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Abstract— The work is devoted to the numerical simulation of a supersonic planar mixing layer of multispecies 
gases with the particles injection at the interface of flows.  It is assumed that the turbulent flow is quasi-two-
dimensional, and the solution of the Navier-Stokes equations for multispecies gaseous phase is performed with 
the 2D-DNS (Direct Numerical Simulations) approach, and the system of ordinary differential equations for 
solid particles is used. The supersonic multispecies gases effect to the dispersion of particles in the range of 

20020 ≤≤ pd  is studied in detail. The obtained results show the small particles are captured by the vortices 
homogeneously while the large particles are accumulated in the periphery of the vortices and along the braid of 
two adjacent vortices.  The dispersion of the particles in supersonic multispecies mixture layer is similar to the 
trajectory of the particles in subsonic flow:  the large particles reacted to the centrifugal action, while the small 
particles are in a quasi-equilibrium status with the gases. And the number of the particles is larger in the high 
speed hydrogen than in the air flow. 

Keywords – mixing layer, particle dispersion, multispecies gases, Lagrangian approach, large and small 
particles. 
 
1 Introduction 

The problem of the spatial supersonic mixing 
layer is important both theoretically and practically 
in connection with its wide engineering 
applications. Many experiments have been 
conducted [1, 2] in area of compressible free shear 
layers, where it was demonstrated that the growth 
rate of mixing layer decreases with increase of the 
convective Mach number. Numerically, turbulent 
mixing layers have been successfully studied for the 
wide range of the convective Mach numbers for 
subsonic [3, 4] and supersonic [5, 6] flows.  

Many efficient technologies of the industry deal 
with mixing layers in presence of particles. 
Nowadays, the dispersed phase with particles in a 
two-phase flow (solid, droplet or bubble 
suspensions) is studied as experimentally [7-9] as 
numerically [10-13]. An influence of the large-scale 
turbulent structures of the planar mixing layer to the 
particle dispersion and its correlation has been 
studied in [7-9].  

There are two approaches in numerical study of a 
two-phase flow. In the first method, discrete 
elements are tracked through a continuous fluid by 
solving the system of ordinary equations for each 
element (Eulerian-Lagrangian approach). In the 

second methodology (Eulerian-Eulerian approach), 
both phases are considered as two continuums and 
are governed by the fluid dynamics equations. 
Comparing these two approaches, it should be 
noted, that the numerical models based on the Euler-
Lagrangian approach of the two-phase flow allow 
performing detailed study of the flow physics of 
gases as well as particles and their interaction. 

Euler-Lagrangian method has been used in [9] 
for simulation of a small spherical solid particles in 
the shear turbulent flows and it was found that 
particles mainly disperse in the streamwise direction 
due to the shear effect.  

Review of numerical studies of the influence of 
vortex structures in the spatially-developed shear 
layer on the particle dynamics for the low Mach 
number regime is given in [10], and the influence on 
the particle dispersion for different size of particles 
is represented in [11].  

A limited number of studies on the dynamics of 
the large number of particles in the supersonic flows 
has been performed [14, 15]. Usually, these flows 
have complicated flow structures, such as 
compression waves and expansion waves, which 
can affect the particle dispersion (the dispersion of 
emissions from jet engines). In addition, for such 
flows the influence of the gas compressibility on 
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particles is also important. For example, the 
numerical simulation of the supersonic flows 
considering compressibility effects was carried out 
in [14], where an injection of droplets with the 
transverse-jet was investigated.   

In accordance with the above, the study of the 
supersonic multispecies mixing layers flow models 
will be developed to obtain a field of the gas (carrier 
fluid) and its influence on the dispersion of both 
small and large particles of range 20020 ≤≤ pd . 
The inflow profile of physical parameters across the 
hydrogen-nitrogen and air flows is assumed to vary 
smoothly according to a hyperbolic-tangent function 
(Fig. 1).  At the entrance, the solid particles with 
random size are injected to the mixing layer.  The 
investigation focuses on the influence of a spatially 
developing vortex structures on a particle dispersion 
in a transitional free shear layer depending on the 
particle size. 

 
 
 
 
 

 
 

 
 
Fig. 1 illustration the flow configuration 
 

2 The mathematical model and 
governing equations 

 
2.1 Governing equations for continuous 
phase  

The carrier gas is considered in the Navier-
Stokes equations for multi-species gas which are 
written in the conservation vector form as: 
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and vectors vv FE


,  are associated with viscous 
stress 
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The components of the viscous stress tensor are 
given as 
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The heat flux is defined by 
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and the diffusion flux is determined by 
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The pressure, the total energy are given by 
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The specific enthalpy and the specific heat at 
constant pressure of the thk  species are 
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where the molar specific heat pkC  is given in terms 
of the fourth degree polynomial with respect to the 
temperature, consistent with the JANAF 
Thermochemical Tables [13]. 

In the system (1) Twu ,,, ρ  represent the 
components of the velocity vector, the density and 
the temperature, respectively. 

kY  and  
kW   are the 

mass fraction and the molecular weight of the thk  
species, Nk ...1= , where N  is the number of 
components in a gas mixture. ,τ q  and kJ   are the 
viscous stress tensor, the heat flux and the diffusion 
flux, respectively. Re  is the Reynolds number, Pr  
is the Prandtl number, Sc  is the Schmidt number, 

lµ  is the molecular viscosity calculated by Wilke 
formula [16]. 

The system of equations (1) is written in the 
conservative, dimensionless form. The air flow   
parameters are 

∞∞∞∞ Twu ,,,ρ , the hydrogen jet 
parameters are 

0000 ,,, Twuρ . In terms of 
dimensionless variables 2

∞∞uρ  is the scale, ∞∞ WTR /0  
is the enthalpy scale, 0R  is the molar specific heat 

scale and δ   (the thickness of the splitter plate) is 
the spatial distance. 

  
2.2 Governing equations of discrete phase 

The small sphere particles are tracked 
individually in the Lagrangian manner. It is assumed 
that the density of particles is much larger than that 
of the continuous phase so only the drag force is 
significant. The particle collision is neglected. 

The Lagrangian particle equations for position 
and velocity are given by 
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Here, px  is the particle position vector, pu  is 

the particle velocity vector;  pD  is the drag force 

with the particle radius pr  is given by 
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The drag coefficient DC  is taken in accordance 

with the solid sphere drag correlation [17]: 
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 is the particle Reynolds 

number, µ  is the gas viscosity. 

 
3 Initial and boundary conditions 

At the entrance: 
- for multi-species gas: 
bottom flow: 

0

000
0 W

TRMu γ
= , 0=w , 0pp = , 0TT = , 

0kk YY =  at  0=x , 1H≤0 <z . 
upper flow: 

∞
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∞ W

TRMu γ
= , 0=w , ∞pp = , ∞TT = , 

∞kk YY =  at 0=x , 21 H≤≤H zδ+ . 
At the point of transition of two gas flows, the 

above physical variables are determined by the 
function of the hyperbolic tangent 
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momentum thickness, ( ) uuuu ∆−= ∞
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 is the 
average of gas velocity. 

On the lower and upper boundaries, the condition 
of symmetry is imposed. At the outflow, the non-
reflecting boundary condition is used [18]. 

In order to produce the roll-up and pairing of 
vortex rings, an unsteady boundary condition for 
velocity field is used at the inlet plane [19], i.e. 
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where ( )zφ  is the hyperbolic-tangent velocity 
profile defined by (3). Coefficient  001.0=A  is the 
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 is the difference 
between the two stream velocities, which measures 
the strength of shearing. ( ) )2/(0 θδω ∞+= aa  is 
the disturbance frequency,  

)2/-exp()( 22 σzzGaussian =  is the Gaussian 
function which has a peak value of  a unity at z=0 
and the  width σ2±  is matched to the vorticity 
layer thickness at the entrance. The factorw∆  is taken 
as in [18]. The ω  is the excitation frequency, 
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are the sound velocities,  α  is the random phase. 
 

4 Method of solution 
The numerical solution of quasi-2D equations is 

performed in two steps. Where, in the first-step the 
gas dynamic parameters ( ρ , u , w ,

tE ) and species 
(

kY , 7,...,1=k ) with mass source terms are solved. 
In the second-step, the system of ordinary equation 
for particles is calculated. 

 The system of equations (1) in the new 
coordinate system is written as 
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Jacobian transformation.  
The system (4) is solved with semi-implicit 

method, numerical algorithm is given in detail in 
[20,21]. In accordance with the principle of the 
ENO scheme, the system (4) is written formally as 
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Here mE and mF  are the modified fluxes at node 
points (i, j) which consist of the original advection  
( )FE ~,~  and additional terms of third-order accuracy 
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The system (5) is transformed into one – 

dimensional operators  after  factorization: 
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2nd step:                                                                 (6) 
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The second item η
nRHS  is written similarly. 

The system (6) is solved with respect to the 
vector of thermodynamic parameters by the matrix 
sweep method, and the vector of mass fractions of 
the mixture is computed with tridiagonal inversion. 

 
5 Result and discussion 

The parameters of coordinate transformation are 
as follows: 
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, β ,  τ  

are the clustering coefficients with β , 1>τ , a  is 
the computational region height in the new 
coordinate system, and cx is the point with respect 
to which the clustering is done. 

The free shear layer of a hydrogen-air flows 
mixing with injection of a solid particles is 
numerically studied. The initial momentum  

thickness is mx= 51035.9 −
θδ . The algorithm of 

method and the sensitivity of convergence of 
solutions to the grid characteristics were studied in 
detail in [20, 21]. The dimensionless length and 
height of area under consideration are LxH = 
600x80. Here the 526x201 nodes grid with the 
stretching at the entrance and the mixing layer is 
used. 

Numerical simulationis performed the initial 
parameters on the bottom and upper flow: 1.20 =M , 

0.2=∞M  KTT 20000 == ∞
, Papp 1013250 == ∞

. 
At the same time, the convective Mach number is 

38.0=cM , where ( ) ,∞∞−= auuM cc  
( ) ( )000 aauauauc ++= ∞∞∞

.  At the inflow plane, the 
hydrogen-nitrogen mixture enters from the upper 
half: 0.5

2
=YH , 0.5

2
=YN  and the air 0.2

2
=YO , 

0.8
2

=YN  enters from the lower half of the domain. 

 The particles are injected into the flow 
uniformly, one by one after the period of time 

5=∆t . The particle density and diameter are  
3

0 2560 mkgpp == ∞ρρ  and mµ20 , 
respectively. The aluminum particles are injected 
from four input points 0=x , 50,40,30,20=z .   

The formation of vortex structures is shown on 
example of vortices isolines at different times t 
=200, 1000, 1500 (Fig. 2). From the Figure follows 
that to the time t = 200 isolines are starting to curve 
significantly and roll-up into vortices (Fig. 2a) and 
they are pairing with adjacent vortices to form larger 
ones downstream. As result of which, relatively 
stable turbulent vorticity fields are formed (Fig. 2c.) 

The isolines of the hydrogen (Fig. 3) well 
demonstrate both, the dynamic of the formation and 
growth of a system of vortices, and the gases 
mixing. In accordance with the picture of vortices 
(Fig. 3a, to the time t=200),  it can be seen that as a 
result of the rotation of a pair of vortices, both, the 
air flow and the hydrogen-nitrogen mixture are 
trapped by this pair. From numerical experiment 
follows that in result of increasing of twisting of 
vortices, as well as their pairing, in the centers of 
their rotation the closed zones of hydrogen are 
formed (Fig. 3b and 3c).  It follows from the figure 
that the mixing layer expands towards the slow air 
flow. 
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Below represented the dynamics of particles and 
their entrapping with multispecies gases (Figure 4, 
t=200, 1000, 1500). From the graphs is visible that 
the particles injected into the faster flow (z=40, 50) 
of mixing layer move much faster compared to 
those injected into the slower flow (z =20, 30). For 
example, particles injected into the upper stream to 
the time (Fig. 4a) extend up to x=200.  At the same 
time t=200, some of them get into vortex zone, and 
as result their trajectories are curved significantly. 
Whereas the particles injected from a lower stream 
are not captured by the vortices yet, they continue to 
move along their own trajectories and by the time   
they reach the position of x=90. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

From graph 4b and 4c it can be seen in spite of 
that the particles are homogeneously entrapped by 
the vortices including vortex core, the dispersion of 
particles injected into a slower flow is much smaller 
compared to particles which move in a faster flow. 

Numerical experiments performed with particles 
of the large particle diameter md p µ200=   show 
another picture of particles distribution in the 
mixing layer.  
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Fig. 2 The formation of vortex structures at time:  
a) 200=t , b) 1000=t ,  c) 1500=t for 20=pd  

mkm  
1.20 =M , 2=∞M   

0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

80

h2: 0.03 0.10 0.17 0.23 0.30 0.37 0.43

z

x

 

 

0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

80

h2: 0.02 0.12 0.21 0.31 0.40

z

x

 
 

0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

80

h2: 0.02 0.12 0.21 0.31 0.40

z

x

 

 

Fig. 3  Isolines of hydrogen at time:  
a) 200=t , b) 1000=t ,  c) 1500=t  for  20=pd  mkm  

1.20 =M , 2=∞M   
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As it can be seen from Figure 5 in this case, a 

few particles reach the vortex core. Mainly, they are 
accumulated in the periphery of the vortices and 
along the braid of two adjacent vortices.  
Consequently, large particles are reacted to the 
centrifugal action, while small particles are in a 
quasi-equilibrium status with the gases. 

 Numerical experiments show that the behavior 
of the dispersion of large particles in a supersonic 
mixing layer are in qualitative agreement with the 
observed behavior of particles in a subsonic mixing 
layer [13, 22]. 

Figure 6 shows the quantitative distribution of 
the numbers of small particles in the upper 
( ][ 80,40∈z , Fig. 6a) and the lower ( )[ 40,0∈z , Fig. 
6b) part of the mixing layer along the streamwise 
direction to the time t=1500, which is defined as 
follows: 
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here cpN is the total number of computational cells, 

and ( )xNi  is the number of particles in the i cell. As 
can be seen from the figure in accordance with the 
pattern of expansion of the mixing layer the number 
of small particles in the lower air flow (Fig. 6a) is 
larger compared to the upper hydrogen-nitrogen 
mixture (Fig. 6b). 

The picture of the distribution of the large 
particles show that in main, the total number of 
them coincide with small particles, exclude   the 
region of large vortex structures ( 500450 ÷=x , 
Fig. 7). 

 
 
 
 
 
 
 
 
 

    0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

80z

x  

    0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

80z

x  

    0 100 200 300 400 500 600
0

10

20

30

40

50

60

70

80z

x  
 

 

Fig. 4  Distribution of particles at time:  
a) 200=t , b) 1000=t ,  c) 1500=t   

for  20=pd  mkm  

1.20 =M , 2=∞M   
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Fig. 5  Distribution of particles at time:  
a) 200=t , b) 1000=t ,  c) 1500=t   

for  200=pd  mkm  

1.20 =M , 2=∞M   
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 Fig. 6  Quantitative distribution of the number of 
particles in the upper (a) and lower (b) of mixing 

 layers  
at 1500=t  for  20=pd  mkm  
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 Fig. 7  Quantitative distribution of the number 
 of particles in the upper (a) and lower (b) of mixing 

 layer at 1500=t  for  200=pd  mkm  

1.20 =M , 2=∞M   
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