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Abstract: The differential transform method has been prevalently expedited in the last decades by elucidating the
solutions of partial differential equations. In this paper, the multi-term fractional differential equations have been
solved by using the modified differential transform method combining the fractional integral operator to omit one
term consisting of fractional differential order. Compared to the previous research, the method is effective and
approached to approximate solutions that lead to exact solutions.
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1 Introduction

A plethora of mathematical scientists have consid-
ered fractional differential equations to find solutions
using different kinds of methods. The differential
transform method and its variations have been ex-
tended for fractional differential orders and used to
gain the solutions of fractional differential equations,
[M]. Modifying the fractional reduced differential
transform method effectively solves the multi-term
fractional order of the fractional differential equa-
tions, [2]. The high accuracy of the solution is crit-
ical to the method’s performance. The differential
transform method has been successfully applied to
solving fractional differential equations such as the
BagleyTorvik, Ricatti, and oscillation equation, [3].
The multi-term fractional differential equations have
been scrutinized by using the fractional Taylor vec-
tor method to attain the numerical solutions com-
pared to exact solutions, [A]. A series of multi-
term fractional differential equations in the Newto-
nian fluid has been solved using Euler’s method, in-
cluding the trapezoidal quadrature formula and prod-
uct rectangle rule, [S5]. Another effective method, the
pseudo-spectral method, solves the fractional differ-
ential equations and performs the benefit outputs of
the extensive method, [6].

The attained solutions could be expressed as exact
or approximate solutions, [[]. The differential trans-
form method is extracted from the Taylor expansion
and is important in finding a series of solutions and
exact solutions, [R]. The extension of the differen-
tial transform method is a reduced differential trans-
form method that is applied to seek analytic solutions
and has been expanded to solve fractional differential
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equations, [9]. The proposed method is for solving
one-term fractional differential derivatives and multi-
term fractional differential derivatives, [[I{] has de-
composed the fractional differential equation into a
system of differential equations, [IT]. The output
of the differential transform method is usually per-
formed in infinite power series or approximate solu-
tions, [T2] and performs solutions using Matlab soft-
ware, [[3].

In this paper, the modified fractional differential
transform method is used by solving multi-term frac-
tional derivative equations that have been taken into
account in the last few years. The application of
the differential transform method combining differ-
ential integral operator is the main aim of the paper,
[Ir4]], [T5] that has been depicted in the research, [[Tf].
Some practical related definitions, [TZ] are also used
in this paper to contribute to the performance of find-
ing solutions.

2 Basic definitions and preliminaries

This section will perform some useful definitions ap-
plied in fractional differential equations and this pa-
per.

Definition 1. Gamma function (, [I[Z])

F(p):/ e xPldx
0

Theorem 2.1 (Caputo’s Fractional Derivatives). (,
[T7]) Given a function y = f(¢), and an arbitrary or-
der n — 1 < a < n, the Caputo’s fractional derivative
of order « is given by:
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Table 1: Basic results using DTMT method , [I8], [T9, 20], [2T].
DTM for some fundamental functions

Original Functions

f(t)=ag(t) £ bh(r) Fi = aGy £+ bH;
f(1) = g(t)h(r) F=Y*,GH,
fly=r F=st—an)={o i\ san
T(o(k+1)+1
f0)="§2%) F = "Gy
F0)="§2Pg(t).B=pq Fk:%Gkﬁv
ft)=a™ Fy=ad(k—m)
ORI 0 o= (ko4 1) (k4 2) (k)G
f(t) = sinor F, = %sin%”
f(t) = cos ot Fi = % cos*t
fr) =eM F="4
| Step 2: Using differential transform method in Table
C o * n—a—1 ¢g(n [ to transform the term of fractional order in the form
DOf(x) = —— / _ ™) (5)d
075 f (%) I'n—a) Ja (x=3) S s)ds defined by

Based on the Theorem D1, we have derivative of
function f(x) = C, (C is a constant):

622f(x)=0

The inverse operator  § 2%, called J¥ is fractional
integral operator of order « is given as the following

I = g ) e )

We have the Caputo fractional derivative property

6]

n—1 xk
I 622 f(x) = f(x) —];)f(k)(())ﬁ,x >0

Suppose the
f6)y =" R
k=0

where B = pq is the fractional derivative order, p
is integer part, g is fractional part, and Fy, Gy, Hy
is the transformation of f(r),g(¢),h(t) respectively.
For the initial integer-order derivative condition with
k=0,1,...,(pg— 1), we could transform as follows:

0 if kqgZ*
F, = k .
k (k(11)! <5I,Z1f(t)> if kgeZ*
t=toy

3 Methodology

Step 1: Integrating the equation () to transform one
of the fractional differential terms.
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Fe=) Hy
k=0
Step 3: Applying the inductive method to calculate
the terms of the transform and gain the solution satis-
fies the condition:

f(l) = lim F;

k—oo

4 Applications

Example 4.1. Consider the nonlinear fractional equa-

tion , [5]
C 2% 2

Dy (t )=+t —-t,1<a<2 (2
subjected to the condition y(0) = 0,y’(0) = —1.
Step 1:
Taking transform both sides Eq. (Bl) using Eq. (I):

2—o
¥(1) =y (0) — 1/ (0) + 7% [y (1)] = I {rzr

R

Step 2:
Taking DTM transform on both sides, we have

m;m6@—2+a)]

Hit & (k= 1)+ 7 {H] =" [ Yok —2)—8(k—1)

Step 3:

Using the initial conditions, we have:

Hy=0,H = —1.

We choose k = 2 then H, = 1.

Using the inductive method, we have the following
terms:

H3=0,Hy=0,---

The exact solution collected is y(t) = t> —¢.
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The solution is compared in Table B and depicted
in Figure @ (APPENDIX).

Example 4.2. Cogitate the fractional differential
equation, [4]

2048

Dy (1) = —y(t) 42y (1) = D2y (1) +17 163
8

149 4+42° — 1 — —— 142, (3)

3vn

satisfy the condition y (0) =y’ (0) =0, = 1.
Step 1:
Taking transform both sides Eq. (£2) using Eq. (I):

B0y (0)] = —y (1) + P [2y/ ) —y()
2048
4297

8 1.5
S B N P
N ]

+1+ 195 — 14¢% + 42¢° — 1%

Step 2:
Taking DTM transform on both sides, we have
JP1(k+ 1) (k+2) Heso] = —Hy
2(k+1)Hy 1 —Hy+6 (k—17)

r + 330750 (k—6.5) — 148 (k—6)
+ 1426 (k—5)— 8 (k—2)
—%a(k— 1.5)+48 (k—1) —28 (k)
Step 3:

Using the initial condition, we have Hy = H; = 0. We
will calculate the terms of the DTM transform as the
following:

k:01H2:—1
kIlZHgZO
k:22H4=0
k=3:H5=0
k=4:Hg=0
k:51H7:1
k=6:Hg=0
k:7ZH9=0
k=8:Hjp=0

The exact solution obtained is y (t) =17 —¢.

The solution is compared in Table B and depicted
in Figure @ (APPENDIX).

Example 4.3. Taking into account the Bagley-Torvik
equation, [3]

aD?y (1) +b§ 7y (1) +ey(t) =c(t+1) (4
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satisfy the condition y(0) =»/(0) = 1,00 = 3.
Step 1:
Taking transform both sides Eq. (B3) using Eq. (I):

al®[D?y(1)] +b [y(1) —y(0) =1y (0)]
+cJ%y ()] = cJ* [t +1]

Step 2:
Taking the DTM transform of the equation, we have

al®[(k+ 1) (k+2) Hyso) + b [Hi— 8 (k) — 8 (k—1)]
Vel [H] = I[85 (k— 1)+ 8 (k)].

Step 3:

We calculate the terms of the DTM transform:
Ho=1;H; = 1; We choose k =0 : then H, = 0.
k=1:then H3 = 1.

k=2 :then Hy = 0;

Using the inductive method, we have the following
terms of the transform:

The exact solution is y (1) = 1 +1.

The solution is compared in Table B and depicted
in Figure @ (APPENDIX).

Example 4.4. Consider the two-term fractional order
initial value problem, [5]

€%y (1) +1.35DPy (1) +2.6y (1) =sin(21)  (5)

satisfy the condition y (0) =" (0) =y"(0) = 0,00 =

22,p=15.

Step 1:

Taking transform both sides Eq. (B4) using Eq. (I):
¥(1) = 3(0) =1/ (0) =" (0) +1.37% [DPy (1)
+J%[2.6y(t)] = J¥ [sin (2¢)]

Using initial conditions, we simplify the equation as
follows

(1) +1.3J% [ggfy (t)} = J%[sin (2t) — 2.6y (1)]

Step 2:
Using DTM to simplify the equation

(%)

T (kq+1)
130 (g (k+p)+1)

- 2.6Hk] - 1.3Hk>

T [Hyp] =

where B = pg;p =3,4=0.5;
Step 3:

Using the initial conditions:
Hy=0;H, =0;H, =0;
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We calculate the terms of DTM up to k = 17 as fol-
lows:

:H3; =0;

:Hy = 0.68171;

:Hs5 =0;

‘He = —0.22724;

:Hy = —0.23443;

:Hg = 2.8405 x 1072;
:Hy = 5.2097 x 10~2;
:Hyo =4.3553 x 1072,
Hy = —4.7361 x 1073;
:Hyp = —7.4958 x 1073;
:Hyj3 = —5.5859 x 1073;
:His = 6.049 x 1074;
‘Hys =7.6911 x 107%;
‘Hyg = 5.1853 x 107%;
‘Hy7=—5.1113x107;
:Hig = —5.9492 x 107>;
:Hjg = —3.6897 x 107>,
:Hao = 3.3606 x 1075, - -

>~ o oA oA o oA oA oA o A
I

I
© 0 N U W = O

)

—_—

[\S]

(O8]

TS

o)}

I T T N
I

— = e e e e e

3

Solution is expressed in the form of y =)' Hyt*e

y(1) =0.68171t> —0.22724r> —0.23443133
+0.028405¢* 4 0.052097:*3 4-0.0435531
—0.004736 17> — 0.0074958¢5 — 5.5859¢5
+0.00060491” +0.00076911¢7
+0.00051853% —0.000051113¢%3
—0.000059492¢° — 0.000036897:°
+0.0000033606¢'° - .-

The solution is close to the solutions gained in, [Z]
using the fractional Taylor method (FTM) performed
in Table [ and depicted in Figure 8 (APPENDIX).

Example 4.5. Consider the general two-term frac-
tional order initial value problem

§2%y (1) +1.3§9Py (1) +2.6y(t) =sin (21)  (6)

satisfy the condition y (0) =y’ (0) =" (0) = 0. and

2<a<3,0<B<l.
Step 1:
Taking transform both sides Eq. (E3) using Eq. (I):

(1) =y(0) =1y (0) — " (0)
+1.3J¢ [g .@tﬁy(t)} I [2.6y ()] = J%[sin (21)]
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Using initial conditions and simplifying
y(t)+ 1.37% [§ 2%y (t)] = J* [sin (2) — 2.6y (1)]

Step 2:
Taking DTM on both sides, we have

1.3r€[§k£111))+ ) [Ja ﬁ]: sin <kzﬂ)

—2.6H;| — 1.3Hk]

J[Hiq1] =

Step 3:
We have Hy = 0 using initial conditions. We calculate
the terms of DTM: Taking

k=0:H =0
NP _3.(;7(732(531)

k=3:Hy = 6'1?12;?5 b_ 1.025611:8@13
k=4:

12.308T (B + 1)
5 p—

2.0512I"(3B + 1)

(56 +1) (58 +1)
k=5:
Ho= a5 TEEL)
5.3331?8@13)
k=6:
Hy = 1.5385?% j: 3 <F?§50211)F(I3 +1)
+5.3331m_f§>
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The solution collected in the form as follows

_ 15385C(B+1) 5 3.077C(B+1) 5

YO =T+ TGA+1)
6.1540C(B+1) 1.0256T'3B+1)\ 4
< T(4B+1) T(4B+1) )
<12.308F(B+1) 2.0512r(3/3+1)> S
T(58+1) r(58+1)
T(5B+1) (4 32.001T(B+1)
1.3F(6ﬁ+1)<1’5_ C(58+1)
5.3331C(3B + 1)\ ¢
- T(B+1) )
1.5385T (58 + 1) (32.001F(ﬁ+1)
L(7B+1) r(58+1)
53331038 +1) 4 ,
L(58+1) _15>

The solution is depicted in Figure H and Figure B
(APPENDIX).

5 Conclusion

The modified differential transform method is the
combination of the fractional integral operator and
the differential transform method. The method has
been successfully applied to seek the solutions of
multi-fractional differential equations. The main pur-
pose of the method is to eliminate one of the frac-
tional differential orders and then use the differential
transform method for the other term. The solutions
have been compared to other methods by using the
Matlab application to illustrate the numerical results
and two-dimensional graph performance. The solu-
tions found could lead to exact solutions or be close
to the ones using other methods.
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APPENDIX

Table 2: Solutions of example Bl

Values | DTM transform | Exact solution | errors
0.0 0.0000 0.0000 0.0000
0.1 -0.0900 -0.0900 0.0000
0.2 -0.1600 -0.1600 0.0000
0.3 -0.2100 -0.2100 0.0000
0.4 -0.2400 -0.2400 0.0000
0.5 -0.2500 -0.2500 0.0000
0.6 -0.2400 -0.2400 0.0000
0.7 -0.2100 -0.2100 0.0000
0.8 -0.1600 -0.1600 0.0000
0.9 -0.0900 -0.0900 0.0000
1.0 0.0000 0.0000 0.0000
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Table 3: Solutions of example &2

Values | DTM transform | Exact solution | errors
0.0 0.0000 0.0000 0.0000
0.1 -0.1000 -0.1000 0.0000
0.2 -0.2000 -0.2000 0.0000
03 -0.2998 -0.2998 0.0000
0.4 -0.3984 -0.3984 0.0000
0.5 -0.4922 -0.4922 0.0000
0.6 -0.5720 -0.5720 0.0000
0.7 -0.6176 -0.6176 0.0000
0.8 -0.5903 -0.5903 0.0000
0.9 -0.4217 -0.4217 0.0000
1.0 0.0000 0.0000 0.0000

Table 4: Solutions of example &4

Values | Fractional Taylor, [] | DTM errors
0.0 0.0000 0.0000 | 0.0000
0.1 -0.0000 0.0000 | -0.0000
0.2 0.0001 0.0001 | 0.0000
0.3 0.0021 0.0014 | 0.0007
04 0.0137 0.0100 | 0.0037
0.5 0.0569 0.0473 | 0.0096
0.6 0.1791 0.1693 | 0.0098
0.7 0.4682 0.4978 | -0.0296
0.8 1.0708 1.2675 | -0.1967
0.9 2.2137 2.8907 | -0.6770
1.0 4.2294 6.0437 | -1.8144

Table 5: Solutions of example

Values | DTM transform | Exact solution | errors
0.0 1.0000 1.0000 0.0000
0.1 1.1000 1.1000 0.0000
0.2 1.2000 1.2000 0.0000
03 1.3000 1.3000 0.0000
04 1.4000 1.4000 0.0000
0.5 1.5000 1.5000 0.0000
0.6 1.6000 1.6000 0.0000
0.7 1.7000 1.7000 0.0000
0.8 1.8000 1.8000 0.0000
0.9 1.9000 1.9000 0.0000
1.0 2.0000 2.0000 0.0000
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