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Abstract: This paper deals with the problems of finite-time stochastic stability and stabilization for discrete-time
stochastic systems with parametric uncertainties and time-varying delay. Using the Lyapunov-Krasovskii functional
method, some sufficient conditions of finite-time stochastic stability for a class of discrete-time stochastic uncertain
system® are established in term of matrix inequalities. Then, a new criterion is proposed to ensure the closed-loop
system is finite-time stochastically stable. The controller gain is designed. Finally, two numerical examples are given

to illustrate the effectiveness of the proposed results.
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1. Introduction

Classical concepts of stability, such as Lyapunov
stability or BIBO stability, mainly deal with systems
running in infinite time intervals. The value of the
boundary is generally not specified. But in many
practical applications, the state of the system is
expected to not exceed a certain domain in a finite
time interval. So, along with the classical Lyapunov
stability, one is also concerned about the finite-time
transient performance. A system is finite-time stable
if, once we fix a time interval and give a bound on the
initial condition, the system state does not exceed a
certain domain during this time interval. Recently,
finite-time stability has gradually become a hot topic
and has been applied to many systems, such as
continuous systems [1-3], discrete systems [4-6],
stochastic systems [7, 8 ], and switched systems [9-
11].

The phenomenon of time-delay is very common in
practical engineering systems, such as chemical
systems, biological systems, mechanical systems,
and networked control systems. The existence of
time-delay is the root cause of the instability and poor
performance of the control system. In most cases, the
time-delay is not constant but time-varying. Many
researchers were engaged in the study of time-delay

systems (see e.g. [4, 9, 12-14] and references therein).

Stojanovic [12] dealt with the problem of robust
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finite-time stability for discrete time delay systems
with nonlinear perturbations. In [13], finite-time
stability of linear discrete-time systems with time-
varying delay was considered. In [15], Arunkumar et
al. studied robust stability criteria for discrete-time
switched neural networks. Zuo et al. [16] considered
the finite-time stochastic stability and stabilization
for linear discrete-time Markovian jump systems. In
[17], finite-time stability and stabilization results for
switched impulsive dynamical systems on time scales
were proposed. Li et al. [18] dealt with the problem
of finite-time stability for time-varying time-delay
systems. Moradi [19] looked at the problem of finite-
time stability for time-varying time-delay systems.
To the best of our knowledge, the problems of finite-
time stability and finite-time stabilization for
discrete-time stochastic systems are important and
have not been fully discussed, which leads to the
main purpose of our research

In this paper, we consider finite-time stochastic
stability and finite-time stochastic stabilization for
discrete-time uncertain stochastic systems with time-
varying delay. First, we develop sufficient conditions
of finite-time stochastic stability for the open-loop
discrete-time stochastic systems. Then we present
sufficient condition such that the resulting closed-
loop system is finite-time stochastically stable for all
admissible uncertainties. We design a state feedback
controller. We provide two numerical examples to
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demonstrate the validity of the proposed approach.

The rest of this paper is organized as follows.
Some preliminaries and the problem statement are
described in Section 2. In Section 3, the sufficient
conditions of the finite-time stochastic stability and
stabilization for uncertain discrete time-varying
delay stochastic systems are established. Two
numerical examples are presented in Section 4. Some
conclusions are drawn in Section 5.

Notations. The superscript "T" denotes the
transpose; M <0O(M > 0) denotes the matrix M isa

negative definite (positive definite) symmetric matrix;
E {} stands for mathematical expectation operator

with respect to the given probability measure P ;
.. () and Z_. (.) denotes the maximum eigenvalue

max min

and minimum eigenvalue of a matrix respectively; N

denotes the non-negative integer set. The asterisk *
in a matrix is used to denote term that is induced by
symmetry.

2. Problem Formulation

Consider the following uncertain discrete-time
stochastic system with time-varying delay

x(k+1) = A (k)x(k) + A, (k)x(k —d(k)),
+B(k)u(k) +C, (k)x(k)eo(k)
+C, (K)x(k —d (k)a(k),
X(0) = p(0),V0 e[-d,,,—d,, +1,-+-,0],

where x(k) e R" is the N-dimensional state vector;

(1)

u(k) € R? is the control input; d(k) is the positive
integer representing the time-varying with

d, <d(k)<d,.
{o(K)},_, is a sequence of one-dimensional

independent white noise processes defined on the
complete filtered probability space with

E{w(k)}=0, E{w’(K)}=1.
@(k) is the initial condition. The matrices A (kK),
A, (k), B(k), C,(k) and C,(k) are time-varying
matrices, which are assumed to be of the form:
AK)=A +4A k), B(k) =B+ 4B(k),
Ay (K)= A, +4A(k), C (k) =C, +4C, (k),
C,(k)=C, +4C, (k).
A,A,,B,C,,C, are known real constant matrices.
AA (K), AA;(k),, AB(K), AC,(k)and AC,(k) are

unknown matrices representing time-varying
parameter uncertainties and are assumed to be of the
following form:

2)

E-ISSN: 2224-266X

245

Xinyue Tang, Yali Dong, Meng Liu

[AA(K) AA (k) AC (k) AC,(K)]
=MF(k)[N1 N, N, N4],

AB(k) = MF(K)N,,
where M and N,,N,(i=12,3,4) are known real
constant matrices and F(K) is the unknown time-

€)

varying matrix-valued function subject to the
following condition :

FT(KF(k)<I, VkeN. 4)
Before presenting the main results, some useful
definition and lemmas are given.
Definition 1. Given positive constants ¢ ,C,and N

with ¢, <c,, system (1) with u(k) =0 is said to be
finite-time stochastically stable with respect to
(c,c,,N),if

sup
ke[—dy ,—dy +1,--0]

= E{x" (K)x(K)} <c,, vk e[1,2,-N].
Lemmal. [20] Let D, S and F be real matrices of

o' (Kp(k)<c,
)

appropriate dimension with F satisfying F'F <1 .
Then, for any scalar ¢ >0,
DFS +(DFS)" <¢'DD" +¢S'S. (6)
Lemma 2. [15] Given constant matrices £, 2,, £2,,
where Q =Q' >0 and Q) =Q, >0, then
Q+9/Q'Q, <0,
if and only if
4 )
<0. @)
93 _'Qz

The aim of this paper is to develop some sufficient
conditions to ensure system (1) is finite-time
stochastic stabilization.

3. Main Results

In this section, we will first give the finite-time
stochastic stability condition for discrete-time
stochastic system. Further, we design the stabilizing
controllers for the system (1).

3.1. Finite-time stochastic stability

Theorem 1. System (1) with u(k) =0 is finite-time
stochastically stable with respect to (c,c,,N), if
there exist symmetric positive definite matrices P,
Q, and scalars y2>1,¢>0,¢,>0, such that the
following inequalities hold
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7" [ (Q)C,(dyy —d,, +1)(dy, —d,) /2
+2_ (P)c, + 4. (Qd,cl<ci. (P), (8

4 0 AP CP 0 gN 0 &N
* —Q AIP CZTP 0 SINZT 0 82NI

* % P 0 PM 0 0 0

* ok * -P 0 0 PM 0

* % * *  —gl 0 0 0

* % * * * -l 0 0

* * % * * * —gzl 0

* % * * * * * —&|

(€))

where 4=(d,, —d_, +1)Q—yP.

Proof. Choose a Lyapunov-Krasovskii functional for
system (1) as:
V(K) =V, (K) +V, (K) +V; (k) (10)
where
V, (k) = x" (k)Px(k),

k-1

V.= D xT(HQx(),
i=k—d (k)
k—dy k-1

Vo= > > x"(Hx().

j=k—dy i=]

Let AV(k+1)=V(k+1)-V (k) , then we have
E{AV, (K)} = E{X (k + DPx(k +1) = X" (k)Px(k)}

= E{X" ()A" (K)PA (K)x(k)

+X" (KA (K)PA, (k)x(k —d (k))

+x" (k= d(k)A] (K)PA (K)x(k)

+x" (k —d(K) Ay (k)PA, ()x(k —d (k)

+x" (K)C] (k)PC, (k)x(k)

+x" (K)C] (K)PC, (k)x(k —d (k))

+x" (k —d(k))CJ (K)PC, (k)x(k)

+X (k =d(K))C] (K)PC, (K)x(k —d (K))},

(11)

K

E{AV,(K)}=E{ >,

i=k+1-d (k+1)
— 3 X)X

i=k—d (k)

X" (HQx(i)

= E{x" (k)Qx(k)
—x(k =d(k)"Qx(k —d(k))}

E-ISSN: 2224-266X

<0,

Xinyue Tang, Yali Dong, Meng Liu

1 k—-d,,

XTHQx()+ > X ([HQx()

k,
i=k—d,, +1 i=k—d (k)+1
k-1

- > xX(HQx()
i=k—d (k)+1
< E{x" (k)Qx(k) —x" (k —d (k)Qx(k —d (k))
k—d,,

+ >, X(Hx(),

i=k—dy +1

+

(12)

E{AV, (k) = E{ZZX (Qx()
_ z Zx (i)Qx(i}
- E{ZZ X ()QX() - Z Z K ()QX()}
_ E{j:gjm 07 (000 ~X (DA
ST XX

X" (DRX(i)}
(13)

= E{(dy —d)x" (K)Qx(k) -

d
j=k—d
k—d

—d

3 <

=E{(dy —d,)X" (k)Qx(k) -

j=k

k<

From (11)-(13), it follows that
E{AV (K)} < E{E(K)" (K)}, (14)
Where
cky=[x"(k) x"(k=d(knT',

o= Qll QIZ
* ‘QZZ ,

*Qn = (dM _dm +DQ-P+ A1T (k)PA&(k)
+C/ (k)PC, (k),
Q, = Al (K)PA, (k) +C/ (k)PC,(k),

Q,, =-Q+ A (K)PA, (k) +C] (k)PC, (k).
Let

0 0
- [Il QIZ
* 922 ’
where

L, = A (WPA(K)+(d, —d, +DQ—P
+C/ (k)PC, (k).
Note that I can be rewritten as:
I'=sI+1I,+1;, (16)

F:Q{(y—np 0}

(15)

where
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|

0 -Q
- :[Mk)w\(k) Af(k)F’Aj(k)}
© LAWPAK)  AT(PA(K) [

_[clpPe, k) C (k)PC, (k)
| Cl(kPC, (k) CI(K)PC,(K) |

Note that 73,7 can be rewritten as:

_{(dM -d, +DQ—-yP 0 }

_|A®

= OV IP[AK) A K

{Aj(k)} [AGK) A®K)]
=¥'PY,

_| Gk

r {c; (k)} PIC. (k) C,(K)]

=¥ PY,.

By (16), (17), (18) and Schur complement, " <0
is equivalent to

(17

(18)

4 0 AP C/(kP
_ T T
so|* Q@ AP CIRP| g
* % -P 0
* % * -P
where A4=(d,, —d, +1)Q—yP.
@ can be written as:
D=D+ AP,
where
[(d,, —d_+DQ—-P 0 AP C'P
& * -Q AP CZTP,
s * P 0
i * * * -P
0 0 AAP AC'P
Ap_|* O AAP AC]P
* % 0 0
_* * * 0
= DIF(k)Sl + (DlF(k)S|)T + DzF(k)Sz
+(D,F(K)S,)",

D=[0 0 M'P 0],
D,=[0 0 0 M'P],
s,=[N, N, 0 0],

Szz[N3 N, O 0].
From Lemma 1, we have
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AD<g'DD] +¢S'S, +¢,'D,D; +¢,5,S,. (21)
From Lemma 1 and (9), it can be seen that ¢ <0,

which implies that

I <O0. (22)
Then

E {4V (x(K))} < E{T (K)QE(K)}
—-DP 0
= E{fT(k)(m[(y O) 0})5(@}

(y-DP 0

0 O}f(k)}

=E{ (IEk)}+EET (k){

(y-DP 0
0 O}”(k)}
=E{(y—Dx" (k)Px(k)}

<E{(y-DV(x(k))y},
which implies that
EV(k+D}<yEV (K)}.
From (23), we have
EV ()} <yEV (k-D}

< .

< E{ET(k){

(23)

<YV (0) 24
<y"V(0).

From (10), we have
-1

V(0)= X (0)Px(0)+ Z X' (HQx(i)
i=—d (0)
IR0 0
i=dy 5]

< (PIXT(O)X(0)+ 4, (Q) 3 X7 ()x(h)

i=—dy,

j=—dy -1
e (Q) Z ZXT (Hx()

==y i=]

< (PG + (@) S €+, (Q)

i=—dy

= A (P)C; + 2, (Q)dy G,
+j’max(Q)C1(dM _dm +1)(dM _dm)/2

—d, -1

PIPI

i==dy i=]

(25)
EV (K)} > EV, (K)} = E{X" (K)Px(K)}
> E {2, (P)XT (K)x(K)}
= din (PYEXT (K)X(K)}
So, from (24)-(26), one get
(P)EX (Kx(K)} <" [A (P)C, + 4. (Q)d,,C,
+ j“mam (Q)Cl(dM - dm + 1)(dM - dm) / 2]

(26)

A

(27)
Using (8), we get that
O (x(K)} <c,,
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According to Definition 1, system (1) with u(k)=0
is finite-time stochastically stable. This completes the
proof.

this
the following corollary can be

Remark 1. For constant
d,=d, =d,

obtained.

delay case,

Corollary 1. System given by Eq. (1) with d(k)=d
and u(k) =0is finite-time stochastically stable with

respect to (C,,C,,N), if there exist symmetric

positive  definite matrices P, Q and scalar
y>Leg >0,e,>0, such that the following
inequalities hold:
PV C A (P) + A (A1 < 0,4, (P), (28)
[Q-» 0 AP CP 0 gN' 0 &NI|
* -Q AP CJP 0 ¢gNJ 0 &N
* * P 0 PM 0 0 0
* * * P 0 0 PM 0
<0.
* s s * =gl 0 0 0
* * * * * gl 0 0
* s s * s * gl 0
* * * * * * * _32|
(29)
Proof. Let us select the following Lyapunov-
Krasovskii function
V(K) =V, (k) +V, k), (30)
where
V, (k) = x" (k)Px(k),
k—1
V, (k)= X" (HQx().
i=k—d
We have

E{AV, (K)} = E{x" (k + DPx(k +1) = X" (k)Px(k)}
= E{X" () A" (K)PA (K)x(k)
+x" (K) AT (K)PA, (k)x(k —d)
+x" (k—d)A] (K)PA (k)x(k)
+x" (k= d)A] (K)PA, (k)x(k —d)
+X" (K)C] (k)PC, (k)x(k)
+Xx" (K)C/ (k)PC, (k)x(k —d)
+X" (k—d)C] (k)PC, (k)x(k)
+X (k—d)C] (K)PC, (K)x(k —d)},
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k k

E{AV,(K)}=E{ >, X" (HQx()~

1

D X (HOx()}

i=k+1-d i=k-d
= E{x" (k)Qx(k) - x" (k —d)Qx(k —d)}.
Then, it follows that

E{AV (K)} = E{E(K)" QE(K)}, (31)
where
ER)=[x"(k) x"(k-d)T,
f) _ {Qn {212 }’
* 922

Q,=Q-P+AT(KPA(K)+C/ (K)PC,(K),
Q, = AT (KPA, (k) +CJ (k)PC, (k)
Q,, ==Q+ A (K)PA, (k) +C; (K)PC, (K).
Just like the steps in Theorem 1, we have
E{V (K} <y"V(0).
From (30), it follows that

V(0) = X (0)Px(0) + Zl X" (1)Qx(i)
i=—d
< (PIXT(O)X(0) + 2, (Q) X X (Dx(i)

—1

i (P + 2, (Q) D €

= (P)G, + 70, (Q)l,
and

EV(K)} > 2, (PYE{X (K)X(K)}
So, we get
Jin (PYEXXT (K)X(K)} <M [Apy (PIC, + 2, (Q)dc 1.
Using (28), it follows that
E{X" (K)x(K)} <c,.

By Definition 1, one know that system (1) is with
d(k)=d and u(k)=0 is finite-time stochastically

stable. This completes the proof.
3.2. Finite-time stochastic stabilization

Consider a state feedback control
u(k) = Kx(k). (32)
From (1) and (32), we have the following closed-
loop system

x(k+1) = (A (k) + BK)K)x(k) + Ay (K)x(k —d (k)
+C, (K)x(k)a(k) + C, (K)x(k — d (k)a(k)
x=p(k),vk e[-d,,,—d,, +1,---0].
(33)
Definition 2. Given positive constants C,,C, and N
with ¢ <c,, system (1) is said to be finite-time

stochastically stabilizable with respect to (c,C,,N),
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if there exists a state feedback controller
u(k) = Kx(k), such that the resulting closed-loop

system (33) is finite-time stochastically stable with
respect to (C;,C,,N).

Theorem 2. System (1) is finite-time stochastically
stabilizable with respect to (c,,C,,N) via a state

feedback u(k)=Kx(k), if there exists symmetric

matrices X >0, Q >0,any matrix Y, scalars y>1,

¢ >0, ¢, >0,, such that the following inequalities hold:

‘(dy —d, +DQ—yX" 0 (AX+BY) XC]
* -Q XAl XC]
% sk _X O
% P * —X
* * % *
* * * %
% %k * *
% * % *
0 &(NX+NY) 0  &XN]]
0 & XN, 0 &XN]
M 0 0 0
0 0 M 0 1,
—& 1 0 0 0
* —g | 0 0
* * —&l 0
* * * —&1
(34)
P Ui Q) (dy, —d +1)(dy, —dl,) /2 a5

+ 2 (P)C + 4, (Q)dy € 1< G4, (P,

where
P=X", Q=PQP.
Furthermore, the controller gain is given by
K=YX".

Proof. According to Definition 1 and Theorem 1,
system (1) is finite-time stabilizable with respect to
(c,c,,N) via state feedback
u(k)=Kx(k) if (35) and the following matrix

admissible  with

controller

inequality are
y>1,P>0,Q0>0:

respect to

E-ISSN: 2224-266X
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‘(dy, —d, +)Q-yP 0 (A+BK)'P CJP
: o AP clp
* * -P 0
* * * —P
% % k *
* * * *
* * * *
* * % %
0 &(N,+N,K)' 0 ¢&N;
0 eN,; 0 &N,
PM 0 0 0
0 0 PM 0
<0.
Y 0 0 0
* —g| 0 0
* * = 0
* * * =gl |
(36)
Setting X =P™",Q = XQX",Y =KX, pre and post
multiplying (36) by T =diag{ X, X, X, X,1,1,1,1},

the (34) can be obtained. The proof is completed.

4. Numerical example

In this section, two numerical examples are
presented to show the application of the developed
theory.

Example 1. Consider the uncertain stochastic system
(1) with the following parameters:

A 0.01 0.02 A - 0.03 0.02
002 004 " |0.01 002

{0.02 0.03} {0.01 0.01}
C, , C, = ,

0.01 0.03 0.01 0.04
0.01 0.01 0.02 0.02
M = N, =N, = :
0.01 0.01 0.02 0.02
0.01 0.01 ke
N,=N, = , d(K)=3+|sin(—)|,
P {0.01 0.01} 0 sy

Takec, =0.25,N =10,¢, =0.03,¢, =0.04,y =1.5.
Solving (8) and (9) leads to feasible solutions
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[ 11699 -0.0025] _ [ 0.3898 —0.0010
1 -0.0025 1.1686 |'~ | -0.0010 0.3892 |
c, =48.27.

According to Theorem 1, system (1) is finite-time
stochastically stable with respect to (0.25,48.27,10).

Fig. 1 shows the simulation for state trajectories of
the system (1) in Example 1.

State responses
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Fig.1. State response of the system in Examplel

Example 2. Consider the uncertain stochastic system
(33) with the following parameters:

0.05 0.01 0.1 0.01 0.01 0.01
A =/0.01 0.04 0.01| A =001 0.02 0.01],
0.01 0.01 0.04 0.01 0.02 0.01
[0.01 0.01 0.02] 0.01 0.01 0.01
C,=/0.02 0.02 0.01|, C,=/0.01 0.02 0.01],
10.01 0.02 0.01] 0.01 0.01 0.01
[0.02 0.01 0.01] 0.01 0.01 0.01
B=|0.01 0.02 0.02|,M=[0.01 0.01 0.01],
10.01 0.01 0.01 0.01 0.01 0.01

0.02 0.02 0.02

N,=N,=N,=N,=|0.02 0.02 0.02],

0.02 0.02 0.02
0.03 0.03 0.03
0.03 0.03 0.03|.
0.03 0.03 0.03
Takec, =0.5,N =10,¢, =0.02,¢, =0.03,y =1.25.
Solving (34) and (35) leads to feasible solutions

d(K) =3+ [sin(—2)|, N, =
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1.0877 —0.0032 -0.0044
X =[-0.0032 1.0946 -0.0021 |,
—-0.0044 —-0.0021 1.0956
0.2869 —0.0011 -0.0015
Qz —0.0011 0.2893 —0.0007 |,
-0.0015 -0.0007 0.2897 | ’
09187 —0.0025 —-0.0045
Y =(-0.0025 0.9191 —0.0039 |,
—0.0045 -0.0039 0.9179
c,=17.23.
The controller gain is
0.8447 0.0002 —0.0007
K=| 0.0002 0.8397 -0.0020 |.
—0.0007 -0.0020 0.8377

According to Theorem 2, system (1) is finite-time
stochastically  stabilizable = with  respect to
(0.5,17.23,10). Fig. 2 shows the simulation results
of the state trajectory of the closed-loop system
(33).

State responses

5
4t
3 L
2 .
[\ i'\, A
1LY A WARY
AV ?_',-' \
of A A =
R ¢
A Y N 4
'y \C Y/
24 v
! \ /
-3 A
_4 F
5 . . . . .
o 1 2 3 4 5 6 7 8 9 10

Time

Fig.2. State response of the system (33)

5. Conclusions

In this paper, finite-time stochastically stability
and stabilization problem has been investigated for a
class of discrete time varying delay stochastic
systems with uncertain. Sufficient conditions of
finite-time stochastic stability have been given based
on the Lyapunov-Krasovskii functional method. The
criterion of finite-time stochastic stabilization for
discrete-time stochastic system with time-varying
delay is proposed. Finally, two numerical examples
have been provided to show the applicability and less
conservativeness of the presented results.
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