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Abstract: - In various electronic and electrical devices for communication systems, impedance transformers 
with wide bandwidths are important. In this article, Chebyshev impedance transformers for ohmic loads with 
order 3 are presented at different frequencies and load impedance values using Duroid and FR4 substrates (εr = 
2.2 and εr = 4.4 respectively). Simulated results are shown using the software Advanced Design System 
(ADS). The thickness of the substrate for FR4 dielectric material is 1.544 mm and for Duroid material is 
1.27mm. The matching transformers were performed at 1 GHz, 1.5 GHz, 2 GHz, and 1.5 GHz for two load 
impedance 100 Ohms and 75 Ohms from 50 Ohms showing a reflection coefficient 𝛤𝑚 = 0.05. The S11 
scattering parameter was obtained. 
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1   Introduction 
The reduction of coupling losses demands the 
design of networks that allow, on both sides of the 
network, to present the complex conjugate of the 
impedances of the blocks to which it is intended to 
be coupled. The above is not easy, especially when 
the blocks operate in a large bandwidth, because 
that the various electrical and electronic elements of 
the blocks have different impedances within the 
bandwidth, achieving maximum power transfer 
between adjacent blocks is difficult. 

In 1945 Bode began the study of the coupling 
between block impedances and later Fano in 1950 
reinforced the analysis of the coupling between 
passive loads with a resistive generator that, 
together with the techniques used by Youla, helped 
the analysis and design of the coupling networks, 
[1], [2], [3], [4], [5], [6], [7]. 

There are narrowband and wideband impedance 
transformers. Among the wide bandwidth 
impedance transformers, we can mention the 
Binomial transformers and the Chebyshev 
transformers. 

 
The Chebyshev transformer is based on the λ/4 
transformer, that is, it is used to couple real 
impedances. However, this allows coupling within a 
wide bandwidth. 

Chebyshev transformers are calculated by 
equating the reflection coefficient Γ(θ) with the 
Chebyshev polynomial, the reflection coefficient 
establishes the relationship between the incident 
wave and the reflected wave, so depending on the 
application the reflection coefficient will be 
required, which the Chebyshev type transformer 
must be coupled within the required bandwidth, [2], 
[8], [9], [10], [11], [12], [13]. 

The use of multi-section impedance 
transformers allows the bandwidth to be increased 
based on the requested reflection coefficient. From 
here the Chebyshev polynomials are used, [2]. 
 
The Chebyshev polynomial is shown in equation 1. 
 

𝑇𝑛(𝑥) = 2𝑥𝑇𝑛−1 − 𝑇𝑛−2(𝑥) 
 

(1) 
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It is necessary to find a solution of the type shown 
in equation 2. 

𝑥 = sec 𝜃𝑚 cos 𝜃 
 

(2) 

Where:  
 
𝜃𝑚 is the electrical length when you have a 
maximum reflection coefficient. 
𝜃 is the electrical length of the entire system. 
 
In equations 3, 4, and 5, the first three polynomials 
required for the design of the transformers are 
shown: 
 

𝑇1(𝑥) = 𝑥 
 

(3) 

 
𝑇2(𝑥) = 2𝑥2 − 1 

 
(4) 

 
𝑇3(𝑥) = 4𝑥3 − 3𝑥 

 
(5) 

Therefore, for the polynomial of order three, 
equation 5 will be used, resulting in what is shown 
in equation 6: 
 

𝑇3(sec 𝜃𝑚 cos 𝜃)
= 𝑠𝑒𝑐3𝜃𝑚(cos 3𝜃
+ 3 cos 𝜃)
− 3sec 𝜃𝑚 cos 𝜃 

 

 
 

(6) 

From here: 
 
Γ(𝜃)

= 2𝑒−𝑗𝑁𝜃[Γ0 cos 𝑁𝜃 + Γ1 cos(𝑁 − 2𝑛)𝜃
+ ⋯ + Γ𝑛 cos(𝑁 − 2𝑛)𝜃 + ⋯ ]

= 𝐴𝑒−𝑗𝑁𝜃𝑇𝑁(sec 𝜃𝑚 cos 𝜃) 
 

 
 

(7) 

where: 
 

𝐴 = |Γ𝑚| 
 

(8) 

and 
 

sec 𝜃𝑚

= cosh [
1

𝑁
𝑎𝑟𝑐 cosh (|

ln 𝑍𝐿
𝑍0

⁄

2Γ𝑚
|)] 

 

 
 

(9) 

The fractional bandwidth (FBW) is given by 
equation 10: 
 
Finally, for each impedance per the attached section 
they are related by equation 11: 

Γ𝑛 =
1

2
ln

𝑍𝑛+1

𝑍𝑛
 

 

(11) 

In this article, the Chebyshev coupling network 
is presented to get a maximum reflection coefficient 
in two frequencies and two load impedances, the 
number of sections proposed was three for different 
substrate materials. 

The simulation of the scattering parameter S11 
was carried out using ADS (Advanced Design 
System) with the Linecalc function to get the 
dimensions of the three stages according to their 
impedance values. The purpose of carrying out the 
calculation, simulation, and later construction and 
validation of said high bandwidth impedance 
transformers is for use in research, as well as for 
educational purposes. 
 
 
2   Coupling Network Design 
The Chebyshev transformer was designed with three 
stages or sections, therefore, the descriptive 
polynomial of the reflection coefficient with 
equation 7 is obtained: 
 

Γ(𝜃) = 2𝑒−𝑗3𝜃[Γ0 cos 3𝜃 + Γ1 cos(3 − 2(1))𝜃

+ Γ2 cos(3 − 2(2))𝜃]

= 𝐴𝑒−𝑗3𝜃𝑇3(sec 𝜃𝑚 cos 𝜃) 
 
From here, the terms are eliminated which they turn 
out to be negative (Γ2 cos(3 − 2(2))𝜃), therefore: 
 

Γ(𝜃) = 2[Γ0 cos 3𝜃 + Γ1 cos 𝜃]
= 𝐴𝑇3(sec 𝜃𝑚 cos 𝜃) 

  
Now the polynomial of degree 3 is replaced 
 

Γ(𝜃) = 2[Γ0 cos 3𝜃 + Γ1 cos 𝜃]

= 𝐴[𝑠𝑒𝑐3𝜃𝑚(cos 3𝜃 + 3 cos 𝜃)

− 3sec 𝜃𝑚 cos 𝜃] 
 
The terms that correspond to  Γ0 and Γ1 are 
identified (equations 12 and 13), resulting in: 
 

2Γ0 = 𝐴𝑠𝑒𝑐3𝜃𝑚 (12) 
 

2Γ1 = 3𝐴(𝑠𝑒𝑐3𝜃𝑚 − sec 𝜃𝑚) 
 

(13) 

Using a source impedance of 𝑍0 = 50Ω and a 
load impedance of 𝑍𝐿 = 100Ω with the reflection 
coefficient Γ1 = 0.05, the calculation of the 
electrical length is obtained using equation 9. 
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sec 𝜃𝑚 = cosh [
1

3
𝑎𝑟𝑐 cosh (|

ln 100
50⁄

0.1
|)] 

Therefore: 
 

𝜃𝑚 = 44.72𝑜 
 

Now, the fractional bandwidth is calculated: 
 

𝐹𝐵𝑊 = 1.00606 

From here, the coefficients of each section of 
the impedance transformer are obtained (equations 
12 and 13): 
 

Γ0 = 0.0697 
 

Γ1 = 0.1035 
 

Among the characteristics of Chebyshev-type 
impedance transformers is their symmetrical nature 
given their structure and therefore it is not necessary 
to perform the calculation for Γ2 and Γ3 since they 
will have the same values of  Γ1 and Γ0 respectively. 
 

Γ2 = Γ1 = 0.1035 
 

Γ3 = Γ0 = 0.0697 
 

From equation 11, the different values of the 
impedances for each section of the Chebyshev 
transformer are obtained: 
 
For 
 
𝑛 = 0   𝑍1 = 57.4806Ω 
 
𝑛 = 1   𝑍2 = 70.7106Ω 
 
𝑛 = 2   𝑍3 = 86.9857Ω 
 

With these values, the Linecal function of the 
ADS software was used to obtain the dimensions of 
the transmission lines of each section of the 
Chebyshev transformer. Here you have to specify 
the central operating frequency, as well as the 
substrate material (Duroid and FR4). 
 
 
3   Results 
The set of Chebyshev transformers using Duroid 
and FR4 substrates were developed for frequencies 
of 1 GHz, 1.5 GHz, 2 GHz, and 2.5 GHz to match 
impedances of 50 Ω with impedances of 75 Ω and 

100 Ω and are shown in Table 1, Table 2 and Table 
3. 
 

Table 1. 𝑍1Parameters 
 Parameters Freq. 

(GHz) 

Z1 

(Ω) 

W1 

(mm) 

L1 

(mm) 

1    1 57.480 3.152 54.976 
2   εr=2.2 1.5 57.480 3.151 36.633 

3   h=1.27 2 57.480 3.152 27.459 

4  Z0=50Ω  2.5 57.480 3.152 21.955 
5  ZL=100Ω  1 57.480 2.313 41.430 

6   εr=4.4 1.5 57.480 2.313 27.579 
7   h=1.54 2 57.480 2.314 20.650 

8    2.5 57.480 2.316 16.491 
9    1 55.122 3.366 54.868 

10   εr=2.2 1.5 55.122 3.366 36.561 

11   h=1.27 2 55.122 3.366 27.405 
12  Z0=50Ω  2.5 55.122 3.367 21.911 

13  ZL=75Ω  1 55.122 2.493 41.300 
14   εr=4.4 1.5 55.122 2.492 27.492 

15   h=1.54 2 55.122 2.494 20.584 

16    2.5 55.122 2.496 16.437 

 
Table 2. 𝑍2Parameters 

 Parameters Freq. 

(GHz) 

Z2 

(Ω) 

W2 

(mm) 

L2 

(mm) 

1    1 70.710 2.231 55.520 

2   εr=2.2 1.5 70.710 2.231 36.998 
3   h=1.27 2 70.710 2.231 27.736 

4  Z0=50Ω  2.5 70.710 2.232 22.178 

5  ZL=100Ω  1 70.710 1.550 42.074 
6   εr=4.4 1.5 70.710 1.550 28.015 

7   h=1.54 2 70.710 1.551 20.982 
8    2.5 70.710 1.552 16.761 

9    1 61.237 2.846 55.140 

10   εr=2.2 1.5 61.237 2.846 36.743 
11   h=1.27 2 61.237 2.847 27.543 

12  Z0=50Ω  2.5 61.237 2.847 22.022 
13  ZL=75Ω  1 61.237 2.059 41.627 

14   εr=4.4 1.5 61.237 2.059 27.713 
15   h=1.54 2 61.237 2.060 20.752 

16    2.5 61.237 2.062 16.573 
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Table 3. 𝑍3Parameters 
 Parameters Freq. 

(GHz) 

Z3 

(Ω) 

W3 

(mm) 

L3 

(mm) 

1    1 86.985 1.513 56.080 
2   εr=2.2 1.5 86.985 1.513 37.374 

3   h=1.27 2 86.985 1.513 28.020 
4  Z0=50Ω  2.5 86.985 1.513 22.407 

5  ZL=100Ω  1 86.985 0.971 42.685 

6   εr=4.4 1.5 86.985 0.971 28.429 
7   h=1.54 2 86.985 0.971 21.298 

8    2.5 86.985 0.972 17.018 
9    1 68.029 2.386 55.417 

10   εr=2.2 1.5 68.029 2.386 36.929 
11   h=1.27 2 68.029 2.386 27.684 

12  Z0=50Ω  2.5 68.029 2.387 22.135 

13  ZL=75Ω  1 68.029 1.678 41.954 
14   εr=4.4 1.5 68.029 1.678 27.934 

15   h=1.54 2 68.029 1.678 20.921 
16    2.5 68.029 1.680 16.711 

 

 
Fig. 1: Schematic of the Chebyshev impedance 
transformer. 
 

Figure 1 shows the schematic of the circuit in 
ADS, where the values of the dimensions of the 
transmission lines of the stages of the Chebyshev-
type transformer are introduced, as well as the 
impedances to be coupled, analysis frequencies, and 
information on the substrate. 

Below are the simulated results in the ADS for 
the different values of impedances to be coupled, 
frequencies, and type of substrate, here the 
scattering parameter S11 is obtained, [3]. 
 

 
Fig. 2. Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 1 GHz with Duroid substrate. 

 
Fig. 3: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 1.5 GHz with Duroid substrate. 
 

Fig. 4: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 2 GHz with Duroid substrate. 
 

 
Fig. 5: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 2.5 GHz with Duroid substrate. 
 

 
Fig. 6: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 1 GHz with FR4 substrate. 
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Fig. 7: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 1.5 GHz with FR4 substrate. 

 

 
Fig. 8: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 2 GHz with FR4 substrate. 

 

 
Fig. 9: Scattering parameter S11 with Zo=50 Ω, 
ZL=100 Ω at 2.5 GHz with FR4 substrate. 
 

 
Fig. 10: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 1 GHz with Duroid substrate. 

 

 
Fig. 11: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 1.5 GHz with Duroid substrate. 
 

 

 
Fig. 12: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 2 GHz with Duroid substrate. 
 

 
Fig. 13: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 2.5 GHz with Duroid substrate. 

 

 
Fig. 14: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 1 GHz with FR4 substrate. 
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Fig. 15: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 1.5 GHz with FR4 substrate. 
 

 
Fig. 16: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 2 GHz with FR4 substrate. 

 

 
Fig. 17: Scattering parameter S11 with Zo=50 Ω, 
ZL=75 Ω at 2.5 GHz with FR4 substrate. 
 

From the results from Figure 2,  Figure 3, 
Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, 
Figure 9, Figure 10, Figure 11, Figure 12, Figure 13, 
Figure 14, Figure 15, Figure 16, Figure 17, it is 
verified that in all cases maximum values of the 
reflection coefficient of 0.05 are obtained at the 
desired frequency and within bandwidths of up to 
and maximum values of Γ=0.049 when coupled the 
50 Ω impedance with the 100 Ω impedance and a 
maximum value of Γ=0.05 to couple the 50 Ω 
impedance with the 75 Ω impedance. 

In all cases, reflection coefficients of Γ = 0.002 
were obtained at the central frequency and with 
bandwidths of at least 1 GHz and a maximum of 3 
GHz. 

The technique used for the development of high 
bandwidth impedance transformers with real 
impedances is useful and widely used, however, 

techniques for coupling real and complex 
impedances through the use of stubs are important 
for ultra-wideband (UWB) and super wideband 
(SWB) communications systems, [14]. 
 
 
4  Conclusion 
The use of impedance transformers is important to 
reduce the amount of signal losses. In various 
systems that work with large bandwidths, it is not 
easy to achieve this purpose since for each 
frequency the value of the elements of the 
impedance transformers varies significantly, 
however, the use of impedance transformers such as 
Binomial and in the case of our study the 
Chebyshev transformer, allow not only to maintain 
at most a required reflection coefficient, but also 
present low values in wide bandwidths as we work 
with higher frequencies. 

It was observed that like the Duroid substrate 
(which is not cheap), the FR4 substrate presents an 
almost identical behavior, which makes it ideal for 
frequency response given a low reflection 
coefficient. 

For future work, impedance transformers will be 
made for complex impedances in UWB and SWB 
systems. 
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