h1)_77' az a3 ao _al
as —Qz a o
=1n-¢(hy).

The relations from (3), (4), (5), (6), (7) are obvious.

Lemma 3.

Left matrix representation for the quaternion
h=ay+a,f; + ayf, + azf; € H is given by:
y(h):=RpT(MR =

20) —ag —Q; —a3
ay 24 as —az
a;  —as Qo a |
as a; - *o
where
1 0 0 0
0O -1 0 0
k= 0O 0 -1 0
0 O 0 -1

Here are some basic properties for y(h):
y(hy + hy) = y(hy) +y(hy),
y(hy - hy) =y(hy) -y (hy),
y(he) =y (hy).

The  determinant of y(h) is given  by:

a, —ap —a, —as
detly(] = |0 % % T
Ty — Qs ao a,

as a, —aq ag

det[y(h)] = |h|*,[9]

Remark. As follows, I will present two matrix
representations of a quaternion h, which has the form
h =ay+ a,f; + ayf, + aszfz, where
a; € R.
We denote with ¢(h) = H} the left matrix
representation and with y(h) = Hj, the right matrix
representation.

a, —a; —a, —as

a, oy —az  Qay

¢(h) = Hy, = a, a3 oy —aq ]’
a; —a, @ Qg
@y —a —a; —ag

a; Qg az;  —ay

— A—

v(h) = Hj = a —az3 a @I
a3 a —a; Qg

Theorem 3.
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Consider the quaternion

h=ay+ai1f; + arf, + azf; € H.

The two matrix representations of a quaternion
satisfy the following three properties:

1. (H) = ¢k?);
2. HD*=y(h?;
3. (HY)HE) = H(HL] .

Proposition 4.
For each quaternion h=ay+ a,f; +ayfs +
asf; € H, we have :

detH}, = detH}.[9]

Proof.
ao - —a; —as
aq oo —as a3
detH! =
az as 4] -
as — a; (1)

detH} = (a? + a? + a2 + a2)? = |h|%.

a, —ap —a —as
detH] = aq Qo as —az

ar — a3 o aq

as a, —a, ag

detH}, = (a3 + a? + a? + a?)? = |n|*.

Preposition 5.
IIE.
Let’s consider the matrix Ng Where Ng = ( E4)’
—Ly

therefore we have —ENST -Ng = 1,[9].

Proof.
To demonstrate this relation we must determine the
extended form of the matrix Ng as follows:

f

Now we will determine the product of NI and Ng.

NINg =
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/f1
1
| £
h1f~f 1AL |
A
i
fi

= -4,

1 1

_Z 8T st_z(_‘l):

Proposition 6.
Let,s take € € M4(R) and h = ao + alf]_ + azfz +

asf; € H. If we consider e a matrix that has this
form:

10 0 0
(01 0 o
00 -1 0
00 0 -1

then we can say:

L. ep(h)e = p(h"),

where h* = ag + a1 f1 — ayf; —aszfs  2.ey(h)e =
y(h"),

where h* = (243} + alfl - (lzfz — a3f3.[9]

Proof. 1. e¢p(h)e =

1 0 O 0 @ —o —a —as
(0 1 ©0 0 ay 24 —as a;
“lo 0o -1 o0 a, as @ —a

0o 0 0 -1 a3 —az ay *o

1 0 O 0

01 0 0

0 0 -1 07/

0O 0 0 -1
ep(h)e=

ao —ay —Qa —as 1 0 O 0
I A (42} —as a; 01 O 0
Tl sz —ay 00 -1 0/

—asz a; —ay — 0o 0 0 -1

o —a; a a3
a; a a —a,
eph)e = —a; - g-’s 0-’2 -
—as a, a; Qg

and the matrix representation of
h =ay+arfi —azf; — azfzis
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%) —a; as
a1 *o as —ap
* —_ =
P(h") = —Q; —az3 Gy T4
—as a a ao
=ep(h)e.

Proceeding in the same way as for property 1, I will
also determine the other two equalities.

2. ey(h)e =
1 0 O 0 @ —a; —0a; —as
[0 1 0 0 a o as —a;
"o 0 -1 0 )\ a — Qs Qg ay
00 0 -1 as a; -0 o
1 0 0
01 0 0 \.
10 0 -1 0 )
0O 0 0 -1
ey(h)e =
4%} —ag —Q; —as 1 0 O 0
| ™ Qo as —a; 01 0 0
|\l a3z —ag —a; [0 0 -1 o0/
—a3 441 —Q 00 0 -1
(41 —ay a; as
1 (44} —Qz A .
eye=| o —a, a a |=YH)
—Qaz —0; —a; Q

Proposition 7.
If h=ay+ aifi + ayfo + azf3, where a; € R, then
we have:

i. p(h)-E, =E,-h.

ii. 1-E, =E, - fy.

iii. ¢(fy-h) =11-¢(h) and

¢(h- f1) = ¢(h) - 11.[9]

Proof.
Gy —ap —Qy —03
. a1 a —az
|. ¢(h) * E4_ —_ az ag ao _al
a3 —a; @o
1
—f
—f2
—f3

@+ a1 f1 + axfo + asfs
a; — apf1 + azf, — azf3

h) -E, =
$(h) - Es a; —azfi — aofz + a1 f3
as + afi —a1fo — apf3
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_/—f(a +aifi + arf, + asf
PO Ea = _p (g + arf + aofy + aof
—];3(ao+a1f1 + azf; + asf3)

ao +a1fi + axfo + asfs \\
)
)

_f; (g + arfy + azrfo + azf3)

—f3
0 -1 0 0 1 fi
N (1 0 o0 o -A)_[ 1
i -E,= 0 0 0 -1 517\ £
0 0 1 0 —f5 —f,
1
—f;
IT-E, = _fl 'f1=E4'f1-
2
—f3

iii. For h = ag + a1 f1 + a,f, + asf; € H, we have

flh: 0(1+0(0f1 _a3f2 +0(2f3. It results that
—a; —@ a3 —0
Gy —a —a; —0a3
¢(fi-h) = —a; a, —a; —ag
a; as Oy —A1
0 -1 0 O
1 0 0 O
T-¢m =1y o o -1
0O 0 1 0
@ QG a3 A
a; Qs ay —ag
a3 —0 ag To
—a; —Q a3 —a
o) = —az az T T
a; as Gy —

So the required relationships are obtained.

Proposition 8.
For h=f;, h=f,, h=f; € H, we have:
det(¢p (f1))=det(¢(f2))=det(¢ (f3))=1.

Proof.

0 -1
det(p(f)) =0 o
0 O

det(¢(f2)) =
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0 0 0 -1

0o 0 -1 0
@ (=, 1 o of"

1 0 O 0

4 Conclusion
This article is structured into two distinct chapters.

In the first chapter, it explores the algebra of
complex quaternions and its connections with 2x2
matrices. Complex quaternions are represented
through a matrix formulation and the theorems and
properties presented contribute to the development of
a fundamental understanding.

The isomorphism with 2x2 matrices and details
related to conjugation and norms provide a robust
framework for the efficient manipulation of these
complex mathematical entities..

In the second chapter, we conducted a study on
the matrix forms of quaternions on the set of real
numbers and introduced two real matrix
representations: the right matrix representation and
the left matrix representation.

Based on these matrix representations, we
detailed several theorems and propositions with their
corresponding proofs.

This article represents a significant starting point
for further research on matrices of biquaternions and
real quaternion matrices.

References:

[1] J. Vince, Quaternions for Computer Graphics,
Springer London Dordrecht Heidelberg, New
York, (2021).

[2] G.M. Dixon, Division algebras,
Science Business Media, B, (1994).

[3] J. Voight, Quaternion algebras, Springer, March
27-2021.

[4] H. Aslaksen, Quaternion Determinants, The
Mathematical Intelligencer, June 1996.

[5] C. Flaut, Some remarks regarding quaternions
and octonions, Bulletin mathématique de la
Société des Sciences Mathématiques de
Roumanie, vol. 52 (100), No.4, 2009, pp.427-
439.

[6] Y. Tian, Matrix Theory over the Complex
Quaternion Algebra, Mathematics, Rings and
Algebras, 1 April 2000,
https://doi.org/10.48550/arXiv.math/0004005.

Springer-

Volume 3, 2023


https://doi.org/10.48550/arXiv.math/0004005

International Journal of Computational and Applied Mathematics & Computer Science

DOI: 10.37394/232028.2023.3.14

[7] C. Flaut, M. Stefanescu, Some equations over
generalized quaternion and octonion division
algebras, Bull. Math. Soc. Sci. Math. Roumanie,
52(4), (100), 2009, pp.427-439.

[8] Y. Tian, Matrix representations of octonions and
their applications, Adv.Appl. Clifford Algebras,
vol.10(1), 2000, pp.61-90.

[9] C. Flaut, V. Shpakivskyi Real matrix
representations for the complex quaternions,
Adv. Appl. Clifford Algebras, vol.23(3), 2013,
pp.657-671.

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

I am the sole author of this article. The results
obtained in this article comprise Proposition 1,
Proposition 2, Proposition 8, and examples
supporting the presented theory.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself
I do not benefit from any funding source.

Conflict of Interest

As a doctoral student at Ovidius University, this
paper has been prepared with the purpose of fulfilling
the minimum requirements for the completion of
doctoral studies. The publication of this article
contributes to achieving this academic goal, and as an
author, I confirm that the information and results
presented are handled with integrity and
transparency. There are no conflicts of interest to
declare.

Creative Commons Attribution License 4.0
(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the
Creative Commons Attribution License 4.0
https://creativecommons.org/licenses/by/4.0/deed.en
usS

E-ISSN: 2769-2477

132

Tugui (Baias) Andreea-Elena

Volume 3, 2023


https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US



