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Abstract: - Hybrid nanofluids are designed to improve conventional nanofluids' stability and other thermal 
properties. The present work investigates the flow of combined convective transport and the influence of 
radiation on the studied flow. A hybrid nanofluid ( 2 3Cu Al O /water) flows through a vertically inclined 
stretching/shrinking sheet. To simplify the governing equations, the deterministic two-variable differential 
equations (PDEs) are systematically transformed into a system of one-variable differential equations by using 
appropriate similarity transformations. The bvp4c function of the MATLAB program is also used to solve the 
simplified mathematical model. The present study investigates and presents in tabular and graphical form the 
effects of stretching/shrinking surfaces, suction, and volume fraction of the nanoparticles on the velocity and 
temperature profiles as well as on the engineering quantities. The present results are first validated and 
confirmed as acceptable before the full calculations are performed. Overall, the results of this study show that 
the investigated parameters influence the flow characteristics, which can serve as a controlling factor for heat 
transfer. 
 
Key-Words: - Hybrid nanofluid, Eyring-Powell, mixed convection, inclined stretching/shrinking sheet, dual    
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1  Introduction 
In engineering and industrial applications, problems 
related to the performance of energy are crucial. 
Most fluids immiscible with convection heat, 
including ethylene glycol, water, and oil, have low 
thermal conductivity; therefore, heat transfer is 
limited. Nanofluids are used to increase thermal 
efficiency. [1], first proposed the concept of 
nanofluids and defined them as mixtures with 

dispersed nanometer-sized particles as the base 
fluid. Considering their importance in thermal and 
energy efficiency, hybrid nanofluids are widely used 
in numerical and experimental studies in the field of 
fluid dynamics. Two different types of nanoparticles 
are combined to create composite/hybrid 
nanoparticles: metal oxides (alumina, copper oxide, 
magnetite, hematite), metals (silver, copper), 
carbonaceous materials (carbon nanotubes, 
graphite), or metal carbide. [2], modified the 
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thermophysical properties into the model for single-
phase nanofluids. Meanwhile, correlations between 
the thermophysical properties of hybrid nanofluids 
were mentioned in [3]. In this study, the natural 
laminar convection in a sinusoidally corrugated 
container filled with pure water, 2 3Al O /water 
nanofluids, and 2 3Cu Al O /water nanofluids was 
numerically investigated. The container has a 
separate heat source at the bottom wall. While [4] 
base their concept of boundary layer flow of 
nanofluids on the use of Cu  and Ag as 
nanoparticles, [5] investigated the unsteady/steady 
flow of nanofluids over a moving surface in a 
continuous external free stream. [6] investigated the 
effects of water and nanoparticles in porous media, 
focusing on their influence on Dufour and Soret 
effects in magnetic flows over a stretched surface. 
In addition, [7] and [8] performed numerical 
investigations for hydromagnetic and heat transfer 
enhancement of the steady boundary layer flow 
induced by a stretched plate, respectively . Their 
results suggest that hybrid 2 3Cu Al O /water 
nanofluids exhibit superior heat transfer rates 
compared to Cu /water nanofluids. In a related 
study, [9] discussed the thermal conductivity 
properties of hybrid nanofluids. The study by [10] 
explored the heat transfer potential of an alumina-
silica-water nanofluid in the context of cold plates 
for proton electrolyte membrane fuel cells and 
highlighted its importance for the automotive 
industry. [11] formulated a model to study the flow 
and heat transfer characteristics of dusty hybrid 
nanofluids over an unstable shrinking plate. 

Lastly, the features of heat transfer of 
axisymmetric flow over a nonlinear 
shrinking/stretching surface induced by hybrid (

2 –TiO Ag ) nanofluid with radiation impact 
analytically investigated by [12]. Moreover, in [13], 
the stability analysis of a radiative-magnetic hybrid 
nanofluid slip flow due to an exponentially 
stretching/shrinking permeable sheet with heat 
generation was attempted, and it was found that the 
presence of a shrinking surface as well as adequate 
suction leads to the possibility of achieving two 
solutions, with only the first solution being stable. 

Non-Newtonian fluids have attracted the 
attention of researchers in recent years as they are 
widely used in industries such as polymers and 
rubber. Non-Newtonian fluids such as blood, color, 
palm oil, mayonnaise, shampoo, and others cannot 
be modeled using the Navier-Stokes equations that 
apply to Newtonian fluids due to the complexity of 
their mathematical models compared to Newtonian 

fluids. The most common types of non-Newtonian 
fluids are those described by Powell-Eyring. The 
analysis of the governing nonlinear differential 
equations using the Keller box technique was 
performed by [14] to evaluate the effects of various 
factors on the flow as well as the boundary layer 
flow and heat transfer induced by an Eyring-Powell 
fluid over a stretching surface. [15] applied the 
collocation method for the Eyring-Powell boundary 
layer flow of a fluid over a stretched surface in an 
unconfined area. The study of [16] on the Eyring-
Powell fluid using a convective stretching cylinder 
included thermophoresis, thermal radiation, 
Brownian motion, and source/sink phenomenon, 
while [17] and [18] analyzed the convective 
transport of temperature-dependent viscosity for the 
single-phase and two-phase flow of Eyring-Powell 
fluid over a vertically stretched plate. An analytical, 
numerical and machine learning approach for the 
Eyring-Powell flow with temperature-dependent 
viscosity in rotating systems was investigated by 
[19]. 

Convection can be categorized into three 
different types: natural or free convection, forced 
convection, and mixed convection. The basic 
concept of natural or free convection is the 
continuous flow of heat between two surfaces or 
materials when a strong buoyancy force is present. 
In forced convection, heat is transferred between the 
two materials by an external force. The complicated 
interplay of heat and mass transfer within the 
unstable boundary layer of a rotating Eyring-Powell 
fluid was investigated by [20]. [21] studied the 
effects of boundary layer flow with mixed 
convection in a double-layered medium on an 
Eyring-Powell fluid along an inclined, stretched 
cylinder. In addition, [22] conducted a theoretical 
study on the steady-state Magnetohydrodynamic 
(MHD) boundary layer flow of an Eyring-Powell 
nanofluid over an inclined plane. [23] and [24] 
examined the dual solutions for the mixed 
convection flow and heat transfer in a fluid over a 
stretching/shrinking permeable sheet. In an 
innovative study, [25] investigated the radiation heat 
transfer of hybrid nanofluid flow over a stretched 
surface with Joule effect interaction. [26] applied 
the shooting technique to analyze the flow of a 
magnetic Eyring-Powell nanofluid towards a 
stretching surface and showed dual solutions for 
convective boundary conditions in the flow of a 
hybrid nanofluid on a radially shrinking disc under a 
magnetic field with generated viscous dissipation, as 
demonstrated by [27]. This work also presented a 
comprehensive study of lower and higher-branch 
solutions. More recently, [28] investigated an MHD 
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hybrid nanofluid undergoing mixed convection over 
a permeable inclined plate, emphasizing the effects 
of thermal radiation. 

Following previous studies, the main strength of 
this numerical study is to investigate the effects of 
heat flux due to thermal radiation on the flow of an 
Eyring-Powell hybrid nanofluid over a non-parallel 
stretching/shrinking permeable surface using the 
deterministic nanofluid model introduced by [2]. 
The model contains fixed-volume fractions of 
nanoparticles, specifically alumina ( 2 3Al O ) and 
copper ( Cu ), suspended in the base fluid (water) to 
form a hybrid nanofluid. The analysis is performed 
using MATLAB and the solver bvp4c by converting 
the governing equations and boundary conditions 
into a set of ordinary differential equations through 
similarity variables. The results, which show the 
influence of the different parameter values on the 
physical quantities, are presented graphically and in 
tabular form. The study concludes with a stability 
analysis in which dual solutions are discovered for 
both the stretching and shrinking scenarios. To 
validate the numerical results, a comparison is also 
made with the results published in the literature. 

 
 

2  Mathematical Model 
The radiative heat flux effect on mixed convection 
Eyring-Powell hybrid nanofluid flow is considered a 
laminar, incompressible, and steady two-
dimensional with constant velocity ( )wu x x  in 
supporting direction or contrary direction to the 
free-stream velocity, u , where   is a positive 
constant induced with analysis thermal. The flow is 
considered passing toward an inclined 
stretching/shrinking sheet containing 2 3Cu Al O  
nanoparticles with an angle of inclination,  , to the 
vertical in the x  direction and moving at a 
uniform velocity, where the x   axis determines the 
upward direction along with the sheet. Meanwhile, 
its orthogonal orientation to the sheet is assumed by 
the y  axis, as demonstrated in Figure 1 
(Appendix). This also involves whether the x 
direction is positive or negative and whether the 
force is either assisting (heated sheet  wT T  ) or 
opposing (cooled sheet  wT T  ) the flow. The 
following assumptions are taken into consideration 
for the physical model: 
 Thermal equilibrium is preserved in the fluid 

mixtures i.e. base fluid and nanoparticles. 
 The influence of nanoparticle aggregation and 

sedimentation is excluded because it is believed 

that the nanofluid is stable and that the 
nanoparticles have a spherical shape. 

 For the present, 3(16 3 )( )rq k T y T  

     
with the mean absorption, k  , and Stefan-
Boltzmann,    deliberated is used in the 
energy equation coupled with the flow 
temperature.  

 The surface temperature of the sheet is regarded 
as 0( )wT x T T x  , where 0T  is a constant and 
the constant ambient temperature is signified as 
T . 
Furthermore, the formulation of the proposed 

model is based on the principles of the theory of rate 
processes. This theory was originally introduced and 
explained in detail by Eyring and Powell in 1944. 
To express the governing boundary layer equations 
for the effect of radiative heat flux on the Eyring-
Powell hybrid nanofluid with mixed convection in 
the Cartesian coordinate system for continuity, 
momentum, and energy equations are used as 
described above. A similar fluid model can be found 
in [17], [7] and [29]. 

 

 
Fig. 1: Geometry of the physical problem 
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with the following boundary conditions:   

( ),   ,   ( )    0,
0,     as  .

atw w wu u x v v T T x y

u T T y





   

  
 (4) 

 
where ( ,u v ) are the velocity components in ( ,x y ) 
directions, respectively, for the hybrid 2 3Cu Al O

/water nanofluid; hnf  is the density, where hnf  is 

defined as the dynamic viscosity, ( )p hnfc  is the 

heat capacitance, and hnfk  is the thermal 

conductivity. The physical properties of 2 3 ,Al O Cu  
and water are given in Table 1 (Appendix), while 
the thermophysical properties of hybrid and 
traditional nanofluids are given in Table 2 
(Appendix). The dynamic viscosity, density, heat 
capacity, thermal conductivity, thermal expansion 
coefficient, and specific heat at constant pressure are 
represented by , ,( ), ,p Tc k     and pc , in that 
order. Subscripts 1s  and 2s , respectively, denote 
the solid components of 2 3Al O  and Cu , whereas 1  
and 2  represent their corresponding nanoparticle 
volume fractions. The subscripts hnf ; nf ; and f , 
respectively, denote the hybrid nanofluid, nanofluid, 
and fluid. In addition, according to [14], 1

0x    
and 0c c x   are the fluid parameters of the Eyring-
Powell model with constants 0  and 0c . Besides, 

( )wu x x  is the velocity of the 
stretching/shrinking surface, the parameter   is for 
the deformable plate such that 0   stands for a 
stretching plate, 0   indicates a shrinking plate, 
and 0   represents a static plate. While 

 
1/2

( )w fv x S a   denotes the constant mass 

velocity for the surface, S  is the suction/injection 
parameter such that 0S  corresponds to the 
suction effect and 0S   refers to the injection 
(fluid removal) effect.  

 
 
An appropriate transformation is introduced as 

follows: 

 
1/2

1/2
,  ( ),  ( ) .f

f w

T Ta
y a xf

T T
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




  
   
   

 (5) 

Here,   implies stream function defined as u
y





and v
x


 


, and   is the dimensionless similarity 

variable, yielding 
   

1/2 1/2
( ),   ( ),  ( ) .f w fu axf v a f v x S a         (6) 

 
Upon appropriate implementation of (4), (5) and 

(6) as well as properties listed in Table 1 and Table 
2 (Appendix), we obtain: 

 
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 
( )4 Pr 0.
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
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satisfying 
(0) ,    (0) ,   (0) 1  at  0
( ) 0,   ( ) 0  as  .

f S f

f

  

   
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   
 (9) 

where the fluid parameters are M and B , the 
kinematic viscosity is f ,  the mixed convection 
parameter is λ , and the radiation parameter is R .  
 
The equation can be defined as:  

3

2
0 0 0
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
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 

 (10) 

 
where 3 2( ) ( ) /T f w fGr g T T x    is the Grashof 

number and 2Re /x fax  represents the local 
Reynold number. Considering that the parameter B  
is a function of the length scale, x , and that its value 
changes locally throughout the flow motion, it is 
important to note that B  is the local non-Newtonian 
parameter based on x . Notably, λ 0  represents 
the forced convection flow in the non-buoyant case. 
In the meantime, λ 0  denotes the buoyant force 
that is assisting the flow (upward), while λ 0  
denotes the buoyant force that is opposing the flow 
(downward) in the case study when the surface is 
stretching. 

The engineering quantities encompass the skin 
friction coefficient fC  and the local Nusselt number

xNu , which are designated in the form of: 
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 2 ,        ,
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w w
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f w f

xq
C Nu
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

 

 

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where w  and wq  are the wall shear stress and heat 
flux from the plate, respectively, such that:
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Leading to: 
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where 2Re ( / )x fax  is the Reynolds number. 
 
 

3  Stability Analysis  
The boundary condition (9) leads to a dual solution 
for a certain range of physical parameters. 
Therefore, a stability analysis is performed to 
determine the stability of the dual solution. The 
stability analysis begins by considering the non- 
flow stability, which takes into account the 
condition of dependence on time. By using the 
variable (14), it is determined that the continuity 
equation (1) is satisfied, and then the momentum (2) 
and energy (3) are transformed into partial 
differential equations (15) and (16) in the form of  
  and  .  
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Using the unsteady flow as follows: 
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The perturbation functions are: 
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In addition, by using the function (18) the 

system of equations for the eigenvalue problem (19) 
and (20) is obtained with the linearized condition 
used in (21) and solved together with the new 
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The stability of the solution is determined by the 

smallest eigenvalue of 1 , whereby a negative 
eigenvalue 1  reflects the instability of the flow. A 
positive eigenvalue 1 , on the other hand, indicates a 
stable flow. 
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4  Validation Procedure   
This approach allows the model to achieve similar 
solutions for both dual scenarios in accordance with 
equations (7) and (8) and compliance with the 
boundary conditions listed in equation (9). 
Numerical analysis of the velocity and temperature 
profiles is performed to investigate the effects of 
various physical parameters, including Eyring-
Powell fluid properties, stretching/shrinking 
influences, mixed convection effects and 
nanoparticle volume fractions. The function bvp4c 
in MATLAB is used for the numerical resolution of 
the resulting equations. This solver uses a finite 
difference method based on the 3-step Lobatto IIIa 
algorithm to estimate the thickness of the boundary 
layer and solve the equations effectively. In the 
study, the influence of these parameters on the skin 
friction, temperature profiles, velocity fields and 
heat transfer rates are presented graphically. 

The bvp4c method, known for its efficiency in 
solving flow problems, has been widely applied in 
numerous studies in this field, taking into account 
different types and aspects of nanoparticles. 
Ensuring that the boundary conditions are satisfied 
is based on the asymptotic behavior of the velocity 
and temperature profiles shown in Figure 2, Figure 
3, Figure 4, Figure 5, Figure 6 and Figure 7 in 
Appendix. This confirms the methodological 
accuracy and satisfaction with the physics of the 
model, which confirms the thickness of the 
boundary layer considered. 

In the current study, a hybrid ( 2 3Cu Al O

/water) nanofluid is considered by combining hybrid 
Cu  nanoparticles with 0.1 volume fraction of  

2 3Cu Al O  /water to generate the required hybrid 
nanofluid, similar to [7] and [8]. The base fluid 
(water) is first treated of 2 3Al O  nanoparticle with 
0.1 volume fraction of  1 0.1   (alumina). 
Subsequently, Cu  (copper) 2 0.06   is added along 
with a variety of solid volume fractions to produce 
the hybrid nanofluid known as 2 3Cu Al O /water. 

A comparison between the outcomes attained in 
the present study using the bvp4c method and the 
exact solution is important to assert that the current 
model is appropriate and accepted. For this current 
mathematical model, the non-dimensional physical 
quantities of the skin friction coefficient and Nusselt 
number are given as (13). Besides, as evidenced in 
the literature, the current model can be reduced to 
the original equation. The following description is 
provided to demonstrate its correlation to the model. 
 
 

5  Results and Discussion 
The present work analyses the numerical solutions 
obtained and focuses on the physical interpretation 
discussion of Eyring-Powell fluid ( 2 3Cu Al O / 
water) hybrid nanoparticles for the two dissimilar 
branch solutions obtained (in the form of tables and 
graphs). The computed results for assorted 
parameters 1 2, , ,λ, , ,M B R     and Pr  were 
performed under RHF. Meanwhile, the computation 
of 1/2Ref xC  (skin friction coefficient) and 

1/2RexNu   (Nusselt number) is achieved by 
assigning a set of fixed values of the parameters, 
which are later computed one by one.  

Table 3 (Appendix) illustrates the validation 
procedures by comparing the values of 1/2Ref xC  
from the results obtained by [14], where ( 1 2 0  

) denotes the regular fluid and 0S    with 
certain values of the physical parameters M  and B . 
Overall, the comparison shows that the algorithms 
developed in this study are considered reliable and 
credible as they show close agreement with the 
reference solutions. This creates confidence in the 
methodology chosen to solve the problem at hand 
and increases the probability of novelty and 
originality of the results obtained, which are not 
found in the literature. From the present results, it 
can be deduced that the parameters M  and B  are 
the most important determinants of 1/2Ref xC , 
reflecting their role in controlling the thermal 
energy exchange with the environment. However, it 
should be noted that the presence of M and B  leads 
to different effects, as an increase in M  leads to a 
decrease in 1/2Ref xC , albeit with opposite effects on 
the increase in B . 

Similarly, the numerical results are validated by 
a direct comparison with the results documented in 
the studies of [7], [30] and [31]. The initial branch 
solution is obtained from the limiting scenarios of 
the stretching parameter and the absence of radiative 
heat flux (RHF) for the regular fluid ( 1 2 0   ) in 
cases where 0B M S   , 0   (non-buoyant 
case), and / 2  . The numerical solutions 
obtained using the finite difference technique 
(FDM), Runge-Kutta Fehlberg (RKF) and the bvp4c 
solution are listed in Table 4 (Appendix)  along with 
the current solution. The high degree of agreement 
underlines the acceptance of both the present model 
and its results. Table 5 (Appendix) also shows the 
effects of 1/2RexNu   the introduction of S  and 2  
on the contracting and expanding surface flow 
scenarios. It is noteworthy that as the volume 
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fraction of copper nanoparticles increases, the value 
of for the stretching flow increases slightly when 

0S  .  
Analyses of M  on 1/2Ref xC and 1/2RexNu   

profiles for the shrinking surface ( 0  ) when 
1 20.1, 1, 0.1, 2.2, 3, / 6B S R             

, and Pr 6.2  are shown in Figure 2 and Figure 3, 
(Appendix). Evidently, the increase in  M  
contributes to smaller values of 1/2Ref xC and greater 

quantity of 1/2RexNu  . Physically, higher values of 
M act as impediments to the shear-thinning 
behaviour, diminishing the interaction between the 
fluid and surfaces and thereby reducing drag forces. 
Conversely, an increase in   significantly boosts 
the values of 1/2Ref xC . However, when considering 

0M  , it's observed that the value of 1/2Ref xC

increases only up to certain levels of   before it 
begins to decline. Additionally, the phenomenon of 
dual solutions for 1/2Ref xC  and 1/2RexNu   persists 
only until certain critical values of  are reached. 
These critical points are found to be for 

1 1.2890c   , 2 1.1799c   , and 3 1.0861c    
for 0,0.1M   and 0.2, respectively. Beyond these 
specified critical values, no further solutions are 
identified.  

The effect of  2  on  f   and ( )   when 

10.1, 1, 0.01, 2.2M B S         , / 6  ,   
3R   and Pr 6.2  are given in Figure 4 and 

Figure 5, (Appendix). Our findings indicate that a 
higher results in 2  increased velocity and higher 
temperatures for the first solution, while for the 
second solution, fluid velocity decreases as 
temperatures rise with an increase in 2 . As [7] point 
out, nanoparticles release energy in the form of heat, 
which means that a higher concentration of 
nanoparticles can enhance energy release, increase 
temperatures and thicken the thermal boundary 
layer. Furthermore, it is known that hybrid 
nanoparticles can increase the heat transfer 
efficiency of fluids through a combined effect of the 
nanoparticles. Contrary to expectations, this study 
shows a decrease in heat transfer rates with an 
increase in the volume fraction of hybrid 
nanoparticles. This anomaly can be attributed to the 
significant suction force acting on the shrinking 
surface and negatively affecting the heat transfer 
dynamics. Thus, while an increase in the suction 
parameter generally increases the heat transfer rate, 
the combined influence of the suction parameter and 
the volume fraction of the hybrid nanoparticles 

leads to a decreased heat transfer rate on the 
shrinking surface when the volume fraction of the 
hybrid nanoparticles escalates. 

The observed dual solutions for velocity (  f 

) and temperature distribution ( ( )  ), highlighted in 
Figure 6 and Figure 7 (Appendix), are influenced by 
the buoyancy or mixed convection parameter ( ) 
when considering the values of, 

1 20.1, 0.04, 2.2M B S      , 3, / 6R     
and Pr 6.2 . For the first set of solutions,  f   
increases while ( )  decreases as   rises. 
Conversely, for the region where upward buoyant 
forces dominate ( 0  ), these parameters show an 
improvement. The dual solutions present are 
confirmed by the temperature distributions in Figure 
8 (Appendix). It can be clearly seen that both 
solutions (the first and the second) have developed 
the temperature profile.  Figure 9 (Appendix) 
displays the relationship between 1/2RexNu   and 
thermal radiation parameters R  and  . At a 
constant  values, a pronounced reduction in 

1/2RexNu   with increasing radiation suggests that 
radiation impedes heat transfer. This phenomenon is 
particularly evident in the contracting sheet 
scenario, contributing significantly to the observed 
outcomes. Moreover, an escalation in R  enhances 

1/2RexNu   , attributed to the energy released by the 
shrinking sheet which aids in the heat transfer of the 
fluid. Dual solutions are identified at distinct values 
of 1.1799c   . Conversely, Figure 10 (Appendix) 
shows the lowest eigenvalue; here the positive 
eigenvalue denotes the first solution and the 
negative eigenvalue the second. This suggests that 
the first solution behaves consistently and gains 
confidence over time, while the second option 
exhibits the exact opposite. 
 
 
6  Conclusions 
This study addressed the problem of steady and 
thermal analysis of flow over a vertically non-
orthogonal stretching/shrinking sheet using the 
Eyring-Powell hybrid nanofluid. The dynamical 
equations governing the physics of the problem are 
solved numerically by employing the bvp4c 
packages provided in MATLAB. A comparison 
between the results of this study and those of 
previous studies for certain cases has been carried 
out successfully. The impacts of the nanoparticle 
volume fraction parameter, 2  ( Cu ), mass flux 
parameter, S , mixed convection parameter,  , 
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stretching/shrinking parameter,  , fluid parameter, 
M , radiation parameter, R , on the velocity profile, 
and temperature, ( )  , local skin friction 
coefficient, 1/2Ref xC , and local Nusselt number, 

1/2RexNu  , are presented and discussed. Overall, 
the following conclusions are obtained: 1/2RexNu  , 
are presented and discussed. Overall, the following 
conclusions are obtained: 
 A higher value of the Eyring-Powell parameter 

reduces the viscosity of the fluid, which in turn 
reduces skin friction and the heat transfer rate. 

  The suction strength must be sufficient for the 
dual solutions to exist.  

 The dual solution occurs in a certain range of S

, the stretching/shrinking parameter,  , and 
mixed convection parameter,  . In addition, the 
bifurcation points of the dual solutions occur in 
the suction region ( 0S  ), shrinking region 
(   ), and the opposing flow region (   ). 

 Numerical results show an increase in the 
1/2Ref xC  value for the first solution, while the 

second solution shows a decrease with 
increasing 2 . In addition, the value of 

1/2RexNu   decreases with increasing 2  for both 
solutions. 

 The rate of heat transfer experiences a rise under 
significant suction influence. However, when 
considering both the suction parameter and the 
hybrid nanoparticle volume fraction 
simultaneously, an increase in the hybrid 
nanoparticle volume fraction leads to a 
reduction in the heat transfer rate on the 
shrinking surface. 

 The values of 1/2Ref xC  and 1/2RexNu   are 
higher for the case of flow helping ( 0  ) 
compared to the case of flow against (   ). 
Besides, it can be observed that the dual 
solution exists in both regions of flow opposing 
(   ) and flow assisting ( 0  ). 

 An increase in the velocity of the hybrid 
nanofluid is observed when the values of 
parameters 2  and   increase, while the 
temperature of the hybrid nanofluid increases 
with increasing values of 2  but decreases with 
larger values of  . 

 In the context of a shrinking environment, dual 
(non-unique) solutions emerge, presenting 
distinct critical points for varying values of M . 

 The velocity distribution  f   decreases with 
enhanced value of M  (first solution) and shoot 

upward in the second solution, while ( )    
enhance with the increasing values of R  and M
. 

 A stability analysis was carried out to determine 
the long-term stability of the dual solution. The 
results showed that the first solution was stable, 
and the second solution was unstable. 
In the future, this problem may be extended to 

other geometries, including disc, channel, wedge, 
and cylinder. In addition, other thermal conditions, 
such as heat flux and Newtonian heating conditions, 
can be considered to gain additional insight into 
fluid behavior. 
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APPENDIX 
 

Table 1.  Thermophysical properties of the base fluid and nanoparticles ([2] and [7]) 
Thermophysical Properties Water 2 3Al O  Cu  

 3/kg m  997.1 3970 8933 

 /pc J kgK  4179 765 385 

 /k W mK  0.6130 40 400 

 1
T K   21 × 510  0.85 × 510  1.67 × 510  

 /s m   5.5× 610  35× 610  59.6× 610  

 

 

Table 2.  Thermophysical properties of the hybrid nanofluid ([3], [7]) 

 
 

Table 3.  Comparison of value 1/2Ref xC  

 
B  

Javed et al. [14] Present Result 
0M   0.2M   0.4M   0M   0.2M   0.4M   

0.0  -1.0000 -1.0954 -1.1832 -1.000000 -1.095445 -1.183216 
0.2  -1.0000 -1.0924 -1.1784 -1.000000 -1.092445 -1.178431 
0.4  -1.0000 -1.0894 -1.1735 -1.000000 -1.089381 -1.173490 

 

 

Table 4.  Comparison of value (0)  

 

 

 

Properties Traditional Nanofluid Hybrid Nanofluid 
 
 

Thermal Conductivity 
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Dynamic Viscosity 2.5

1
(1 )

nf

f



 



 2.5 2.5

1 2

1
(1 ) (1 )

hnf

f



  


 
 

 
Electrical Conductivity 
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where     1 1 1

1 1 1
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Density (1 )nf f s       1 1 2 2(1 )hnf hnf f s s          

Pr  Khan & Pop [30] 
FDM solution 

Devi & Davi [7] 
RKF solution 

Waini et al. [31] 
bvp4c solution 

Present 
bvp4c solution 

2 0.9113 0.9114 0.9114 0.9116 
7 1.8954 1.8954 1.8954 1.8957 

20 3.3539 3.3539 3.3539 3.3541 
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Table 5.  1/2Rex xNu   when  10.1, 3, 0.01, / 6,Pr 6.2M B R            and various values of  2 , S , 
and   (Stretching / Shrinking Flow) 

 
S  

 
2  

1   1    
First Solution Second Solution First Solution Second Solution 

0 0.10 5.807496 6.022871 - - 
 0.20 5.950035 6.032312 - - 

1.5 0.10 11.933983 11.350308 - - 
 0.20 11.869506 11.286358 - - 

2.5 0.10 17.090635 16.154264 12.115718 7.273882 
 0.20 16.847623 15.928535 11.361269 6.768197 

 
 

 
Fig. 2:  1/2Ref xC  for various M  
 

 
Fig. 3:  1/2RexNu   for various M  
 

 
Fig. 4:   f   for various 2  
 

 
Fig. 5:  ( )   for various 2  
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Fig. 6:   f   for various   
 

 
Fig. 7:  ( )   for various   
 

 
Fig. 8:  ( )   for various R  

 
Fig. 9:  1/2RexNu   for various R  
 

 
Fig. 10: Smallest eigenvalues ( 1 ) of first and 
second solutions towards S  
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