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Abstract: - This investigation applied Bivariate Conditional Erlang Distribution (BCED) to model two key
sequential medical procedures: Time to Blood Glucose Monitoring (T1) and Time to Follow-Up Treatment
(T2). The findings estimated T1 to have a shape parameter of 24.14 and a scale parameter of 0.642, while
T2 had a shape parameter of 25.87 and a scale parameter of 0.847. The Goodness-of-fit tests using the
Kolmogorov-Smirnov method yielded p-values of 0.9129 for T1 and 0.9462 for T2, confirming that the
Erlang distribution adequately describes both processes. A strong positive correlation of 0.983 between T1
and T2, with a highly significant p-value of 3.9 x 107223 indicated a close relationship between the two
procedures. These outcomes confirmed that, when the time for blood glucose monitoring increases, the time
for follow-up treatment also rises proportionately. Visualizations using bivariate Gaussian kernel density
estimates further reinforced these findings by demonstrating the concentration of data points around the
joint mode of the two variables. This investigation illuminates the appropriateness of the BCED for
modelling real-world dependent stochastic processes, particularly in healthcare where interrelated tasks like
T1and T2 can be adequately trapped. The analysis offers a solid foundation for using the Erlang distribution
in healthcare procedure modelling and offers insights for improving time efficiency in sequential medical
operations.
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1 Introduction proposals for bivariate gamma distributions
Univariate distribution relationships, [8] delve within statistical .llte.ratu.re [13.]-

into the intricate connections between Erlang ) The Erlagg distribution, pioneered by Erlang,
distribution and other probability distributions, originally aimed to model the number of
[5], [12]. Lawrence’s work encompasses an telephone calls received simultaneously by an
investigation of Erlang’s placement within the operator at a switching station, [8]. This
family of exponential distributions and its ties to distribution holds ~ significant relevance in
the gamma distribution. Moreover, Saralees telec'omm-unlcatmns anq queueing theory, [14].
noted in 2005 that there have been limited Halliday in 1990 established the complementary

relationship between the Erlang and Poisson
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distributions [6]. While the Poisson distribution
counts events occurring within a fixed time
frame, the Erlang distribution quantifies the time
until a fixed number of events occur, [3].
Consequently, the Poisson, Exponential, Erlang,
and Gamma distributions are closely intertwined,
[11]. The gamma distribution widely employed in
reliability analysis, queueing theory, and finance,
shares mathematical properties with the Erlang
distribution, [14], [1]. Specifically, the bivariate
gamma distribution is notably linked to the Erlang
distribution due to their shared underlying
mathematical characteristics, [10]. As we embark
on this study, our focus turns to the bivariate
conditional Erlang distribution. Building upon the
foundational research of Gongskin and Saporu [5]
and Saralees and Arjun [13], we aim to unravel
the complexities and implications of this bivariate
conditional extension.

2 Problem Formulation

The method of extending family of distributions
for added flexibility and potentiality is a familiar
technique in the literature. In random phenomena,
modeling and analyzing lifetime data are very
essential in the fields of sciences and applied
sciences such medicine, engineering, finance,
economics, biomedical sciences, public health,
among others. Several lifetime distributions have
been used to analyze such kinds of data in
practice, but the quality of the procedure used in
statistical study depends on the assumed
probability model [8].

2.1 Bivariate conditional Erlang
distribution model
The Erlang distribution is a continuous
probability distribution that is widely used in
various fields such as queueing theory,
telecommunications, and reliability engineering
[2] [14] [7]. It is a special case of the Gamma
distribution, specifically designed for modeling
the sum of several exponential variables, where
the shape parameter « is an integer (@ = k) and
the rate parameter £ is equal to A.
The Gamma distribution’s PDF is given by:

.ﬁlk II_rl |r dr

fle o, 3) =
S M) (1)
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where I'(a) is the Gamma function, which
generalizes the factorial function to real and
complex numbers.

In this article, we will explore the Erlang
distribution and its connection to the exponential
family of distributions. The Erlang distribution is
parameterized by two values: k, a positive integer,
and 4, a positive real number. The probability
density function (PDF) for x>0, ke Z™
(positive integers), and A >0 of an Erlang
distributed random variable X is given by:

ke k=1~ Az
flakay =P ¢
(k=1)! 2)

Given a random variable Y that depends on
another random variable X, where the distribution
of Y given X = x follows an Erlang distribution
with scale parameter x and shape parameter 4, we
can express the probability density function
(PDF) of Y|X = x.

Recall that the PDF of an Erlang distributed
random variable with shape parameter k (which
is an integer) and rate parameter A is given by:

ko k=1 =y
flyk,A) = A LA
(k—1)! 3)

Note that x must be a positive integer for this
distribution to be an Erlang distribution, as the
shape parameter of the Erlang distribution is
defined as a positive integer. In this scenario,
since Y |X = x follows an Erlang distribution with
shape parameter x and rate parameter A.
Therefore; for y = 0, the probability density
function of ¥ given X = x is
Ay la=Ay

(o —1)! (4)

This PDF characterizes the conditional
distribution of Y given the value of X, showing
that Y follows an Erlang distribution whose shape
parameter is determined by the realization of X
and whose scale parameter is A. To derive the
joint probability density function known as the
bivariate conditional Erlang distribution (BCED)
for X and Y in terms of the marginal and
conditional density functions, we can utilize the
concept of conditional probability. Given that Y
follows an Erlang distribution conditional on the
realization of X, we can express the joint PDF of
X and Y using the conditional PDF of Y given X
and the marginal PDF of X.

Fyixly | x) =
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Let f, (X) denote the marginal PDF of X, and

fv\x ( y | X) denote the conditional PDF of Y given
X = x. Then, the joint PDF of X and Y, denoted
as fy, (X, y) can be derived using the conditional

PDF and the marginal PDF as given in Equation
(5) where,

fry (X,¥)= fyix (y|x)DfX (x),

and the BCED for x >0, y >0, and 1 > 0 is
then given by:

J'ﬂ.+.' .ﬂ.—l —] =l
f / dy dr
Lo for —1)! (5)

ﬂ. 1 J—|.—"-.lr+|:,ll
Ixyle oy

Ty
{s; - (z—1)! ©)

Theorem 1:
If f(x,y) is a true bivariate probability density
function for x,y € (0, 00) then,

. [ I.ﬁ.'—l I'JI'I_I — Al
fyvvlay
o J (k=1)-(x—1)! (7)
Proof:
Let

J'n ju [, ;;J fh;n'f

® (k- 1) o YAl
W= [ l Abtagk ||J -l —=Alx+y) '!"I-!-llr'j'!l
Y dydr

(k- |:—]| iz -k
j; j rIrI f

—Ax+y) = "1" ~AY the integrand can

Since e
be separated

F.—l"-.’r—];_r_r
/ / Akt phk=lyz—1 e VeV dy dr
R VI w—n' Ay )
. e e MWy | dr
I/” ([ Nt k=T

Evaluating the inner integral with respect to y, we

have
. -1_|-.._ '|! * .
k1oL *([ ol J“:"'fl'.r;) de
i)

/‘ L8
= bt k]
Jo A

The inner integral is the Gamma function,
['(x) for y*~te=
o0

. ['(x)
le My = 2
; i U e
Substitute the result back into the integral
'|L|I Tk -I' 5

j'.( ) i ..". 1. =Ar ]Il’l ll [1 rll.l:._.:lfr_n"lll '_l, '-:'l':-l,.: .
-_— I —_—|lr
AT TN I TR TRl AR T TN T
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Since I'(x) = (x — 1)!, then

00 \kpk-lg=Ariy _ 1)1 A
_ il = .
j, =1 (=1 (k=1

o
j k= II' —Ar dr
il

Again,
= . e (k)
E—1 A
@ lr =
1/” i £ il }l,"'
Therefore,
AF L(k)  I(k)
(k—1) A (k—1)

Since I'(k) = (k — 1)1, the expression simplifies
to

k=1

k=1

Thus, the given integral evaluates to 1, which
verifies the normalization condition for the
bivariate conditional Erlang distribution is

.)'5'..|.+.l Je—1, x—1 —Alxz+ty]
M —f / ll"r c T dydr =1
i Jd0 k (x

Since M =1, it 1ndlcates that Equation (7) is a
true bivariate probability density function and
represented in Fig. 1 for different values of 4 and

vwe
LA i 4
- o @

Fig 1: Density curves of the bivariate conditional
Erlang distribution for various parameter values

2.2 Generalization
Let Erlang density defined as in Equation (3) and
the conditional Erlang density function of
Y;|X = x, for x > 0 be given by

: ) [Ypy—le—bPr
fyvix=a(xiy, ) (v — 1)1
Consider p + 1 random variables X,Y;,...,Y),
suchthatV;|X = xand ;|X = x,i,j = 1,2,...,p,
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i # j, are independent. It is easy to show that the
joint density of X,Y3,..., Y}, is given by

f(x, yl,...,yp)z x)li[f(yi|x =x) (8

2.3 Properties of BCED
distribution of Y)

Theorem 2:

The random variable Y in the joint density (6) has

a marginal diftribution, given by:

fyvly) = Fy e (ylx) fx(x) de

1
where X follows a Poisson distribution with

parameter 4, i.e.,

(Marginal

e
fy (x)= NI x=0,12,...
fY(y):jf(x,y)dx
0
Proof:
oo//lxyx—le—iymﬂ e— Zﬂxyx—le—lyml e_
D (x=1)! X! _Xl !
/Ixyx‘le“y ;te‘
f,(y)= E
= L) Z;‘ (x=1)! x-(x-1)!
o ﬂZny—le—ﬂye—ix
f)=27 =y
= (x(0)
=e’l(”y) N lZny—l (9)

x=1 X -((X—l) !)2

Given that Y given X follows an Erlang
distribution and X follows a Poisson distribution,
we can identify that the marginal distribution of ¥
(which is the sum of X exponential random
variables) follows a Gamma distribution fy, (y) =
le ™, y >0, which is the form of an
exponential distribution with rate 4.

2.4 Moments of BCED (Joint Moment)
The (r, s)th joint moments for X and Y can be
derived as follows:

=)

Simplifying

‘}In'.'lrdl.i: |”.I' Ir .-III.J'.-'II.J.J'# I”.r 1 .'-.rr An
k=1)-{z—=1)0 (k=1 x—1)!

Combining the exponentlal terms, we have

pk=1 =1
T

.;,_“f

Alr4yl

oo ol
iy il
[z —1)!

Alx4y]
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,J'.'I"},‘-J I—1 !,J,.-— ¥ —Alx +""=)'..~"
(k=1)(z-=1)!

ARy gh-lyr=le-Aetul )\ p
(k=1)1z-1)
Separating the integral gives

- i ¢ o ."|
E_Y..?.,.:;ll gl N [ FFSITARS
[=A J T ll-l.l'— lI! l. [ I'I,.I”
Therefore,
g [(s 4 1)
/ H.<+.J-_Jil—ﬁ-.ﬂr‘,lri."I = $
0 AH a

Substitute this result becomes
R L . AT [ls+1r) .

f',-| 1.[ ¥ '}'5 ;.lln.' / .|'I +i—1 i — Al I : : | ; i
' Ju (E=1)l{z = 1)1 At

Simplifying further

I , " " A+ 1)
F‘ill'} E :}ll .'IIL Ir AT | {
[ ' [ ! (k= 1)z = 1)l Ast o

}IL. * r+k—1 Ax r:"+|l| ,]I'
I/ T T

E[X"Y®] =
(10)

2.5 Marginal moments and covariance
matrix

The marginal moments of X and Y can be derived

from the joint moment in Equation (10) by

appropriate substitution. When s = 0, we obtain

the rth marginal moment of X given by

AT(r + k)
(k—1)!

L}

E[X"] =
(11)
Similarly, when r = 0, we obtain the sth marginal
moment of Y as

.1y po
EY*] = {'!'A—ll / (A +t) =1t
AE ey (12)
while, the covariance between X and Y is defined
by:
cov(X,Y) =E(XY) - EX)E(Y)

From Equation (9),
)“J
‘ e
FiXY) = Sz
Then,
PR I'.J'-. j.rl : |!| ]II " " gt —1
B l.."." .l'l.—-.[':r._l[.]
SN (s+z)lk-1)!
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var(X) = E(X*) - (E( X))

NI k) N 4R
var(X) = : =\ —
(k=1 s+x—1) ( (k—1)!

wr(Y) = E(Y?) = (E(Y))

[k ]'I!- X .

Thus, a random vector X = (X,Y) having the
bivariate conditional Erlang distribution has the
mean vector:

AT (r+k)
(k-1)!

7 (ke 49

= j (2+t)"" " dt

0
And the variance—covariance matrix of X is given
by:

ik“l' r+k) r+k ¢ A“l‘(wk),(k—l)]i(“t)wfldt
I(s+x- 1) A (k-1

0

= VA AT(r+k) | 1) . 2

(14)
The correlation between X and Y is defined by

AR R las)

2.5 Method of Parameter Estimation

The maximum likelihood method of estimation of
the parameter of BCED can be obtained as
follow:

|I_,|.-||:.I' i :!I'l_'| [-d ||.-| | |4k -1l || il 7|4

;= 1) i | = s + = Do = 100 = Do - 1 !II
1 (16)
The derivatives of the log likelihood function (16)
with respect to 4 is given below

dL{Ax,y) k+
B N —_— f
I Z( N T J) -

i=l
Set the Derivative to Zero and Solve for A
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=
e

Thus, the maximum likelihood estimate for A is:
Loy
k4 (18)

3 Problem Solution

In this study, the time required for two sequential
medical procedures in diabetes management,
modeled using a bivariate Erlang distribution was
analyzed. The dataset comprises measurement of
the time to complete blood glucose monitoring
(T1) and the time to finalize follow-up treatment
based on monitoring results (T2).

The estimated Erlang distribution parameters
for the Time to Blood Glucose Monitoring (T1)
were a shape parameter of 24.14 and a scale
parameter of 0.642. While, for the Time to
Follow-Up Treatment (T2), the parameters were
a shape parameter of 25.87 and a scale parameter
of 0.847.

The Kolmogorov-Smirnov tests for both T1
and T2 produced high p-values (0.9129 for T1
and 0.9462 for T2). These results suggested that
the Erlang model provides a good fit for both
procedures, capturing their distributional
characteristics effectively.

A strong positive correlation of 0.983 between
T1 and T2 with a highly significant p-value of
3.9 x 10722 also indicates that the times for
these two sequential medical procedures are
closely related. The plots in Figs. 2, 3, 4 and 5
strengthens the statistical outcomes. The contour
lines in Fig. 2 represent the bivariate Gaussian
kernel density estimate (KDE).
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Contour Plot with Scatter of T2 vs. T2

T
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§ o vy A

(] T 18

Fig 2: The contour plot overlaid with a scatter plot
of T1 (Time to Blood Glucose Monitoring) versus
T2 (Time to Follow-Up Treatment).

ey - .

Fig 3: The histograms for T1 (Time to Blood
Glucose Monitoring) and T2 (Time to Follow-Up
Treatment), each overlaid with the fitted Gamma
(Erlang) distribution curve.
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Fig 4: Bivariate Cumulative Exponential
Distribution (BCED) Plot for T1 and T2.
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The BCED plot of Fig 4, typically show a
smooth gradient from lower to higher cumulative
probabilities as both T1 and T2 increase.

[ ]

Fig 5: Density plot of Y for varying 4 and k.

The results of numerical integration of the
area under curve of the marginal distribution y are
given as publicized in Table 1 to Table 4.

Table 1. The results of numerical integration of
the area under curve of the marginal distribution

y for Fig. 1

Parameter value

a b |c Numerical Integration
0.5 0.5 0.5]0.999926060672114
1 1 |1 [21.000000000002793
15 1.5 | 1.5 [ 1.000000000004236
2.5 2.5 | 2.5 ] 1.000000000006227
35 3.5 3.5 ] 1.000000000179541
45 45| 4.5 ] 1.000000000237848
5.5 5.5 ] 5.5 | 1.000000000007505
7.5 7.5 | 7.5 ] 0.999999999989926

Table 2. The results of numerical integration of
the area under curve of the marginal distribution

y for Fig. 2.
Parameter
value
a b |c Numerical Integration
0.5 0.5 0.5 | 0.999977140718329
1 1 |1 | 1.0000000000007145
15 1.5 | 1.5 | 1.0000000000000645
2.5 25| 2.5 | 1.0000000000008510
35 35| 3.5 | 1.0000000000015686
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4.5 45 | 4.5 | 1.0000000000045356
5.5 5.5 | 5.5 | 0.9999999999967937
75 75 | 7.5 [ 0.9999999999878894

Table 3. The results of numerical integration of
the area under curve of the marginal distribution

y for Fig. 3.
Parameter
value
a b c Numerical Integration
0.5 0.5 | 0.5 | 1.0000000000019935
1 1 1 1.0000000000006379
15 1.5 | 1.5 | 1.0000000000003677
2.5 2.5 | 2.5 | 1.0000000000004343
35 3.5 | 3.5 | 1.0000000000288260
4.5 4.5 | 451 0.9999999999961643
5.5 5.5 | 5.5 | 0.9999999999979663
75 75| 7.5 | 1.0000000000012034

Table 4. The results of numerical integration of
the area under curve of the marginal distribution
y for Fig. 4.

Parameter

value

a b c Numerical Integration
0.5 0.5 | 0.5 | 0.9999999999122686
1 1 1 1.0000000000016196
1.5 1.5 | 1.5 | 0.9999999999999252
2.5 2.5 | 2.5 | 1.0000000000027870
35 3.5 | 3.5 | 1.0000000000003789
45 45| 4.5 | 1.0000000000046242
55 5.5 | 5.5 | 1.0000000000047694
75 7.5 | 7.5 | 0.9999999999894141

4 Conclusion

In this paper, Bivariate Conditional Erlang
Distribution was introduced with properties such
as moments, generating functions, quantile
function, random number generation, and other
statistics, were extensively considered and
analyzed. The analysis of the time to blood
glucose monitoring (T1) and the time to follow-
up treatment (T2) was conducted using the
bivariate Erlang distribution, demonstrating a
significant relationship between these two
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sequential medical procedures. Through
parameter estimation and goodness-of-fit tests,
the individual distributions of T1 and T2 were
confirmed to align well with the Erlang
distribution, as evidenced by the Kolmogorov-
Smirnov test results. The high Pearson correlation
coefficient further supported the positive
dependency between T1 and T2, indicating that
as the time for one procedure increases, the other
is likely to follow suit. Visualizations, including
scatter plots and BCED contour plots, provided a
clear depiction of this relationship, which
showcase the joint cumulative probabilities of the
two times. The marginal density plots of T1 and
T2 confirmed the consistency of the data with the
assumed distribution, justifying the use of the
bivariate Erlang model in this context.
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