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Abstract: This paper is concerned with the dynamics of a double belt friction oscillator which is subjected to
periodic excitation, linear spring-loading, damping force and two friction forces using the flow switchability theory
of the discontinuous dynamical systems. Different domains and boundaries for such system are defined according
to the friction discontinuity, which exhibits multiple discontinuous boundaries in the phase space. Based on the
above domains and boundaries, the analytical conditions of the stick motions and grazing motions are obtained
mathematically. There are more theories about such friction oscillators to be discussed in future.
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1 Introduction

Discontinuous dynamical systems exist widely in the
real word, especially in mechanical engineering. In
mechanical engineering, most of the dynamical sys-
tems are discontinuous. This is because the dynamical
systems in mechanical engineering are constrained by
engineering requirements and limitations. The tradi-
tional theory of continuous dynamical systems can not
be applied to discontinuous dynamical systems and
only makes it more complicated and difficult to be
solved. Therefore, a theory applicable to discontin-
uous dynamical systems should be built.

The early study of discontinuous dynamical sys-
tems goes back to Den Hartog [1] in 1931. Den Har-
tog considered a forced oscillator with Coulomb and
viscous damping. In 1960, Levitan [2] investigated
a friction oscillator with the periodically driven base,
and also discussed the stability of the periodic motion.
In 1966, Masri and Caughey [3] discussed a discontin-
uous impact damper, and obtained the stability of the
symmetrical period-1 motion of the impact damper.
More detailed discussions on the general motion of
impact dampers were also developed in Masri [4].
In 1976, Utkin [5] first controlled dynamical system
through the discontinuity, this method is called sliding
mode control. Utkin [6] applied the sliding mode con-
trol in variable structure systems, and more detailed
theory of this method was also developed in [7] by
Utkin. In 1986, Shaw [8] investigated the non-stick
periodic motion of a dry-friction oscillator, and dis-
cussed the stability of this motion through the Poincar-
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e mapping. In 1988, Filippov [9] investigated the dy-
namic behaviors of a Coulomb friction oscillator and
developed differential equations with discontinuous
right-hand sides. The analytical conditions of sliding
motion along the discontinuous boundary were devel-
oped through differential inclusion, and the existence
and uniqueness of the solution were also discussed.
Leine etal. [10] investigated the stick-slip vibration
induced by an alternate friction models through the
shooting method in 1998. In 1999, Galvanetto and
Bishop [11] discussed dynamics of a simple dynami-
cal system subjected to an elastic restoring force, vis-
cous damping and dry friction forces and studied the
non-standard bifurcations with analytical and numer-
ical tools. Pilipchuk and Tan [12] studied the friction
induced vibration of a two-degree-of-freedom friction
oscillator in 2004. In 2005, Casini and Vestroni [13]
investigated dynamics of two double-belt friction os-
cillators by means of analytical and numerical tools.

However, the dynamical behaviors of discontinu-
ous dynamical system is stilled difficult to investigate.
In 2005, Luo [14] developed a general theory to study
discontinuous dynamical systems on connectable do-
mains. Luo [15] introduced the imaginary, sink and
source flows, and also developed the sufficient and
necessary conditions of sink and source flows. More
detailed definitions and theorems can be referred to
Luo [16]. In 2008, Luo [17] defined G-functions and
developed a theory to determine the flow switchability
to the discontinuous boundary through G-functions.
The detailed discussion can be referred to Luo [18].
Based on this theory, lots of discontinuous models can
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be investigated easily, for example [19 — 25].

In this paper, analytical conditions for stick,
non-stick and grazing motions of the double-belt
friction oscillator will be developed using the flow
switchability theory of the discontinuous dynamical
systems.  Different domains and boundaries for
such system are defined according to the friction
discontinuity, which exhibits multiple discontinuous
boundaries in the phase space. Based on the above
domains and boundaries, the analytical conditions of
the stick motions and grazing motions are obtained
mathematically. The switching plans and basic
mappings will be defined to study grazing motions.

2 Physical Model

Consider a periodically forced oscillator, attached to
a fixed wall, as shown in Fig. 1. This friction-
induced oscillator includes a mass m, a spring of s-
tiffness k and a damper of viscous damping coeffi-
cient ¢. In this configuration, the mass m is contin-
uously in contact with both belts which are pushed
onto the mass with a constant forced Fy and possess
the same friction characteristics. The periodic driving
force Ag + By cos Qt exerts on the mass, where Ay
, Bo and (2 are the constant force, excitation strength
and frequency ratio, respectively.

belt2 v,

A

* > A,+BjcosQt

F (=
beltl v,

Figure 1: Physical model

Since the mass contacts the moving belts with
friction, the mass can move along or rest on the belt
1 or belt 2 surface. Further, a kinetic friction force
shown in Fig. 2 is described as

= (1 + p2)Fn, & € [vg,+00),
€ [(u1 — p2)Fn, (pa + p2)Fn], &= v,
Fy()<= (11 — p2)Fn, & € [v,v2],

€ [—(u1 + p2)Fn, (p1 — p2)Fn], & = vy,
= —(m1 + p2)F, T € (—oo,vl(]i)
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where & := dx/dt,Fy and pg(k = 1,2) are a normal
force to the contact surface and friction coefficients
between the mass m and the belt k (k = 1, 2), respec-
tively. Here we assume that vo > vy and pu; > po.

F

f
m+m)Fy |
T
|
|
(m-u)Fy |— —|—|
Ly
: (%1 v,
|
- (1 + )Py |

Figure 2: Friction force

The motions of the mass in a double-belt friction
oscillator can be divided into two cases. If the mass
moves along belt 1 and belt 2, the corresponding mo-
tion is called the non-stick motion. If the mass moves
together with belt 1 or belt 2, the corresponding mo-
tion is called the stick motion.

For the mass moving with the same speed of the
belt 1 surface, the force acting on the mass in the z-
direction is defined as

Fg1 = Ao+ Bocos QU — kx — et + po Fy for & = vy.
(2)
If this force cannot overcome the friction force 111 Fiy
(i.e.,|Fs1| < p1Fp), the mass does not have any rel-
ative motion to the belt 1. The equation of the motion
for the mass in such state is described as
T = vy, z=0. 3)
For the mass moving with the same speed of the belt 2
surface, we can also obtain the equation for the mass
as follows
z=0.

“

For the non-stick motions of the friction-induced
oscillator, we can obtain the equations of the motions
as follows

T = v,

mi = Ag 4+ By cos Qt — kx — e + (pu1 + p2)Fn
for & < vy,

mi = Ag + By cos Qt — kx — ci — (u1 — p2)Fny
for v1 < & < v9,

mi = Ag + Bocos Qt — kx — ci — (pu1 + p2)Fn
for © > vo.

)
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3 Domains and Boundaries

From the previous discussion, there are five motion
states including three non-stick motions in the three
regions and two stick motions on the boundaries. The
phase plane can be partitioned into three domains and
two boundaries, as shown in Fig. 3. In each domain,
the motion can be described through a continuous dy-
namical system.

71

N

Figure 3: Domains and boundaries

The three domains are expressed by Q,(a =
1,2,3):

01 = {(@,8) |& € (~00,+00), & € (~o00,u1) },
= {(z,#) |7 € (00, +00), € (11, 1)},
0y = {(x,dc) |2 € (—00, +00), i € (vg,—l—oo)}.

(6)

The corresponding boundaries are defined as:
9012 =00, :{(x,:i:) |z € (—00, +00), & = vl},

0a3 =032 :{(x,j:) |z € (—o00,+00), & = ’1)2}.
(N
Based on the above domains and boundaries, the

vectors for motions of the mass in the domains can be
introduced as follows

xoy = (i) Foy = (@0, Foy)™s (®)

where A = 1,2, 3 and

c . k B
Foy(xy,t) = —Ea) T ) + EO cos 2t
1
+%[Ao + (p1 + p2) Fnl,
c . k B
Floy(x(2),t) = — B T T + EO cos 2t
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1
—l—E[Ao — (1 — p2)Fnl,
c k

. B
F(3)(X(3)7t) = —El’(g) - ECU(;;) + EO cos (2t

1
+E[AO — (p1 + p2)Fnl.
&)

From Eq. (5), the equations of the non-stick mo-
tions for the mass are rewritten in the vector form of

X0y =Foy(xp).t) for Ae{1,2,3}.  (10)

For the stick motion, the equations of the motion
for the mass are rewritten in the vector form of

ng;)) :Fggg(x(k),t) for e {1,2} (1)
and (), (0)
F(,\) (X(A)at) =0, (12)
where
© _ 0 .0,T o) _ 0)yT
X = (@opdoy) o Fiy = (o Fryy)

4 Analytical Conditions

By the theory of the flow switchability to a specific
boundary in discontinuous dynamical system in [17],
the switching conditions of the passability, stick mo-
tions and grazing flows of the double-belt friction os-
cillator will be developed in this section.

For convenience, we first introduce some con-
cepts and several lemmas in flow switching theory.

Consider a discontinuous dynamical system

(@ =F@)(x) ¢t P,) e R (13)

in domain Q,(a = 4,j) which has a flow Xga) =
®(to,x\"), P, t) with an initial condition (to,x(*),

and on the boundary

89,']' = {X ‘ gOij(X,t, )\) = 0,

@;j is C" — continuous (r > 1)} c R"!,
(14)

there is a flow XEO) = ®(ty, X(()O), A, t) with an initial
condition (¢, X((]O)). The 0-order G-functions of the

flow xga) to the flow XEO) on the boundary in the nor-

mal direction of the boundary 0€;; are defined as

t4+

G((aog[])” (Xg())a t:b X(a)) POH >‘)
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t4
(o) (0))

ty — Xt

‘(0))'

= Ghe? (" e, % Py, V)
ZRDprngnj'(

(@)

t T
+ nan ( ti

15)

The 1-order G-functions for a flow Xga)

(0)

flow x; " in the normal direction of the boundary 0€2;;
are defined as

to a boundary

S RARI S NP

0
= Digo)tngmj : (ng) -x")

. .(0
+2Dxi0)tnggij . (ng) — XE ))

+tngﬂij ’ (Xl(fi) - Xi(EO))?
(16)
where the total derivative
() .o , 9()
D D= . Z\J
X§0>( ) 8X§0) Xt + 8t )

the normal vector of the boundary surface 0€2;; at
point x(9)(#) is given by

tngﬂij (X(O)a ta )‘) = v‘Plj (X(O)a ta )‘)
_ (3s0ij Opij  Opij )T
axgo) ’ awg)) ’ ’ 8:520) (t, X(O)y
(17)
andt4 =t =+ 0.

If the flow XEO‘) contacts with the boundary at the
time t,,, that is XIE:? =Xy = XESL), and the boundary

0SY;; is linear, independent of time ¢, we have

G(a(;’)?;) (Xm7 tm7 POH >\)

0, 0 o
= G(amj) (Xgm)v bz, Xgm)i ,Pa, A)
_t.T ()
- naﬂij X; (Xm,tmi)’
(18)
G((glg’z(jj) (Xm7 Ly Pa, )‘)
1, 0 [e}
Gt ), P
_tT ()
namj X; (Kot ) :
(19)

Here t,,+ and ¢,,_ are the time before approaching
and after departing the corresponding boundary, re-
spectively.
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Lemma 1 [17] For a discontinuous dynamical sys-
tem () = F@ (x(® ¢ P} € R, x(t,) = Xm €
08Y;; at time t,,. For an arbitrarily small € > 0, there
is a time interval [tp, oty ). Suppose x(t,, ) =
xU)(t,,_). Both flows x(t) and xU)(t)
\-continuous (r > 1) for time t, and

X, =
are CT.

[tm—s 7tm
|+ 1@ /dt || < 0o (o € {i,5}). The necessary
and sufficient conditions for a sliding motion on 0€,p
are

G eyt Pa, A) < 0
for nyQ,5 — Qo
GO (kb Pg,N) > 0
A ; \Ymy bm—s B
(20)
where o, 8 € {i,j} and a # .

Lemma 2 [17] For a discontinuous dynamical sys-
tem x(@) = F@)(x(®) ¢ P.) € R", x(t,,) = X, €
0SY;; at time t,,,. For an arbitrarily small € > 0, there
are two time intervals [ty,—c,ty, ) and (tp, tymie].
Suppose x(t,, ) = x;, = xU)(t,,1). Both flows
x(t) and xU)(t) are Clip ety and CTy oy
continuous (r > 1) for time t, respectively, and
|d"1x(@) /|| < oo (o € {i,5}. The flow x9)(t)
and xU)(t) to the boundary 0K is semi-passable
from domain §2; to Q; iff

Gy (et Piy ) > 0
either for noQ, s~ €,

G (Xt P, A) > 0
| @0

Gg;;; (Xt s Pi, \) < 0
fO?" nyQ,5 Q;.

Gg%{; (Xms tmg Pj A) < 0

or

(22)

Lemma 3 [17] For a discontinuous dynamical sys-
tem () = F@) (x(® ¢ P,) € R, x(t,;,) = Xm €
0S8Y;; at time t,,. For an arbitrarily small € > 0, there
is a time interval [ty,—c, tyyc |. Suppose x(@) (tms) =
Xm. The flow x((t) is C["tm% by |-CORIINUOUS
(ra > 2) for time t, and ||d"'x(® /a1 || <
oo (a € {i,j}). Aflowx\(t) in Q is tangential
to the boundary 0);; iff

G (s tm, Pas \) = 0 for o € {i,j}; (23)

either G(BIS;Z) (xmy tmypou >\) < 0 fOT' "BQQB%Q&

or Ggﬂi) (X, ti, Pas A) > 0 for naq, ;— Qa.

(24)
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More detailed theory on the flow switchability
such as high-order G-functions, the definitions or the-
orems about various flow passability in discontinuous
dynamical systems can be referred to [17] and [18].

From the aforementioned definitions and lemmas,
we give the analytical conditions for the flow switch-
ing in the double-belt friction oscillator.

For the double-belt friction oscillator in Section 2,
the normal vectors of the boundaries 9§21 and 0293
are given as

=(0,)".
(25)

The G-functions for such friction oscillator are sim-

plified as Gg;i? (X(a) , tmi) or G((algi;) (X(a)7 tmi)-

T
naQIQ = n8921 = <07 1) I naﬂgg = n8Q32

Theorem 4 For the double-belt friction oscillator de-

scribed in Section 2, we have the following results:
(1) The stick motion on x,, € 02 at time t,

appears iff the following conditions can be obtained:

F(l)(xm,tm_) >0 and F( )(xm, m—) < 0. (26)

(ii) The stick motion on x,,, € 003 at time t,,
appears iff the following conditions can be obtained:

F(2)(xm,tm_) >0 and F( )(xm, m—) < 0. 27)
Proof: From the aforementioned definitions, the O-

order G-functions for the stick boundaries 9212 and
0293 in the double-belt friction oscillator are

0,1
G(ng)Q (Xm’ tMi) = n5912 ) F(l) (Xm’ tmi),

(28)
0,2
Gng)Z (Xm’ tmi) nng ' F(2) (Xm7 tm:l:),
and
0,2
Gf‘?QQl (Xm7 tm:l:) = 1'15023 . F(2) (Xm, tm:l:),
(29)

0,3
GE)QQ?”’) (Xm7 tmi) = ng‘QQS ’ F(3) (Xm7 tmi)

From (25), the Egs. (28) and (29) can be computed as:

G(B%lll)g (Xm7 tm*) = F(l)(xma tmf)a
(30)
G(80(221)2 (Xm’ tm—) - F(2) (va tm—)7
and
Gg)Q?; (va tm—) - F(Z) (Xm7 tm—)v
(31

(03)

Qa3 (X tm—) = F(3) (X tm—).
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By Lemma 1, the stick motion on x,,, € 9¢212 at time
tm appears iff

G(Ofl)

0,2
9015 (X(m), tm,) >0 and G(aﬂl)Q (X(m),tmf) <0,

(32)
i.e.

F(l)(xm;tm—) >0 and F( )(Xm; m—) < 0. (33)

Therefore, (i) holds. Similarly, (ii) holds. O

Theorem 5 For the double-belt friction oscillator de-
scribed in Section 2, we have the following results:
(1) The non-stick motion (or called passable mo-

tion to boundary) on x,, € 915 at time t,, appears
iff the following condition can be obtained:
F(l) (xm,tmi) X F(2) (xm,tm:':) > 0. (34)

(ii) The non-stick motion on x,, € 93 at time
tm appears iff the following condition can be ob-
tained:

F(Q) (xm,tmi) X F(3) (xm,tm;) > 0. 35)
Proof: By Lemma 2, passable motion on the boundary
X, € 0€19 at time ¢, appears iff

Gt (X tmt) X GO (X tmz) > 0. (36)
By (25), we obtain
0,1
G(aﬂl)g (Xm7 tmi) = F(l)(XTm tm:l:);
(37)

G932

02 (Xm, tm:F) (2)(Xma tm:F)~

The Egs. (36) and (37) implies that (i) holds. The
proof for (ii) is similar. O

Theorem 6 For the double-belt friction oscillator de-
scribed in Section 2, we have the following results:
(i) The grazing motion on X, € 012 at time t,,
appears iff the following conditions can be obtained:
Foy(®m,tms) =0 for o€ {1,2}, (38)

OF (1) (Xm, tm=)

vF‘(l)(xmytm:l:)'F(l)(xm;tm:l:)"i_ ot <07
B )

OF 19y (X, tmt)
VE(2)(Xm, tm+)-F (2)(Xm, tm:t)+(2)T> 0.
" o)

(ii) The grazing motion on x,, € 03 at time t,,
appears iff the following conditions can be obtained:

FloyXm,tms) =0 for a€{2,3}, (41)

Volume 2, 2022



EARTH SCIENCES AND HUMAN CONSTRUCTIONS
DOI: 10.37394/232024.2022.2.7

OF 19y (X, timt)
VE (2) (Xm, b ) F (2) (Xm, b )+

Otm
(42)
OF 3 (X, tm
VF(?’)(xm’tmi)'F(s)(xm,tm¢)+@)E%i)m.
" @

Proof: By Lemma 3, the sufficient and necessary con-
ditions for the grazing flows on the boundary 0212 are

G(O a)

00, Xmytma) =0 for  a=1,2, (44)

G (Kms tms) < 0, G532 (X, timt) > 0. (45)
From (25), (28) and (29), we have

0,
G((3913 (Xm, tmj:) = ngﬂm . F(a) (Xm7 tmi)

= Fio(Xm,tms) fora=1,2.

(46)
From (19), we obtain
G(alszll)z (Xms tmt) = Djq, 'DXEO)F(I)(Xmatm:t)
= (0,1) - Dy (Xu), F1y(Xm, t))T
tm (metmi)
aF’l (Xmatmi)
= VF (1) (Xm tma) - F(l)(xmatm:t)‘i‘()T-
47)

Similarly,

G(dlgfll (Xm7 tm:l:)
a-F(Q) (Xma tm:l:)

=VF(2)(Xm, tma) - Fo) (Xm, tims ) + By

(48)

From (46),(47) and (48), (i) holds. In a similar man-
ner, (ii) holds. O

5 Switching Plan and Mappings
The switching plans are introduced as (A = 1, 2):
E?A) = {(@i, &5, ;) |T; = va},
Sy = (@i, 0, Q) a7 = 03},
22 = {(@i, &, Q) |a; = v},
(49)

where vy = lims_,q(vy — 0) and ’u;r = limg_,q(vy +
9) for arbitrary small § > 0. Therefore, eight basic
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mappings will be defined as:

. 0 0
P 2%1) — 2%1),
. 1 1

1 1
X(1) = By
N 2?2) — 2?2),
P : 232) — 2?2),

Pr: Sy =30y, B Iy = Sy
(50)
From foregoing (49) and (50), we obtain
Py (m, v, Q) — (Tig1, 01, Qig1),
Py (07, Q) = (zig1,07, Qit1),
Py: (2,07, Q) = (Tig1,v], Qti1),
Py (x,v9, Q) = (ig1, v2, Qig1),
Ps: (4,05, Q) = (zig1,v5, Qit1),
Ps:  (wi,v5, Q) = (zip1, 05, Qtiv1),
Py (wi,05,9Qt) = (zip1, 07, Wiv1),
Ps:  (zi,v], Q) = (Tig1,vy, Ui1).
(51

With (11) and (12), the governing equations for
Py (X = 1,4) can be described as

Tip1 = v1(tig1 — ;) + x4,

Ao+ Bo cos Qi1 —kxip1—cvi+peFn = F,
(52)
Tip1 = v2(tit1 — &) + @i,
Ao+ Bocos Qi1 —krip1—cvo—p1 Fy=p2 Fi,
(33)
respectively.

For the double-belt friction oscillator, the do-
mains {2, (o € {1,2,3}) are unboubded. From
the basic theorems of discontinuous dynamical sys-
tem, only three possible bounded motions exist in the
three domains, from which the governing equation-
s of mapping Py (A € {1,2,---,8}) are obtained.
With (51), the governing equations of each mapping
P, (A e€{1,2,---,8}) can be expressed as

FV (@, Oty w01, Qtinr) = 0,
0.

fz(/\) (@i, U, i1, Qi1) =
(54)

The grazing motion occurs when a flow in a do-
main is tangential to the boundary and then returns
back to this domain. The analytical conditions for the
grazing motion in the double-belt friction oscillator
were described as Lemma 3 and Theorem 6. If the
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grazing motion occurs at (X,,,t,) € 05 (a, B €
{1,2,3}), more detailed theorem on the grazing mo-
tions will be developed.

For the double belt friction oscillator described in
Section 2, there are four cases of grazing motions on
the boundaries: the flow in domain €2; tangential to
the boundary 0212, the flow in domain (25 tangential
to the boundary 0291, the flow in domain 2, tangen-
tial to the boundary 9€)s3, and the flow in domain 3
tangential to the boundary 0€232, corresponding to the
mapping P», P53, P; and Py, respectively. With (54),
we can obtain the following theorem.

Theorem 7 For the double-belt friction oscillator de-
scribed in Section 2, there are four kinds of grazing
motions:

(i) Suppose the flow in domain Q) reaches x,, €
019 at time t,,, the grazing motion on the boundary
019 appears (i.e. the mapping P» is tangential to the
boundary 0)12) iff

mod(Qt,, 2m) €[0, 7 + |OF| )U( 21 — |©F|, 27 ]
for 0 <y < %Q;
mod(Qtp,, 2m) €0, 37 ) U (3, 2]
for 0 <y = %Q;
mod(Qty,, 2m) €[0, 27|
for 0 < %Q < 7y2;
mod(Qtyy,, 2m) € (0,7)
for y2 = 0;
mod(Qt,y,, 2m) e (O, 7 —OF) C (0,7)
for v5 < 0 and %Q > |val;
mod(Qtyy,, 2m) € {D}
for v2 < 0 and %Q < |72l,)

(35)
where
o5 = arcsin(—%),
and
T = Sy (tm) + ) ).

(ii) Suppose the flow in domain Qs reaches x,, €
0 at time t,,, the grazing motion on the boundary
0€)o1 appears (i.e. the mapping Ps is tangential to the
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boundary 0€)s1) iff

mod(Qy,, 2m) € (7w + |05, 2 — |©F]) C (7, 27)
for 0 < v3 < 200
mod(Qtyy,, 2m) € {D}
for0 < %Q < v3;
mod(Qtyy,, 2w) € (7, 27)
for 3 = 0;
mod(Q,y,,2m) €[0,05 ) U (7 — OF, 27]
for v3 < 0 and %Q > |ysl;
mod(Qy,, 2m) €[0,5 ) U (5, 27]
for v3 < 0 and %Q = |vs];
mod(Qty,, 2m) €[0, 27|
for v3 < 0 and 22Q < |vs],J

(56)
where
5 = arcsin(—M)
3 OQ )
and
c . k.
73 = () (tn) + () (tm).

(iii) Suppose the flow in domain Qs reaches x,, €
03 at time t,,, the grazing motion on the boundary
0Sos appears (i.e. the mapping Ps is tangential to the
boundary 0€3) iff

mod(Qt,,, 2m) € [0, 7 + |OF| )U( 27 — |OF"], 27|
for 0 <5 < %Q;
mod(Qt,, 2m) €[0, 37) U (3, 2]
for 0 < v = %Q;
mod(Qy,, 2m) €[0, 27|
for 0 < %Q < s5;
mod(Qty,, 2m) € (0,7)
for 5 = 0;
mod(Qyy,, 2m) e (O, 7 —OF") C (0,7)
for v5 <0 and %Q > |55
mod(Q,y,, 2m) e {D}

B
for v5 <0 and Z2Q < |ys],
(57)
where
B = arcsin(—%),
and

c. k.
75 = B (tm) + - E () (tm)-

(iv) Suppose the flow in domain Q3 reaches x,, €
039 at time t,,, the grazing motion on the boundary
0S)39 appears (i.e. the mapping Py is tangential to the
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boundary 0€)32) iff
mod (Qty,, 2m) € (7w + |0 |, 2m — |O|) C (7, 27))
for 0 < Yo < %Q;
mod(Qt,y,, 2m) € {D}
for0 < %Q < 7;
mod(Qt,,, 2w) € (T, 27 )
for v = 0;
mod(Q,, 2m) €0, 0" ) U (7 — OF, 27|
for 76 < 0 and %Q > |6l;
mod(Qt,,,2m) €[0,5 ) U (5, 27|
for v < 0 and %Q = |v6l;
mod(Qt,y,, 2m) €10, 27]
for ¢ < 0 and %Q < |76l
(58)
where
&= arcsin(—Lm)
6 OQ ’
and

C .

k .
% = i) (tm) + —(3)(tm)-

m
Proof: For the double-belt friction oscillator de-
scribed in Section 2, by Theorem 6, the grazing mo-
tion conditions for the flow x(;)(¢) in domain ©; on
the boundary 0€2;5 at time %,, are given as
F(l) (Xmu mi) 0, (59)
OF 1 (X 7t ﬂ:)
VE ) (s bt ) 1) (s )+ — I
tm

(60)

With (9), the Egs. (59) and (60) can be computed as

k

c By
_E (1) (tm) — —z( 1)(tm) + —cos Qt,

1

E[Ao + (1 + p2)Fn] =0,
(61)

c k. By
—E:U(l)(tm) - Ex(l)(tm) — — —sin Ot,, < 0.

(62)

The grazing conditions are computed through (54),
(61) and (62). Three equations and an inequality have
four unknowns, then one unknown must be given.

From (62), the critical value for mod(Qt,,, 27) is
introduced through

5 = arcsin(—2—),

where 2 = =~ (1) (tm) + %x'(l)(tm), and the super-
script “cr” represents a critical value relative to graz-
ing.
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If0 < 72 < 20, then —1 < -3 < 0, we

have
mod(Qyy,, 27) € [0, 7 + |O5]) U (27 — |05, 27 ].
If0 <y = %Q, then —% = —1, we have
3 3
mod(Qty, 2m) € [0, 577) U ( 3™ 27 ].

If0 < 520 < 7, then —5a < —1, we have

mod(Qtyy,, 2m) € [0,27].

If 45 = 0, then —% = 0, we have

mod(Qty,, 2m) € (0,7).
If 2 < 0 and 220 > |45, then 0 < — Ba <L
we have
mod(Qy,, 2m) € (05,7 —05) C (0, 7).

If 72 < 0 and 220 < ||, then -0
have

> 1, we

mod(Qt,, 27) € {O}.

Therefore (i) holds. Similarly we can prove that (ii),
(iii) and (iv) hold. O

6 Conclusion

In this paper, analytical results of complex motions of
a double belt friction oscillator which was subjected
to periodic excitation, linear spring-loading, damping
force and two friction forces were investigated using
the flow switchability theory of the discontinuous dy-
namical systems. Different domains and boundaries
for such system were defined according to the friction
discontinuity, which exhibited multiple discontinuous
boundaries in the phase space. Analytical condition-
s of the stick motions and grazing motions of such
system were obtained in the form of theorem mathe-
matically. More theories about the double belt friction
oscillator need to be investigated in the next.
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