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Abstract—In this work, we establish the existence and unique-
ness of solutions for of nonlinear fractional differential equations
with nonlocal boundary conditions. Our results are obtained
by using Leray-Schauder nonlinear alternative and Banach
contraction principle. To show the applicability of our results,
an example is presented at the end.

Index Terms—Fractional differential equations; existence; non-
local boundary; Leray-Schauder nonlinear alternative; Banach
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I. INTRODUCTION

In this paper, we are interested in the existence of solutions
for nonlinear fractional difference equations, ¢ € J = [0,T]

Dgu(t)—ADE u(t) = f (t, w(t),* D u(t),C DSu(t

o)

(1.2)

subject to the three-point boundary conditions

Au(0) = pu (T) — yu (n) = d,
A’ (0) = pu (T) —yu' () =1,

where T > 0, 0 < n < T, AN # u+~, d 1, )\ puy €
R, B+1 < a, Ais an R™™" matrix and °Dg,, D, are the
Caputo fractional derivatives of ordre 1 < @ <2, 0< g <1
respectively.

Fractional differential equation theory have recieved
increasing attention. This theory has been developed very
quickly and attracted a considerable interest from researches
(see [?], [?], [?]). The motivation for those works stems from
both the developpement of the theory and the applications
of such construction in various sciences such as physics,
mechanics, chemistry, engineering, and so on. For an
extensive collection of such results, we refer the reader to
the monographs of Kilbas et al. [?], Miller and Ross [?] and
Podlubny [17].

In most of the available literature, fractional integral
inequalities play an important role in the qualitative analysis
of the solutions for fractional diferential equations (see
9,16, 22].

As one of the focal topics in the research, some kinds
of fractional equation with specific configurations have been
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presented. More specifically, in [5], the authors investigated
the existence of positive solutions of the nonlinear fractional
differential equation

We establish the existence results for the nonlocal boundary
value problem (1.1) — (1.2). by using Leray-Schauder non-
linear alternative and the Banach fixed point theorem. The
paper is organized as follows. In Section 2, we recall some
preliminary facts that we need in the sequel. In Section 3,
deals with main results and we give an example to illustrate
our results.

II. BASIC RESULTS

In this paper, we are interested in the existence of solutions
for nonlinear fractional difference equations, ¢t € J = [0, T

Dgu(t)—A°DE u(t) = f (t, w(t),©DEu(t),© Dgu(t

(H.)\>)

subject to the three-point boundary conditions
A - T) - =d
w(0) = pu(T) = yu(n) = d, (112)

{ A (0) — pu’ (T) — ' (n) =1,
where T > 0, 0 < n < T, \N# u+~, d I, \ puy €
R, +1 < a, Ais an R"*" matrix and D, , CDg+ are the
Caputo fractional derivatives of ordre 1 < @ <2, 0< <1
respectively.

Fractional differential equation theory have recieved
increasing attention. This theory has been developed very
quickly and attracted a considerable interest from researches
(see [1,10,18]). The motivation for those works stems from
both the developpement of the theory and the applications
of such construction in various sciences such as physics,
mechanics, chemistry, engineering, and so on. For an
extensive collection of such results, we refer the reader to the
monographs of Kilbas et al. [14], Miller and Ross [15] and
Podlubny [17].

In most of the available literature, fractional integral
inequalities play an important role in the qualitative analysis
of the solutions for fractional diferential equations (see
[9, 16, 22].
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As one of the focal topics in the research, some kinds
of fractional equation with specific configurations have been
presented. More specifically, in [5], the authors investigated
the existence of positive solutions of the nonlinear fractional
differential equation

‘Dgru(t) = f(tu(t),u' (1),

subject to the three-point boundary conditions

telo,1],

Bu (0) +71u(1) =u(n),
= fo u
BeDgu(0) + D u (1) = Df u(n),

where 2 < a <3, 1<p<2 0<n<l1, B,y R,
f € C’([O, 1] sz,R) and “Dg, denotes the Caputo
fractional derivative of order «. Note that in the papers
[3,4,6,7,8,11] the authors have deal with the problem of
existence and uniqueness of solution of nonlinear fractional
differential equations. The existence results obtained by
differents approches.

In 2016, Wang et al. [20] have formulated and proved
uniqueness of global solutions to the equation similar to (??)
(see, Section 3) by using the generalized Gronwall inequality.

In 2017, J. Sheng and W. Jiang [19] studied the existence
and uniqueness of the solutions for fractional damped dynam-
ical systems

‘Dgiu(t) —
u (0) = up,

ACD0+U( )
u (O) = uO?

ftu(t)), te[0,T],

where 0 < <1 <a<2,0<T <o, u€cR” Ais
an R™*™ matrix , f : [0,1] x R®™ — R™ jointly continuous
function and Dy, “D,, are the Caputo derivatives of order
«, [ respectively.

In 2018, Abbes et al. [2] studied the existence and unique-
ness of the solutions for fractional damped dynamical systems,

organized as follows. In Section 2, we recall some preliminary
facts that we need in the sequel. In Section 3, deals with main
results and we give an example to illustrate our results.

III. PRELIMINARIES

Let as introduce notations, definitions and preliminary facts
that will be need in the sequel. For more details, see for
example [13,15,15,17].

Definition III.1. The Caputo fractional derivative of order «
for the function u € C™ ([0, 00) ,R) is defined by

c 1 /
Du(r) = m_a)O/“

where T (-) is the Eleur gamma function and o > 0, n =
[a] + 1, [a] denotes the integer part of the real number .

Definition II1.2. The Riemann-Liouville fractional integral of
order oo > 0 of a function u : (0,00) — R is given by

t
IO+U/ /
0

where T'(-) is the Eleur gamma function, provided that the
right side is pointwise defined on (0, 00).

Lemma IIL3. [14] Ler u € AC™[0,T], n € N and u(-) €
C'[0,T). Then, we have

D (T (0) = 130,
(ii) Ig (“Dgeu (1)) = u(t) - 2:: t’?

a<n,
Especially, when 1 < o < 2, then we have

o+ (“Dgru(t)) = u ()

Lemma III.4. ([10]) Ler 0 < 8 < 1 < e < 2, then we have

s ™ (5) ds.

(t—s)* " u(s)ds, t>0,

() t>0,n—-1<

—u(0) —tu’ (0).

for t € [0,T toe=h
ort €[0,7] o (CDngu(t)) _ Igfﬁu (t) — I‘éé((?w.
{ ot ACDO+U( A DO+U( Jept )) ’ I'V. EXISTENCE RESULTS
w(0) =u(T), u'(0)=u (T), '
Let C'(J,R™) be the Banach space for all continuous
0 < oo, u €R™ Ais

where 0 < f <1 < a < 2 T

an R™*"™ matrix and f : [0, 1] x R™ — R"™ jointly continuous.
In 2019, Tao Zhu [23] studied the existence and uniqueness

of positive solutions of the following fractional differential

equations, for t € [0,7), 0< < a<1

{0D3+u() ADJ u(t) = f(tu(t)),

u (0) = ug.
Inspired and motivated by the works mentioned above, we
establish the existence results for the nonlocal boundary value

problem (1.1) — (1.2). by using Leray-Schauder nonlinear
alternative and the Banach fixed point theorem. The paper is
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function from J into R™ equipped with the norm

Il cteJ},

oo = sup{[lu @)

where ||-|| denotes a suitable complete norm on R™. Denote
L' (J,R™) the Banach space of the measurable functions u :
J — R” that are Lebesgue integrable with norm

T
lull s = / Ju ()] d.

Let AC (J,R™) be the Banach space of absolutely contin-
uous valued functions on J and set

AC™ (J) = {u cJ SR w WY e C(J,]R”)}

122
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and
u" Y ¢ AC (J,R").
By
C*(J)={u: J =R whereu' € C(J,R™)},
we denote the Banach space equipped with the norm
lully = maz {{lullo » 4"} -
For the sake of brevity, we set
d = A=—p—9)T(a—F+1) +
A (MTaiﬁ + 'Ynaiﬁ) I A = F(a‘ _(;B+1) b
o = Ala=p)(pT P g A =
A =p =) =T +m) (%),
— AT~
AT | TLiT(2-p)+T ﬂ*‘l(LsHAIHLz)
I'(a—pB+1) T'(a+1)I'(2—B)(1—L2)
a a—pB—1
Ry = My + fa=BIAIT""" IQZLLAHBT-Q—l) M, +
lAT=F= | T LT (2—B)+T " ff(LsHAHJrLz)
I‘(a—B T(a)[(2—B)(1—L2)
= A{[AT(§) (WT +m) +1] @ + A~ (uT +yn) O},
and
{5 e+l
with
A a— a—
@ = racarn (T +m )+
(T +yn*) (LAT(2—B)+T" P (Ls|| Al +L2))
Tla+1)I(2—B)(1-L3) ’
— LA a— -
© = ra—g) (W77 + =07
(WT°7 4y ) (LD @=F)+T' P (La|lAll+L2))

T'(x)T'(2—8)(1—L3)

Lemma IV.1. Ler y(-) € C(J,R"). The function u(-) €
C! (J,R™) is a solution of the fractional differential problem

cD(?*“() AcDo+u():y(t)v tEJ:[OvT]v (IV.1)
subject to the three-point boundary conditions
A (0) = pu (T) = yu(n) =d, (IV2)
A (0) = pa’ (T) = yu' (n) =1,
if and only if, u is a solution of the fractional integral equation
Ato=h
H=(1- —"—— tu’
w)=(1- 2 )@+ O
A t
a—pB—1
+— / t—s u(s)ds
el AEDARTO
0
) t
a—1
— | (t— d Iv.3
o ] €9 s av3)
0
with
ISSN: 2769-2507

u(0) =A { {A‘l (%) (WT + ) + 1]

x [Afgfﬁ (pu (T) +yu (n)) + 15 (py (T) + vy () + d}

FATH (T ) [ALSTP T () + () + 157 (y (T) + 7y ()

Iv.4)
and

u/ (0) = A (5) [ALSE? (uua () + vy () + I (y (T) + vy ()

(AL o () + oy () + 157 Gy () + 9y ()| +1}

(IV.5)
where
1 T
I (T) = m/(Tfs)a_lu(s) ds,
0
et = gy [ (1= 9" u(o)ds,
0
1 T
I57 u(T) = F(a—ﬂ)/(T_s)a P (s) ds,
0

Proof. From Lemma 2.3, we have

w(t) = u(0) + tu (0) — — " _0)
N F'a—-38+1)
" t t
a—ﬂ—l

b [ s / (t—5)

Ta-p) 7

0 0
Applying conditions (??), we obtain (??) and (2?).
Conversely, assume that u satisfies the fractional integral (??),
and using the facts that “Dg, is the left inverse of I, and
the fact that CD§+C = 0, where C' is a constant, we get
°Dgiu(t)—A°DS u(t) = f (t,u(t),u (t), teJ=1[0,T].
Also, we can easily show that
A (0) — o (T) = yu (n) = d,
Au(0) — pu’ (T) = yu' () = 1.
The proof is complete.
O

To simplify the proofs in the forthcoming theoreme, we
etablish the bounds for the integrals and the bounds for the
term arising in the sequel.

123

(s)ds



Volume 3, 2021

International Journal of Electrical Engineering and Computer Science (EEACS)

Lemma IV.2. For y () € C(J,R™), we have

Theorem IV4. ([12]) (Banach’s fixed point theorem) Let C
be a non-empty closed subset of a Banach space E, then any

i a—1
-7 * contraction mapping T of C into itself has a unique fixed
_ /(77 ) y(rdr < —" . . pping T of If que fi
I () I'(a+1) point.
0
Proof. Obviously, Theorem IV.5. Assume that (Hy) holds. If
n a1 P max (Rl, RQ) <1, (IV.6)
(n—r1) P I o R
T (@) y(r)dr = al(a) |, al(a) T(a+ 1fhen the boundary value problem (1.1) — (1.2) has a unique
0 solution on J.
= Proof. We transform the problem (1.1)—(1.2) into fixed point
Hence problem. Let N : C!(J,R") — C'(J,R") the operator
defined by
/" (s=n)"" "
v (ndr| < =——llyll- Ate—F
I'(« I'la+1 Nu)(t)=|(1— = | B+tD
/T @+ 1) ) (1) = (1= g5 ) B+

Lemma IV.3. Foru(-) € C' (J,R™) and 0 < 3 < 1, we have

b
D) < ppmgy e
and, so
T -8
Do) < gz vl
Proof. Clearly, when 5 = 1, the conclusion are true. So,

consider the case 0 < § < 1. By Definition 2.1, for each
u(-) € C*(J,R") and t € J, we have

t

[=97 s

0

1

D ()] = Ta=9

O

We need to give the following hypothesis:
(Hy) there existe a constants Ly, Ly > 0and 0 < L3 < 1
such that

|f (tvuava ’LU) -
Lo o — | + Ls Jw — ],

for any u, v, u, v, w € R" and t € J.

Now we are in a position to present the first main result
of this paper. The existence results is based on Banach
contraction principle.
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_ L o
u(s)ds—i—r(a)!(t—s) Yg(s) ds,

av.n
B=A { [A*l (%) (T + ) + 1}

x [Afgfﬁ (pu (T) +yu (n) + Igy (y (T) + vy (n)) + d}
+ATH (uT +n)

x (AL (uaa () + v () + 167 (y (T) + vy () +1] }

and
D = A7 {(3) [AL (o (1) 4+ yu () + I+ (g (T) + 9 (1) +d
(AL o () + () + 157" (g (T) + 9 ()| + 1
where g € C (J,R™) be such that
9(t)= £ (tu(®) "D u(t) g () + A°Du (1))

For every u € C! (J,R™) and any ¢ € .J, we have

o — a—p-1
(Nu)' (t) =D — ( T (aﬁ)_Aﬁt+ 1)
+ (a—p—1) /t—sa Tul)ds
0
1 a—2
+m/(t—s) g(s) ds. (IV.8)

0

Clearly, the fixed points of operator N are solutions of
problem (1.1) — (1.2).
It is clear that (Nu)' € C (J,R™), consequently, N is well
defined.

Let u, v € C (J,R™). Then for ¢t € J, we have
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Al T*~"

|Va) (1) — (Vo) ()] < (1 e =y

+T||D — Dy \|+

O\’ﬂ

h(s)l ds,

T
/ ~lg (s) -
0

with By = u (0), D, = v (0) are defined above.

‘

From (H), for any ¢ € J, we have
lg(t) —h @)l = Lilu®) —v @)

+Lo CD0+u( 0+1} H

+Lal|g (t) + A°Dg,u () = h (t) = A°Df, v (1)

< Lillu(®) = o O+ L2 D5 u (t) = DYoo (1)

+Ls [lg (t) = h ()] +Ls [|All

< Ly flu(®) —v(@)l+Lsllg (t) -

"DE (1) v )]

h (@)l
+ (L3 [|All + L)

Thus

A TE—

lg () < =

Ly ||A]l + Lo
1— Iy

[ (8) = v (D)

“DY, (u(t) v (1)
< Ls ||A|| 4+ L2
~—1-1ILs > 1—1IL5
Then, according to the Lemma ??, we get
Ly
—h(®)] < Ju—

lg () < =

T'F (L ||AH+L2) o],

T'(2-8)(1 - Ls)
LT (2-8)+ TP (L3 || Al + Lo)
B I'(2-5)(1 - L)

By employing (??) and Lemma ??, we get

CDg+ (u

il

UHl

1B1 - Ball < A{ [ (3) (T +9m) + 1] @

+A7!
=M |lu—ol,.

(UT +~n) O} [lu— vl

and
11 = Dol < A7 {(5) @+ O} Ju v,

ISSN: 2769-2507

)P fu(s) —

“Dfu(t) — Do t)

llu — U||1 :

)uB—Bln

v (s)| ds

Iv.9)

:MQHU*
where ® and © defined above.
Thus, for t € J, we have

|A| TP >

Nu)(t) = (N < |[1+ —""——

v 0 - W0y 011 < | (14 e
|A| TP
Fla—p+1)

TLiT (2 - ) + TP+ (Ly || A]| + qu = vl
F(a+1)T(2-06)(1—Lo) '

= Ry flu =l .

v“la

+T' M, +

Also

(V) (1) = (No)' ()] < 1D2

(a = B) ||| To~51
[(a—p+1)

T
4 ey,
el A A IO R

Dy ||

+

| B1 — By
)|l ds

1

O\’ﬂ =)

a—2
+m (T =)™ "lg(s) = h(s)]ds.
By employing (??) and Lemma ??, we get
- ) lA| T
N — M
auy e 0] < { r(a—f3+1) i
|| T
+7
['(a—p)
T LT (2 B) + TP (L || Al + L2)
l[u =l

F@T @) (- L)
= Ry llu— o], -
Therefore
[(Nu) (t) —

Thus, by (??) the operator N is a contraction. Hence it follows
by Banach’s contraction principle that the boundary value
problem (??) — (??) has a unique solution on .J. O

(Nv) () < maz{Ry, R} [lu — vl -

Now we are in a position to present the second main result
of this paper. The existence results is based on Leray-Schauder
nonlinear alternative.

Theorem IV.6. . [12] (Nonlinear alternative for single valued
maps). Let E be a Banach space, C' a closed, convex subset
of E and U an open subset of C with 0 € U. Suppose that
F : U — C is a continuous and compact (that is F (ﬁ) is
relatively compact subset of C) map. Then either

(i) F has a fixed point in U, or

(i) there is a u € QU (the boundary of U in C) and X € (0, 1)
with u = \F (u).
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Set

|A]| T~

F'a—p+1)
Tll

— M

Fla+1) "’

|l rT~5

Iy = Ms+TMy+ CEESY

M;+TMy+

+

and

(a = p) A TPt [A[| TPt ToM
[(a—pB+1) Fa=B) T(a)

Theorem IV.7. Assume that (Hy) holds and there exists a

positive constant M > 0 such that maz {l1,l2} =1 < M.

Then the boundary value problem (1.1) — (1.2) has at least
one solution on J.

Il = My+

Proof. Let N be the operator defined in (??).
N is continuous. Let (u,,) be a sequence such that u,, — u
in C (J,R™). Then for ¢t € .J, we have
) 181~ Bl

)" u(s) = un (s)|] ds

A T—¢

I(Nu) () = (Nu) ()] < <1 "Te-8+1)

afr

IIAII

+T[|Ds “Hlg (s) = gn (s)ll ds,

T
- Dol + g5 [ (-
0
where B,,2, D,s € R™, with
o= {17
? 5

x |AISTP (g (T) + yup (7)) + IS5 (p1gn (T) + g (1)) + d}

)(uT+v77)+1

FATH (T ) [ALSTP T (o (T) + 5y (n)
HIGT (g (T) + g () +1] }
Do = A7 {(3) [AL5 G (T) + 7 (n)
15+ (g (T) +vgn (n)) + d]
AL (s (T) + yun () + 157 (g (T) + 790 (0)) +
and
9n (8) =  (t100 (1), “Dfcttn () . 9o (6) + A°Df 1 (1)) -
From (H), for any ¢ € .J, we have
lg (t) = gn ()] = Ly llu (8) = wn ()]

+Ls g (8) + A°Df u (t) = gu (1) = A°Dfun (1)

+Lo

"Dy (t) = Dun (1)

< Ly fu () = un (8)[+L2

"D u () = DY, (1)
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+Ls g (6) = gn ()]l + Ls I A] [°DF,u(t) = D un ()
< Lyflu(t) —un ()1 + L [lg () — gn (1)
+ (Ls AN+ L2) D5, (u(8) = wa ()]
Thus
1
_ < _
lg (1) = gn (DI < 7 I l[w () — un (£)]
L ||A]| + L2 ||,
AR oD u )~ un ()]
Ly L3 ||Al + L2 ||c 1o
< = o=+ =S DE (- w)|
Then, according to the Lemma ??, we get
"7 (L3 || Al + Lo)
1 3 2
_ < _ _
I 6) =90 () < 77 e =il == S p g gy I =l
_ L1F(2 _ﬁ) +T1_B (LS HAH +L2) ||u_ ”
(1-L3)T'(2-5) o

By employing (??) and Lemma ??, we get

1B1 = Buall < A {[A7 () (uT +m) +1] @
+ATH (T +m) O} u = vl ,
= M |lu — U||1~
and
1D = Doall < A7 {(3) @+ 0} flu— v,

= M |lu =],

Thus, for ¢t € J, we have

a—p
|(Nu) (£) ~ (Vo) ()] < [(1 + %) My
|A| T8
+T M,y + m
TLyT (2 = B) + T' P+ (Ls || Al| + L)

I

=

Tla+ DT @A) (- La)

l}’ =Ry |lu—uyl|; -

Also

) — (Nuy)' (t)

] 7o~
-B+1)

[(Nu)’

(o

(t | < 1Dn2 — Di|
—5)

Q

+ ||B1 _BnQH

(T =) "7 |lu(s) = un (s)ll ds
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By employing (??), we get CAA (T ) {l o ((%) .\ 1)} o
— B) || Al T8
o0 )= un ] < |21+ ATy e
a1 T T P A L
AT < 5) T e o
I'(or—p)
-1 g ‘LLTO‘+’}/170‘ MTO& 1+,_Y,r] 1
T (2 6) (Ls Al + L) T707 () (et )+ (e
i | = wall,
I'(a—pB+1) ‘
_1 v _
= Rellu = uall, A [(3)d+1) =

Thus ||[Nu — Nu,l||; — 0 as n — oo, which implies that the Thus (??) implies
operator N is continuous.

A| T Al|rTe”
1) (@) < Mt AT gy g, JALTE
Now, we show N maps bounded sets into bounded (a=F+1) (a=p+1)
sets in C (J,R™). For a positive number r, let B, = T
{ue C'(J,R™) : |lul|; <r} beabounded set in C (J,R"). erM =1,
Then we have
and
ATo8=1 |A]|rTes
t SH (t,ut + A°DP u DP u ) Nu) < M, (@—ph) M.
lo @11 |1 (@0 @)+ 40w, DRu ) v o)) < daa ST
7 (10,00 + £ (£.0,0,0)] -
+ =ls.
< Liflu ()] + Ls g (&) + D5 u 0)| o)
Therefore
+Lo HDO+u(t)H +|1f (£,0,0,0)]| I(Nw)|l, < max {I, I} = L. V.11
< Ly fJull oo +L3|lg (8)[[+(Ls | Al + Lz) HDmu ‘ +£*, Now, we show that N maps bounded sets into equicontin-
uous sets of C* (J,R™). Let t1, to € [0,1] with #; < to and
where iup |/ (£,0,0,0)] = f* < oo. Thus u € B, is bounded sets of C! (J,R™). Then
H ( )H ” H L3 ||A||+L2 HD ‘ + I ”(Nu) (t2)_(Nu) (tl)ll < My (tQ_tl)
g - - 4 5 .
1-Ls 1—Ls + (14 NAIMs (tafﬁ _tafg)
Then, By Lemma ??, we have I'(a—p+1) 2 1
L Ls A+ L) TP fr ta
llg @I < T—F llull [0l oo+ 7777
T— L e 0 L)T 2 - p) 1- Ly +F|(|A”Tﬁ)/(t2—s)a51ds
o —
- L1 ” I +(L3 |All + Lo) T+ o+ f* i
B (1-L;)T(2-p) y t
L (Lsf A+ L) rT 2 f +r(|ag>/ [(t2 = )27 — (=) ds
~1-1Ls (1-Ls)T(2-0) 1—1Ls ’ 0
(1V.10)
which implies that M, 2 X “ X X
- +F @ /(tz —5)* s +/ {(tQ —8)* T = (t; —8)T } ds
1Bl <rliala (a7 (3)) i d
To—B a—p Obviously, the right-hand side of the above inequality tends
H +m
X ((,uT + ’777) + 1) (F(O[M) to zero as tQ — tl.
Similarly, we have
B ’uTozfﬂfl +777aﬁ1):|
+ATH (uT + <
(WT +~m) T (o —B)

oo (v (¢ )—(Nu)'(tl)Hg(a_aB_)M jamf—1 _ jape1
+MA[(A1((5f)(uT+fm)+1) (‘M) i La—pB+1) (1 )

"1 Al f e

t1
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) A=z _ (t1 — s)a_ﬁ_ﬂ ds

LAl /
Fa—pB-2)
0

M a—2
+m /(t2 —s)" " %ds

+0/[(

Again, it is seen that the right-hand side of the above inequality
tends to zero as ty — t1. Thus, ||[(Nu) (t2) — (Nu) (t1)]] — 0,
as to — t;. This shows that the operator N is completely
continuous, by the Ascoli-Arzela theorem. Thus, the operator
N satisfies all the conditions of Theorem ??, and hence by
its conclusion, either condition (i) or condition (i¢) holds.
We show that the condition (éi) is not possible.

ta

ty— )" 2= (t1 —9)* %] ds

Let U = {u e C'(J,R") : |ju|| < M} with max {l;, lo} =
[ < M. In view of condition ! < M and by (??), we have

|Nu|| < max{l1, l2} < M.

Now, suppose there exists u € QU and A € (0,1) such that
u = ANwu. Then for such a choice of u and the constant A,
we have

M = |[ul] = M| Nu|| < max {ly, 12} < M,

which is a contradiction. Consequently, by the Leray-Schauder
alternative, we deduce that F' has a fixed point v € U which
is a solution of the boundary value problem (??) — (??). The
proof is completed.

O

We construct an example to illustrate the applicability of
the results presented.

Example IV.1. Consider the following fractional differential
equation, for t € J = [0,1]

“Dieu ()-ADYu () = f (L u(t) S DJou(t) * Dgeut

)2,
(IV.12)

(Iv.13)

2 1
0 2

L, 2,

subject to the three-point boundary conditions
w(0) —u(l)—u(z) =1,
u' (0)—u/ (1) = (3) =1,

wherea =2, f=1, A=p=d=1=1, A:(
and
fi (tyu,v,w)

such that = (f1, fa) with0 < c¢; <1,i=1, 2.
For every u;, v; € R?, i =1, 2, 3, we have

it
= %arcmn (lu| + |v] + |w]), i=

C.
| fi (8, w1, w2, uz) — fi (801,00, 03)| < = (Jlur — v
8

+|U,2—112|+|U3—U3|),i=1, 2,

ISSN: 2769-2507

where Ly = Lo = L3 = % for appropriate choice of constants
ci, 1 = 1,2. we check the condition of Theorem ??. Clearly,
assumption (Hy) holds. A simple computations of Ry, Rs, I
and ly shows tha the second condition of Theorems ?? and
?? is satisfied. Thus the conclusion of Theorems ?? and ??
applies, and hence the problem (??) — (??) has a unique
solution and at least one solution on [0, 1].
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