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Abstract: In this paper, we derive an upper bound on the Kolmogorov distance between the
distribution of a sum of indicator random variables and a standard normal distribution by using the
size-bias method. Also, we give lower and upper bounds for distribution function of sum of
indicator random variables in two special points.
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1. Introduction

Size bias occurs famously in waiting-time
paradoxes, undesirably in sampling schemes, and
unexpectedly in connection with Stein’s method,
tightness, analysis of the lognormal distribution,
Skorohod embedding, infinite divisibility, and
number theory [1,4]. For a non-negative random
variable X with u=E(X)<oo, We say a

random variable XS has the size-biased
distribution with respectto X if

E(XF (X)) = £E(f (X?)),
For all f :[0,0) >R such
E| Xf(X)|< o [2[]
Let Y = Zin:lYi , where Y; 20 and

that

1. Y;® have the size-biased distribution

of v independent of (Y;)i and (Y]),,; for

j#i
i=1,.,n.

2. Define a vector (Yj(i)) such that its

j#i
conditional distribution given Y coincides
with that of (Y;);.; given Y;.

such that

3. Choose an index J
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25

E(Y.
POI=0)= g

Then Y* =" Y +Y} has the size-biased

distribution with respect to Y (see Section 2.4
in [2]). For an indicator random variable | ,

P(I° =1)=%=1,Which means 1°=1

. Then in this case, Y* = ZMY,(“) +1.

The paper is organized as follows. In Section
2, we show the simple calculations related to the
sum of indicator random variables on a random
permutation. Section 3 is devoted to the proofs of
our results. We use the size-bias method to prove
Theorem 2 and get an upper bound on the
Kolmogorov distance between the distribution of
sum of indicator random variables and a standard
normal distribution. Also, we give lower and

upper bounds for distribution function of % in
two special points. To emphasize the practical
usefulness of our results, we note that X, is

related to the number of leaves in tree structures.
In the other words, the expectation and variance

of X, isimportant for studying of random trees.
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2. Preliminaries

Set

if Aistrue
otherwise.

I(A) = {i)

Let t=(t,..,t,)) be a permutation on
{1,2,...,n} and

n-1
z“n = Zli,Hl’ (n > 1)
i=1

where 1;; =I(t; >t;). We have the following
facts:
1
P( 1,i+1 _1) =
1 .
g’ ||_J|:1
P(I||+l jj+l _1) 1
- li-jP1
4
Let I;;, =1t >t; >t). Then
=0, li-jF1
Pl i, j+2,j+1 =1) Si, li— .
36
Thus from (1),
n-1
EE)=—-".
(Z)="

From (2),
E(Z ) E(ZL i+1 + ZII i+17 j, j+l)

i]

_ n_l+ (n=2)(n-1) N 2(n-2)

2 4 6
_3n°-5n+4
12
and thus
n+1
Var (2
re,) = ETH
Since I(A°) =1-I1(A),
n-1
Var(Q If,,) = Var(n-1-= )_n_+1 (5)

i=1

and from (3),
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n— 2 (n 3)(n—4)

E((ZI|C|+2 |+l) ) -

36
_n°-n
36
Hence
-4
Var() I < . 6
(Z Li+2i+1 36 ( )
In the same manner,
& 3n-4
Var (zli,i—l,iﬂ) < . ()
i=2

Theorem 1 [4] Let X be a nonnegativgl)
random variable with mean and variance u
and o, respectively, both finite and positive.

Suppose X° has the size-biased distribution
with  respect to X  which satisfies

| X* =X |<C for some constant C >0 with

(2) probability one. Let A= C%Z _

If X°> X with probability one, then

2

t
F —to)<exp| —— |, forallt>0.
x(,u O') Xp( ZAJ

If the moment generating  function
m(6) = E(e”) isfiniteat € =2/C, then

FX (,u + tO') >1- exp (— m}

forallt >0,where B =C/25.

Such concentration of measure results are applied
to a number of new examples: the number of
relatively ordered subsequences of a random
permutation, sliding window statistics including
the number of m -runs in a sequence of coin
tosses, the number of local maxima of a randorté)
function on a lattice, the number of urns
containing exactly one ball in an urn allocation
model, and the volume covered by the union of
n balls placed uniformly over a volume n

subset of RY .
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3. Main Results

In this section, an upper bound on the
Kolmogorov distance between the distribution of
a sum of indicator random variables and a
standard normal distribution is obtained by using
the size-bias method. Also, the lower and upper
bounds for distribution function of sum of
indicator random variables in two special points
is given.

The Wasserstein distance between any
two probability measures 4 and © on

(R,B(R)) is defined as follows

dis" (11, 0) = Shgf‘ [0 du(x) - Lh(x)du(x)‘,

where
H={h:R—>R:h(X)-h(y)|<x-y|[}.

For random variables X and Y , the
Kolmogorov distance between their distributions
is defined as

dis“(X,Y) =sup| F, (X)—F, (X)].

Also, for a random variable X with Lebesgue
density bounded C [7],

dis (X, 3y Tdi% xXY). ®)

Let X beanon-negative random variable with

E(X)<o . Let X° have the size-biased
distribution ~ with respect to X . If
:w and Z = N(0,1), then [6,7]:

Var (X)
dis™ (T,2) <X v FE(X° =X | X))
Var (X)
E(X .
+(—)§E((X - X)?). ©)
Var (X)?
Using Jensen’s inequality for f(X) = x*,
Var (E(X |G,)) < Var(E(X | G,)), (10)

where G,,G, are two sigma-fields, satisfying
G, cG, [3]. Thus, if F=o(l ,,...,1,,) .,
then o(Z,) < F.
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Theorem 2 Suppose Z ~ N(0,1) and

s -1

T=__ 2
n+1

12
Then

1

- K < £ n-1 2
dis U,Z)_{([Sf I +1243——— e N

Proof. Choose an index J uniformly at random
from the set {1,...,n—1}, then size-bias I, ,
by letting it equal to one, and take the remaining
summands conditional on I,;,=1. We can

realize |, ,, =1 by adjusting the order of t,

and t,,, such that t; >t,,, and X; denotes

the number of descents in t after adjusting the
order of t; and t,,,. Thenfor J =1,

M=% -2 = ;+1-1,)I,
=111,
for J =n-1,
Mo =20 =2, = (o +1-1, 50 )iy,
=lpan— |§1n2n1

andfor 2<J<n-2,

— NS —_
MJ = 2n _Zn - (IJ-1,J+1 +1+ IJ,J+2 - IJ—l,J

J+1J+2)IJ J+1

_Ic
J,J+1

From (5), (6) and (7),

IC

J,J+2,J+1"

IC

J,J-1,J+1

1

Var (M +ZM +M,)

Var (E(Z: -, |F)) =
ar (E(X, -Z, [F)) (n_1) 2

( _1) Var (le i+1 + le i+2,i+1 + EI ir:i—l,i-*—l)

( _1) (Var(zllclﬂ)+Var(zllc|+2|+1)
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+Var (El i(?i—l,iJrl))

< 3 : (n+1+23n—4)
(n-1)° " 12 36
_ 9n-5
12(n-1)*"
Also,
E((Z -2,)%) =E(E(E; -Z,)° [F)
1 n-2
= EM/+YM*+M?
(n—l) ( 1 ; i n—l)
<l
Proof is completed from (9) and then (8), since
1 X212 1
—€ <—— forall xeR.
\N2rm N2
Suppose Z:N(0,1). It is obvious that for
0<z<1,
(—(” 2Dy o, 0o
2,/(n+1)/12
and for z>1,

n-1)(z-1)

(
i3 2J(n+1)/12

Theorem 3 We have

lim Fy (—3)

N—o0

)—>1, n—>oo.

1, s>1
0, s<1.

Proof . Since X, >0, then an (nT_ls)ZO

for s<0. Also
F (29 = ()

2. /(n+1)/12 )

From Theorem 2 and the definition of

Kolmogorov distance,

((n 1(s— 1))< ((n D(s— 1)) il
2,/(n+1)/12 2,/(n+1)/12 3
From (11) and (12), the proof is completed.

Theorem4 For s>0,

R, (1-1)(s+1/2) 21-oxp (—%)
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and
F_((n-1)(s-1/2)) <exp(-(n-1)s).

Proof. The inequalities are proved with selection

t:—(n —1)s in

Jn+1)12

|z —3° <1,

Theorem 1, since
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