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Abstract: This paper presents the comparison of the Attitude Control System (ACS) design for a rigid-flexible
satellite with two vibrations mode, using the traditional Hoo method and the Hoo/LMI with pole allocation
considering the parametric uncertainty. In the ACS design is important take into account the influence of the
structure’s flexibility, since they can interact with the satellite rigid motion, mainly, during translational and/or
rotational manoeuvrer, damaging the ACS. Usually the mathematics model obtained from the linearization and/or
reduction of the rigid flexible model loses information about the flexible dynamical behaviour and introduces some
uncertainty. The satellite model is represented by a flexible beam connected to a central rigid hub considering a set
of parametric uncertainties. Simulations results have shown that the control law designed by the Hoo/LMI method
has better performance and it is more robust than Hoo method since the first was able to support the action of the
uncertainty perturbation and to control the rigid flexible satellite attitude and suppressing vibrations.
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1 Introduction rameters variation and the second with the unmodelled

Satellites are design with specific functions and for dynamics (unstructured uncertainty).
accomplish them; the system need be able to execute Than to obtain a ACS one applies the Hoo control
some manoeuvrers around his center of mass (attitude method, since this method has the property to incor-
manoeuvrers) [[1]]. These functions are: turning the so- porate the uncertainties in its formulation [8] [9], and
lar panels facing the sun, stabilize the satellite after the suppress the loss of the dynamics information, for ex-
orbital acquisition, point the cameras and/or sensors ample weak non linearities. Other technique used is
to the Earth or other planet, moon and star [2]. For the Hoo control method subject a pole allocation using
conducting this kind of manoeuvrer is necessary have Linear Matrix Inequalities (LMI). The main advantage
a lot of sensors and actuators with a good accuracy of use the addition of LMI in the Hoo formulation is
and precision. With that, for managerial all that, one the possibility of make an pole-assignment in a deter-
need design a control system called attitude control minate region defined by design, what does increase
system (ACS). the sensibility of control [10]].

The flexible appendages play an important role in The ACS design consider a model of a satellite
the satellites ACS performance, one example of this with one panel, like the China Brazil Earth Resources
flexible appendages are the solar arrays [3]. Thus Satellite — CBERS fig[I] making an attitude acquisi-
the dynamic of these flexible structures have to be in- tion around the axis here the system are more flexible,
cluded in the ACS design in order to investigate how its this kind of manoeuvrer can be modelled [11], by an
vibrational motion can affects the satellite rigid motion analogous as a flexible rotatory beam.

[4]] during translational and/or rotational manoeuvrer The main point of the paper consists in study com-
which can result in damaging the ACS pointing accu- paratively the performance and robustness of the Hoo
racy [5]]. method with the technique that join the Hoo method

Another problem is to recovery the loss of the dy- with a LMI pole allocation applied to a flexible satel-
namics information associated with the inability to lite, considering parametrical uncertainty associate to
obtain the real model, since the model reduction [[7]] the mass matrix. Those studies led to development
can introduced some kind of perturbation which can of software capable of check the performance of de
be represented by the parametric and non parametric ACS design with a Hoo or Hoo with a LMI pole allo-
uncertainties where the first is associated with the pa- cation subjects some requirements for select the best
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Figure 1: China Brazil Earth Resources Satellite —
CBERS

controller, for a phase A of a project.

2 Robust controller design

For this problem it was design two controls law,
one using a Hoo control method and other using the
technique Hoo method with LMI pole allocation. The
procedures used for this design are developed in se-
quence.

2.1 Hoo control method with parametric

uncertainty

The H infinity control method have the advantage
to inserts structured uncertainty and/or unstructured
uncertainty in the design of the controller [12]]. The
philosophy behind this control method is found a gain
KHoo that minimizing the H infinity norm of the closed
loop function (eq[T)) in a system represented by a gen-
eralized plant model P,

Fi(P, Kioo)w = P11 4 P12Kpoo (I - P2oKpao) 1Poy

(1)
IFi(P, Ko loo = max o (F1(P, Kiioo) () ()
IFi(P. Kigoc) oo <7 3)

where Fj(P, Ky ) is the linear fractional transforma-
tion (LFT) of P and Koo, and the ~ is a design pa-
rameter which the smallest value is associated with
the space state realization, such that the Hamiltonian
H (eqf4), in a iteration process, has no eigenvalues on
the imaginary axis [[13]],

_( A+BRIDIC BR'BT
~\CTa+DRIDNHYC (A+BRIDIO)T
4)
where A, B, C and D are the space state matrices and
R =~21-DTD.

One can also include in the H-infinity solution some
weight functions in the system as showed in the Fig.
2} in a sense to improve robustness, performance and
stability.
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Figure 2: Tuning weight functions.

Should be mentioned that in the optimization of the
H infinity control method to find the gain K one uses
the criterion of the smallest value of « associated with
the tuning weight function which have the following
form [9]].

B /M + wy,
s+ wpA
St wp/M
= As + Whe

Wgg = cte

)

The parameters of the weight functions are: A is
correlated with the steady state, wy, is the desired band-
width of the sensitivity function, M is correlated with
the overshoot, wy, is the desired bandwidth of the
complementary sensitivity function [12]].

2.2 Hyo method using a LMI pole allocation

For the pole allocation is necessary that the closed
loop function obey the restriction Tyzoo < 7y and the
matrix X0 exists and Xoo > 0 [14].

Vit Vi Vi3
Vo1 Vo Va3 | <0 (6)
V31 V3o V33
Vi1 = (A +BoK)Xoo + Xoo(A + BoK)T
Vio = By
Viz = Xoo(C1 + D12K)T
Vo1 = B{
Voo = —1
Va3 = Dy
V31 = (C1 + D12K)Xoo
V3o = D1y
Vg = —~°1
@)

To guarantee the pole allocation in a LMI region
defined by,
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Figure 3: LMI Region

D:{ZGC:L+ZM+ZMT<O} (®)

withL = LT = P\lj](lgl,]gm) and M = MT =
[1ij)(1<ij<m)- And is necessary, there is a matrix
Xpol > 0 that satisfies the relationship:

AiiXpol + i (A + BaK)Xpo1 + i Xpol +
Ninpol(A =+ BZK)F{Si,J’Sm <0

)

That conjunct of conditions is create a non-convex
optimization with the variables K, X and X

Then for the case in study the pole allocation it’s
chosen the combination of three LMI regions, a plan,
a half disc and a conic sector [[10] this region is repre-
sented by the Fig[3]

The intersection of these three regions guarantees
an allocation of poles such that the transient response
is: 1) decay rate equal «; 2) Natural frequency of min-
imum damping ¢ = cos(6); 3) Natural frequency un-
damped D = rsin(#) . This turn the limits of the max-
imum overshoot, the frequency of vibration modes,
the delay time, rise time and duration of the accommo-
dation. Thus, the pole assignment in the closed loop
system, in that region, provides a satisfactory transient
response.

3 Dynamic model with parametric

uncertain

The rigid-flexible satellite was modelled like an
analogues system composed by a flexible rotatory
beam [|6]. The actuator is located in the central part,
and it is responsible for the control of the horizontal pla-
nar movement of the rigid structure and by the elastic
displacement, where (Xg, Yo) and (X, Y) are the co-
ordinates system before and after deformation, respec-
tively. The rigid central hub has radius R, the actuator
rotor has viscous friction by, and inertia JRoTor and
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Figure 4: Satellite Analogous Representation

develops a torque 7(t); the flexible beam has uniform
linear mass density p, uniform bending stiffness EI
and length L; the flexible beam deformation is w(X, t);
and the tip mass is myj, and inertia Ji;,; o(t) represent
the tip angle and 6(t) is the rigid angle displacement;
and s(x) represent the distance between the referential
axis to an element of mass in the link.

The flexible link is considered an Euler-Bernoulli
beam.

The equations of motion are derived using the La-
grangian approach combined with the assumed modes
method, admitting two vibrations mode. Like show in
[5] the equations of motion was derived using a La-
grangian approach combined with the assumed modes
methods, admitting two vibrations modes and a dis-
sipation of energy in a Rayleigh form [5]]. Then the
equations linearized of the dynamics are represented
in a matrix form:

(e M) (6) (' 81) ()
(b %) (0) - ()

(10)

With,

L
By = keEI /0 o " dx
L
K¢ = EI /0 go”gp”de

1 T
FIipPLeL

L

Mg = p /0 e’ +meyoref +
where 0 is the rigid angular displacement, q the flexible
displacement vector and ¢ is the function of the modal
form. By analogies, the Eq.?? represent the standard
form MxX + Dx 4+ kx = Qu, where the matrix are called
M is the mass matrix, D is the damping matrix and K
is the rigid matrix. Writing the space state form,
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Figure 5: Block diagram of the system with uncer-
tainty

X 0 I X 0
(0) = (i ain) () + (s
(11)

with X1 = 0 and X9 = q = (q; qy) is the state’s
vectors and the control u = =K Hoo)X, where Ky,

is the gain calculate by the H infinity method.

3.1 Uncertainty design
The uncertainty of the mass matrix (M) can be
introduced re-writing Eq[IT]in the follow form:

X 0 I X 0
<X;> - (MincK MincD> (X;> + <Mian> u(12)

Minc = - <M(I + pmr_nlfsm))_1

where M is the mass nominal value, p,, is the uncertain
values and 0y, is the amplitude of the uncertain (-1 <

dm < 1). The matrix M ! can be represented by a
linear fraction transformation (LFT) in 6, , like:

M=M" (I+ prnr_nlcsm)_1 = Fu(Mpi,0m) (13)

The block diagram of the Figl5] shows how the
uncertainty acts as a perturbation in the system inter-
connections.

The uncertain in this problem actuate in the matri-
ces M. Than the uncertain amplitude is given by op.
One have 27 possibilities of ép, or else, we have 27
cases of uncertainties for each matrix M.

4 Simulations results

The main objective of the control in these simula-
tions is stabilizing the tip mass angle («) of the flexible
link in a neutral position (0°).

a(t) = arctan (W(X’ t)> +0

L+R (14

When the tip comes to the neutral positions is im-
portant to see if the vibration was suppress, because
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Figure 6: The angle # and velocity 6, where red and
blue lines are the nominal and the uncertainty cases

0 45 90 135180
t(s)

Figure 7: The flexible mode 71 and velocity 7j;, where
red and blue lines are the nominal and the uncertainty
cases

with that we can assure that the control law design
was robust enough to absorb the uncertainties and the
vibrations do by the flexibility of the beam.

For the simulation it was considered the fallow
values for the constant parameters: R = 0.05 m,
bm = 0.15 m?/s, Jrotor = 0.3 kng, L = 1m,
p = 2700 kg/m, ke = 0.03, EI = 18.4 Nm?,
mtip = 0.25 kg and Jtip = 0.04 kgm?.

One applies the H infinity control method for the
27 possible cases of uncertainty and the H, controller
gain for every case of uncertainty must be robust
enough to control the flexible link in a time interval
of 200 s and an initial condition § = 1°.

4.1 Using the Hy, control method

The Figl6] shows that Hoo controller is able to con-
trol the rigid displacement @ (attitude) for the nominal
case (red line: uncertainty zero) and for 16 cases of
uncertainties (blue line) in less than 90 s. It is possible
to see that some uncertainty cases the answer is better
than the nominal case, showing that the influence of
some parameters variation works to help the controller
in the sense of minor overshoot and time rise.

The Fig[7]shows that Hoo controller is able to con-
trol the coordinate generalized of the first mode (771)
and the variation rate of the first flexible mode (71),
for the nominal case (red line: uncertainty zero) and
for 16 cases of uncertainties (blue line) in less than
100 s.

The Fig[§shows that Hoo controller is able to con-
trol the coordinate generalized of the second mode (7)2)
and the variation rate of the first flexible mode (7)2),
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Figure 8: The flexible mode 7o and velocity 7j2, where
red and blue lines are the nominal and the uncertainty
cases

w(t)(m)

0 45 90 135 180
t(s)

Figure 9: Comportment of the flexible displacement
w(x, t) and his taxes variation

for the nominal case (red line: uncertainty zero) and
for 16 cases of uncertainties (blue line) in less than 90
s.

In the Fig[9] shows the comportment of the flex-
ible displacement w(xt) and his taxes variation, for
the nominal case (red line: uncertainty zero) and for
16 cases of uncertainties (blue line), considering two
vibrations modes. The maximum displacement was
about 0.006 m.

Figure[I0]show the H-infinity Energy spend (torque
7) to control the all 27 uncertainties cases (blue lines)
where the red line is the nominal case. The response
of the torque action shows that for 16 cases of uncer-
tainties the system reach the equilibrium in less than
90 s with a maximum torque of 0.6 Nm.

Figure 11 show the angular position of the tip mass.
The response of the evolution of the o angle shows
that for 16 cases of uncertainties the system reach the
equilibrium in less than 90 s. It is possible to see
that some uncertainty cases the answer is better than

Figure 10: Response of the control effort 7, the red
line is the nominal case and the blue lines are the un-
certainty cases

E-ISSN: 2224-266X

Alain G De Souza, Luiz C G De Souza

0 45 90 135 180
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Figure 11: . Response of the angular position of the
tip mass «, the red line is the nominal case and the
blue lines are the uncertainty cases.

(a)

0 4I5
t(s)

Figure 12: The angle 6 and velocity 0, where red and
blue lines are the nominal and the uncertainty cases

the nominal case, showing that the influence of some
parameters variation works to help the controller in
the sense of minor overshoot and time rise.

For 11 cases of uncertainties the Hoo method as
not able to control, because this cases violates the
boundary condition of this method.

4.2 Using the Hoo/LMI control method

The Fig. [12|shows that Hoo method using a LMI
pole allocation is able to control the rigid displacement
0 (attitude) for the nominal case (red line: uncertainty
zero) and for all 27 cases of uncertainties (blue line)
in less than 50 s.

The Fig[13]shows that Hoo method using a LMI
pole allocation is able to control the coordinate general-
ized of the first mode (771 ) and the variation rate of the
first flexible mode (7j1), for the nominal case (red line:
uncertainty zero) and for all 27 cases of uncertainties
(blue line) in less than 50 s

The Fig[14]shows that Hoo method using a LMI
pole allocation is able to control the coordinate gen-

Figure 13: The flexible mode 7; and rate (71 ) - red and
blue lines are the nominal and the uncertainty cases.
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Figure 14: The flexible mode 75 and rate (1)2) - red and
blue lines are the nominal and the uncertainty cases.

Figure 15: Comportment of the flexible deformation
w(X,t) and his taxes variation.

eralized of the second mode (7)3) and the variation
rate of the second flexible mode (7j3) for the nominal
case (red line: uncertainty zero) and for all 27 cases
of uncertainties (blue line) in less than 45 s.

In the Fig. 15, shows the comportment of the flexi-
ble displacement w(x, t) and his taxes variation w(x, t),
for the nominal case (red line: uncertainty zero) and
for 16 cases of uncertainties (blue line), considering
two vibrations modes. The maximum displacement
was about 0.006 m.

Figure[16|show the Hoo Energy spend (torque 7)
to control the all 27 uncertainties cases (blue lines)
where the red line is the nominal case. The response
of the torque action shows that for all 27 cases of
uncertainties the system reach the equilibrium in less
than 60 s with a maximum torque of 0.15 Nm.

Figure|17|show the angular position of the tip mass.
The response of the evolution of the v angle shows
that for all 27 cases of uncertainties the system reach
the equilibrium in less than 60 s.

Figure 16: Response of the control effort 7, the red
line is the nominal case and the blue lines are the un-
certainty cases.
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Figure 17: Response of the angular position of the tip
mass «, the red line is the nominal case and the blue
lines are the uncertainty cases.

4.3 Comparison between the two cases

From the set of figures presented it is very explicit
that the performance of the control law design with
the method Hoo with a LMI pole allocation was better,
than the case were the control law was designed with
only the Hoo method.

Comparing the Figl6|and[12](the angle rigid (6) and
his velocity () it is verified that the variable was con-
trolled in a shorter time (about 90 s) for the case with
pole allocation (FiglI2)). The Fig[7 and[I3](coordinate
generalized of the first mode (1) and the variation
rate of the first flexible mode (71) it is verified that
the variable was controlled in a shorter time (about
50 s) for the case with pole allocation (Fig[T3)). The
Fig[8| and [14] (coordinate generalized of the second
mode (772) and the variation rate of the second flexible
mode (7j2) it is verified that the variable was controlled
in a shorter time (about 45 s) for the case with pole
allocation (Fig. [I4). The Fig. [9] and [13] (the angle
rigid ( w(x,t)) and his taxes variation (W(x, t)) it can
be seen that the maximum deflection generated in the
case with pole allocation was lower than that obtained
with the only H infinity method. The FiglTT]and
(the flexible angle («v)) has the same observations that
make to the rigid angle. The Fig[I0]and[T6]shows the
torque engenders, for the same task, the control law
design with the H infinity with a LMI pole allocation
was 25% less than that provided by the other method.

And for all cases the control law design with H co
LMI pole placement was able to control all cases of
uncertainties. The possibility of region choice for the
pole-assignment assures a better convergence of the
Hoo algorithm. The region choice permit a control tun-
ing more specific, in a sense of creates a frontier con-
dition that restricting the existence of dominant poles
ar from the axes of origin, and control the damping,
overshoot and the distance of the natural frequencies.
An important fact is these pole placement is done in the
closed loop system, in a way to provides a satisfactory
transient response.
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5 Conclusion

This paper presents an attitude controller design for
a rigid-flexible satellite comparing the performance
between Hoo method considering and Hoo LMI pole
placement with a parametrical uncertainty apply to the
mass matrix.

The result of the simulations shows that the control
laws designs, for the rigid flexible satellite, was able
to support the parametric uncertainty and suppress the
vibrations. The control law design with the Hoo with
a LMI pole allocation was 25% less than that provided
by the other method.

These results suggests that the controller design
with the Hoo method with LMI pole allocation is more
robust and efficient than the one provided by the Hoo
method, due to the fact that of a better position of the
closed loop system poles.
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