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Abstract: In this paper, we establish some new Ostrowski type inequalities on time scales involving
functions of two independent variables for multiple points, which unify continuous and discrete analysis,
and some of which are sharp. The established results extend some known results in the literature, and
can be used in the estimate of error bounds for some numerical quadrature formulae.
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1 Introduction

Since Ostrowski established the famous Ostrows-
ki inequality in [1], various generalizations of the
ostrowski inequality including continuous and dis-
crete versions have been established in recent
years (for example, see [2-13] and the references
therein), which can be used to provide explicit
error bounds for some known and some new nu-
merical quadrature formulae. On the other hand,
Hilger[14] initiated the theory of time scales as a
theory capable of treating continuous and discrete
analysis in a consistent way, based on which some
authors have studied the Ostrowski type inequal-
ities on time scales (see [15-23]). The established
Ostrowski type inequalities on time scales unify
continuous and discrete analysis to some extent.

Our aim in this paper is to establish some new
Ostrowski type inequalities on time scales involv-
ing functions of two independent variables, which
on one hand extend some known results in the lit-
erature, on the other hand unify continuous and
discrete analysis.

We first give the following definition for fur-
ther use.

Definition 1 h; : T? - R, k = 0,1,2,... are
defines by

t
B (t ) = / hi(r, $)AT, Vs,t €T,
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where T is an arbitrary time scale, and ho(t,s) =
1.

Throughout this paper, R denotes the set of
real numbers and Ry = [0,00), while Z denotes
the set of integers, and Ny denotes the set of non-
negative integers. For a function f and two inte-

mi
gers mg, mi, we have »_ f =0 provided mg >
s=myg
my. Ty, Ty denote two arbitrary time scales, and
for an interval [a, b, [a, b|T, := [a,b](T;, i = 1,2.
Finally, for the sake of convenience, we denote the
forward jump operators on Ty, Ts by ¢ uniformly.

2 Main Results

Theorem 2 Let a, b € Ty, ¢, d € Tq, f :€
Cra([a, b]T, X [¢,d]T,,R) such that the partial delta
derivative of order 2 exists and there exists a con-

stant K with sup |8:1f8 (Z;Z\ = K. Suppose

a<s<b, c<t<d

that z; € [a,blr,, vi € [¢,d]1,, © = 0,1,...,m,
where n > 1 is an integer. I, : a = 29 < 21 <
. < Tpo1 < T, = b is a division of the in-
terval [a,blt,, while J, : ¢ = yo < y1 < ... <
Yn—1 < Yn = d is a division of the interval [c,d]r,.
a; € [zi—1,2ilT,, Bi € [Yi-1,¥ilTy, i =1,2,...,1n
Then we have
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n—1ln—1
| 21 Zl(hk(%ai) = hy (i, ig1)) (e (Y, B)
i=1 j=
n—1
—he (5, Bia)) f (@i, y5) + ;(hk(fm, i) —hy (i, o))
n—1
T Y Bu) f (i Yn) = Y (e (s, ) — hye (i, 1))
i1
n—1
hie (Yo, B1) f (i, 90) + Y (@ o) (e (y,85)
=
—hk(yj, ﬁﬁl))f(xna yj)‘mk(xna an)hk(ym ﬂn)f(xm yn)
n—1

— > (o, 1) (h (v, By) =l (w5, Bi1)) f (0, y5)

=
—hi(xo, a1)hi(Yn, Bn) f(x0, Yn)
*hk:(xna an)hk(ym ﬁl)f(xna yO)
+hi(wo, 1) hi.(yo, B1) f (w0, yo)

-y s B o1 (5, 0551) £ (5), )
—hk (Yo, B1)hk—1(s, ait1) f(0(s), y0)|Ars

(A (Y5, Bi) -1 (5, 1)

el s (5 e (0 (5)35) e

n—l Yj+1
Z/ hk CEn,an)hk 1(t IBJ_H)f(.Tn,O'(t))
Yi

J=
—hi (o, a1)hg—1(t, Bjt1) f (w0, o ()] Aat

_ Z E_: /%Hl (i (4, ) hi—1(t, Bj+1)

—hp (i, 1) -1 (t, Bis1)] f(zi, o(t)) Agt

n—1ln—1

+ZZ/M1 /y]+1 hi—1(s, avi1)he—1(t, Bj41)

i=0 j=0

f(a(s),0(t))AgtAys|

DM ey (2, 1) i (g, aagn)]}

<K{Z
X{Z

DRy (g, Bien) +hiet (i1, Biv1)] -

(1)
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The inequality (1) is sharp in the sense that the
right side of (1) can not be replaced by a smaller
one.

The following lemma will be used to prove Theo-
rem 2.

Lemma 3 (Generalized Montgomery Identity)
Let

H(87 ta In7 Jn) = hk(sa ai—i—l)hk(tv /Bj-‘rl):

(Svt) € [xiami-O—l) X [yj7yj+1)7 i, j=0,1,...,n—1
(2)
Then we have
(92f( t)
/ / H(s,t, I, Jy) NN ——— = AgtAs

= Z Z(hk(x“ Oéz)*hk(xza alJrl))(hk(yj? BJ)

i=1 j=1

n—1

= (i, i) = (i, i) b (yo, B1) £ (i, yo)
=1

n—1

+ 3 h(@n, o) (i (Y5, B7) —hae (5, Bj41)) f (0, y5)

7=1
+hk($n7 an)hk(yna ﬁn)f(xm yn)

n—1

— >~ hu(wo, 1) (hi (g, By) =l (w5, Bi1)) f (0, y5)

=
—hi (0, 1) P (Yn, Bn) f (0, Yn)
_hk(xn an)hk(ym Bl)f($na yO)
+hi(zo, a1)hi(yo, B1) f (o, yo)

_ Z /'xi+1 [Pk (Yns Br)hi—1(s, ir1) f(0(8), yn)

—hi(yo, B1)hi—1(s, 2it1) f(o(s), yo)] Ars

n—1ln—1

DM

=0 j=1

Ti41

(i (Y55 B5) hie—1(8, cvig1)

—hy(y5, Bj1)he—1(s, air1)] f(o(s), yj) Ars

n—1

B Z /yj+1

i=0 vV Yj

xnaan hk l(t ﬁjJrl)f(xn’O-(t))

<
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—hy(z0, a1)hp—1(t, Bj11) f (20, 0 ()] Aot _nz_:lhk(xo ) (W1, Bi41) f (20, Yi11)
) 7 s MJ »d]
noln—l j=0
—ZZ/ [P (4, i) b1 (t, Bjv1) 1
i=1 j=0"Yi
17=0 =Y (el i) = (i, 1)y Bj1)
—hg (i, iy1)hg—1(t, Bjr1)] f(wi, 0 (1)) Aat i=1 j=0
n—1n—1 Tit1 Yjt1 n—1
+ZZ/ / hi—1(8, air1) i1 (t, Bjv1) F@i ) =Y (@, an)hie(yj, Bj1) f (2, ;)
i=0 j=0 5=0
Lo (t))AgtAys. 3 n-l1
f(o(s),0(t))AstAys (3) +Zhk(xo,oz1)hk(yj,ﬁj+1)f(wo,yj)
Proof. We have the following observation j=0
9 n—l egi
/ / Hs,t Iy, J) 2L G A ia s -3 / [ (s Bo) k1 (5, iy 1) F(0(5), )
AjsAgt i—0 Y i
n—1n—1 Yjt1 2 —hk(y(),Bl)hk,l(S,Qi_Fl)f(O'(S),y())]AIS
ZZ/ / hk(S,ai+1)hk(taﬁj+l)8Af(A t)A2tA13 n1n=l g
i=0 j=0 v —ZZ/ [hi(yj, Bi)hr—1(s, cviy1)
n—1ln-1 .. af( ) i=0 j=1"7i
i+1 $,Y;
— ZZ/ hk(s,ai+1)[hk(yj+1,ﬂj+l)#_ —hi(yj, Bj+1)hie—1(s, air1)] f(o(s),y;)Ars
i=0 j=0 v Ti n—1
Yj+1
0 S, 1; Yit+1 o 5,0 _ h s nh_ , B n
(Y5, Bia) féwyj)_/yj i (t, B ) - f(Als(—t))Aﬂ]AlS jz_;/yj (s el B fen, o0

—hi (2o, ar)hr—1(t, Bjv1) f(xo, o (t))]Aat

= {lhk(Tit1, dig1) f(@ig1, Yjg1) n—ln—1 ...
ZZ;]Z; 15 Qi1 +15 Yj+1 —ZZ/y e, ) en (. B

i=1 j= Yj
—hi (i, o) f (4, yn) | i (Y1, Big1) . (1 =0 (6 Ben ) A
- T, O — s Mg T, O
—hi(@ip, asm) (@i, v (@i, aon) f (26, y5)) P (Y5, Bia) ‘ TR R ?

n—1ln—1

Ti41 Yi+1
. +ZZ/ / hi—1(8, ait1)hi—1(t, Bjt1)
—/ hi—1(s, i) [ (Y41, Bj+1) f(0(8), yj+1) =00
i flo(s),o(t))AqstAys. (4)
hi(yj, Biv1) f(o(s),y;)]Ars On the other hand,
Yj+1
- hi—1(t, Bjr 1) [he (i1, 1) f (@i, 0 (1)) noinzl
/yf ’ DO (i, i) = hi(wi, i) iy, Bin)
_hk(xla ai+1)f(xi7 U(t))]A2t+ i=1 =0
z Y+ n—1
/mi /yj hier (8, Qi) (8 Bpa) f(0(s), 0 (8) AatArsy Yir )+ Y (@ o)1, Bi41) f (@ yign)
=0
n—1ln—1 no1
) O(hk(l'i,,Oéz‘)_hk(ﬂfi7ai—i—l))hk(yﬁ—ly5j+1)f(xi7yj+1) = hlwo, 1) hi(yse1, Bir) f (w0, yj1)
=1 j= =
n—1 n—1n—1
+ > h(@n, o) (Y1, Bi11) f (@n, yje1) O (i, i) = b, i)y, Bia)
j=0 =1 7=0
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n—1
F@i ) =Y ha(@n, on)hie(yj, Bj11) f (n, ;)
=0
n—1
+ > (o, o) (y5, Bj1) f (0, )
=0
n—1n—1
= Z Z(hk(mi’O‘i)_hk(xivaiJrl))(hk(yjaﬁj) hie (Y, Bjv1))
(i34 3 (o ), v ) s ) (1,3

- Z(hk(l’i, a;) — hg(xi, aiv1)) hi (Yo, B1) f (4, yo)

n—1

+ 3 h(@n, o) (e (Y5, B7) —hae(, Bj41)) f (0, y5)

j=1
+hk(1'm an)hk(yna ﬁn)f(xna yn)

n—1

— > (o, 1) (hi(ys, B5) =P (yj, Bi+1)) f (x0, y5)

=1
—hi(z0, 1) P (Yn, Bn) f (0, Yn)
—hi (2, an)hi (Yo, B1) f(2n, yo)

+hi(zo, a1)hi(yo, B1) f(xo, yo)- (5)

Combining (4) and (5) we obtain the desired re-
sult. g

Proof of Theorem 2. We deduce

b pd
/ / |H(S,t, InaJn)|A2tA18
n—1ln—1

_ Z Z/ /y]+1 |hi (s, iv1)hi(t, Bi)|AotAqs

i=0 j=0 " Ti

Ti+1 —
Z/ |hi (s, a1 )| Ars] Z/ |hi(t, B )| Aat]
i j=0

n—1

7{2/

Tip1
hk (s Otz+1)A15+/ hi (s, air1)Ars]}

Qi1

khk(t,ﬁjH)Azt-F/yHl hi(t, Bj+1)Ast]}

Bi+1
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n—1

—{Z/

L1

k+1hk (s OéH.l)AlS"‘/ hi(s, ama)Ars]}

Qi1

n—1

X{Z /7+1

Yji+1

1) (2, By Aot + / hi(t, Br1) Aat]}

B
n—1
= {Z (= 1) hgepr (2, Qi 1) H i1 (Tig1, @i1)]
=0
n—1

{Z[(_l)k+lhk+1(ij Bj+1) + b1 (yj41, Bj+1)] )
j=0
(6)
From (6) and Lemma 3 we can obtain the desired
inequality (1).
In order to prove the sharpness of (1), we take
n=1 k=1, a1 =0b, 1 =d, f(s,t) = st. Then
the left side of (1) becomes

VRS

(b a)/ (1) Aat + (d — ¢)(b— a)ac]

b d
oy / / o (s)o ()
b d
-y / / o(s) —
\//{ s— a2 [(t— )l ~ (o (s) —a)(t—c)
—c)(s—a)+ (s—a)(t —c)|}AstAys|
- / / {(s=aP21(t=2 - [s—a2(t—0)
Tt —c) ws—a)
d
= \(b—a)Q(d—c)2—(b—a)2/ (t —c)Aqt

—(d— C)Q/b(s aAls—i-// (t—c)(s—a)AqtAys|
\//tdsb[—//dtbsAgtAls
:/b (s—b)Als/d( — d)Agt

= hg(CL, b)hg(C, d)
On the other hand, since K = 1, the right side
of (1) becomes ha(a,b)ha(c,d), which implies (2)
holds for equality form, and hence the sharpness
of (1) is proved. O

b
(t)AgtAyrs — (d — c)/ co(s)Ays

—co(s) —ao(t) + ac]AqgtAys|

o(t) — c]AqxtAys|

(t—c)(s—a)]}AgtAys]|
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Remark 4 If we take n = 2, a1 = a, as =
b, 81 =c¢, Bo = d, then one can see that Lemma 3
will be reduced to [22, Lemma 2] after some com-
putations and simplification for the latter, which
is the foundation of [22, Theorem 3]. So in this
point, our Theorem 2 extends the result of [22,
Theorem 3.

From Theorem 2 we can obtain some particu-
lar Ostrowski type inequalities on time scales. For
example, if we take n =1, a7 = b, B1 = d, then
we have

b pd
’/ / hi—1(8,0)hg_1(t,d) f(o(s),0(t))AgtAys
b
—i—hk(c,d)/ hi—1(s,0)f(o(s),c)Ars

d
+hi(a,b) / hia (1, d) f(a, o (t)) At

hy(e, d)hi(a,b) fa, )| < Khyr1(a, by (c, c(i;.)

If we take n = 1, a1 = a, $1 = ¢, then we have

b d
| / / B 1 (5, )b (£, €) F(0(5), (1)) Aot Ar s

b
_hk(dvc)/ hi-1(s,a)f(o(s),d)Ars

d
—h (b, a) / hi_1(t,¢) f (b, o () Ast

+hi(d, c)hg(b,a)f(b,d)| < Khgi1(b,a)hki1(d, E;))
8
If we take n = 1, o = QTM, B =
c§d7 r1 =z, Yy =¥y, then we have
+d
[ et e oo o) 2105

- hH(s,%”)[hAd,#)f(a(s),d)

c+d
2
d
c+d
- [ e e
a+b
2
a+b
2

_hk(cﬂ )f(a(s),c)]Als

a+b
2

)f(a,0(t))]Agt

)f(b,a(t))

_hk(aa

c+d
2

c+d
2

+hi (b, )hie(d,

)£ (b, d)

_hk(a7

)hk(da )f(a7d)
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c+d

d
[(—1)k+1hk+1h2(c, ) + hir1ho(d,

)l
9)

In Theorem 2, if we take Ty, Ty for some spe-
cial time scales, then we immediately obtain the
following corollaries.

Corollary 5 (Continuous case) Let T1 = Ty =

Y

R in Theorem 2, then hy(t,s) = (t k's) , and we
obtain .

n—1ln—1

(i — aiq1)F

IZZ o)

i=1 j=1

yi — B k yi — B k

(( J o J) o ( J k!]+1) )f(%,yj)

.T,"—Ck‘k T; — Oy k — nk
+Z(( i o 2) _( i k!z—i-l) )[(yn k'ﬁ ) f(ﬂcl,yn)

—5j+1)k)
k!

k n-l . a7k .

0B oy (L
— zg — o)k
k:!f(x”’yj)_(ok:ll)

xn_ank n — nk
o B

Nk Ry
Amo = B )

Nk (. Ak
_($n k'an) (yO k'ﬁl) f(l'nyyO)

Nk ank
(wo k!al) (vo klﬁl) (20, %0)

f(zo,y;)]

+

n—1 T k—1 k
3 (s - n — Pn

=0

_ k
R

(s — 04z+1 k_l((yj — B))
1)! il

T

nlnl

ZO]l

gk
5 =B ljjﬂ) )f(s,y5)ds
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—

n—

Yi+t t - Bj-l—l k-t [(an - an)k
)! k!

M

f(@n,t)
j=0"Yi

o)k
—(“"“Ok,”f(xo,mdt

n—1ln—1

v t—ﬁ (i — aa)®
_ZZ/ ]+1' ((CL' k'a)

=1 7=0

(JZ _CVH-l) n—1n—1

- o flant)dt+Y )

=0 7=0

L(t—Bi) !
(k— 1)

)k+1

(s — aiy1)*~
- 1)

(@i —ay
< K{;[(—l)’” ]

f(s,t)dtds|

($i+1 - 04i+1)k+1

(k+ 1)

(3/j+1 - Bj+1)k+l
(k + 1)!

n—1
(i s Bl

=0

I}
(10)

02 f(s,t)

where K = e B

sup
a<s<b, c<t<d

Corollary 6 (Discrete case) Let Ty = To =
Z, a = my, b =mo, ¢ =ny, d = ng in The-
orem 2.1. Suppose that x; € [mi,malz, yi €
[nl,ng]z, 1 =0,1,..,k. I, :m =29 <11 <
e < Tp—1 < Ty = My is a dwision of [my, malz,
while J, 1 =y < y1 < ... < Ypo1 < Yp = N2
is a division of [n1,nelz. o € [xi—1,%|z, Bi €

[Yi—1,¥ilz, i =1,2,...,n. Then we have
n—1n—1 . a " o
i 0y i Qg1
()= (e )
i=1 j=

[< ngﬁj ) _ < Yi *]fj“ >]f(xz',yj)

()

f mzayn - ( yo;& >f($i7y0)]

>
(")
(" 5”) (")
")

(™
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n—1ln—1z;y1—1

22 )

1=0 j=1 s=x;

(S—%H >[< yj;

5 Vst

Ty — Qp

)i

1 )f(%’o,tJrl)]

1n—1Yj+1—1
_n — t—ﬁjﬂ [ T — oy
k
—1j=0 t=y;

) f(zn, t+1)

n—1ln—1it1—1yj+1—1

(@ t+D)+> D> >0 Y

) =0 j=0 s=z; t=y;

("
o (e )
)]}7

=0
(i)
(11)

where K denotes the mazimum value of the abso-
lute value of the difference Ay Aqf over [my,mo —
1]2 X [nl,ng — 1]2.

)f(s+1,t+1)|

Ti4+1 — Q41
k+1

il

Yj+1 — Bj+1
k41

- Bt
kE+1

n—1
{3 l(-1
7=0

t—s
k

we can easily get the desired result above.

Notice that hy(t,s) = for Vt, s € Z,
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Corollary 7 (Quantum calculus case) Let T
q11\107 TQ = qI;Oa a = q71711’ b= q71nQa c= q72117 d
qy* in Theorem 2.1, where my, ma, ni, N2
No and ¢ > 1, ¢ = 1,2. Suppose that x;
4™ a0, v € la2', %] oy @ = 0,1,
I, ™

3:‘mmll

=2 < T < ...
is a dwision of [g]"
Yo < Y1 < o < Ypo1 < Yn = ¢y isadi—
vision of [qgl,qSQ]qQNO. o; € [fEi—lﬂfi]qTov Bi €

[yi,l,yi]quo, 1=1,2,....,n. Then we have

< Tp-1 < Tp = q
,q{nQ}qTO, while J,, : =

2

n—1n—1 (l’z — ai+1)§1
|ZZ CER
RV B4k
& [k:]f!])qz - [kﬁgl)@]f (#i.97)
el (- a
+;[ BE [k |
N R
(O ) — 2 g 0]
n—1 (yj _ 5].)’;2 (yj - 6j+1)§2
+j:1[ [k]2! o [k]?! ]
, an k o — K
g ZE ) (O[k]l!l)qlf(xo’yj)
(:pn Ozn)lgl ( n Bn)];z
g e
(1‘ — )’;l ( n _Bn)]t;2
S )
Ty — Qp k B :
( [kt fu (0 [k]zﬂgl)@f (n:30)
(xo[/_f]?!) = [k]ﬁl)@f (o)

n—1

= > (o, 1) (hi(ys, B5) =P (yj, Bi+1)) f (x0, y5)

=1
—hi(xo, a1)hi(Yn, Bn) f(x0, Yn)
_hk($na an)hk(y07 Bl)f(xna yO)
+hy(zo, a1)hi(yo, B1) f(x0, yo)

—Z / s BV i1 (5, i) (0 (5)s )

—hi (Yo, B1)h—1(s, aiy1) f(o(s), yo)| Ars
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[P (v, By) Pie—1(8, cig1)

—hi(y5, Bj1)he—1(s, air1)] f(o(s), yj) Ars
n—1

Z/yﬁl hi (s )b —1(t, Bjr1) f(Tn, 0 (1))

j=0""Yi

—hi (o, ) hp—1(t, Bj+1) f(xo, 0 (t))]Agt
[zir1/(q12;)]
n— lo s _
. J(giz — o)kt
Z Q [k

—(q1 = 1)) wi{ —

=0 s=0

(3/0 - /31)](;‘2
[K]2!
n—1n—1 logf[ﬁm/(qm)] ( )k 1

(@17 — Qit1)q

i=0 j=1

R B 1)k
[(yg [k]f!a)qQ W [kf;f)qz]f(ﬁ“%yj)}

[( Bn)qu( s+1

e Fla5 s, o))}

7,7yn)_

log[yj+1/(¢12yj)] .
q —
! Z + (quj - fBj-H)qz !

L

t=0

n—1
—(2 = 1) Zyj{

(wo — al)l‘;l t+1
Wf(l"oy% 3/3)]}

Wj+1/(a2v5)]

—1n—-1  log _
—= o Z " (qéyj - 5j+1)f§2 !
“T R -1

- Gn
— e f (e 45 ) -

—(2=1)) > uid
i=1 j=0 =0
(i — ai)gy

[ (zi — Qis1)l)
[k]"!

[zi+1/(a125)] log([;ij+1/(‘12 ;)]

n—1n—1 logg,
o= > zy{ D >
s=0 t=0

i=0 j=0

(QQ?JJ ﬂj-i—l)];;l s+1

[k — 12! fla

al"‘l)fh
[k T

< K{Z
{Z

where K denotes the mazimum value of the abso-
lute value of the qiqo-difference Dy, q, f(t,s) over

(QT%
0 d5

vaq;+1 yjl}

~ i),
(B

az+1)§1 (Tit1

NG

k:—i—l

J}x

— Bjs1)s,
[k]Q!

— Bj+1)s,
(k]!

k+1 (yj+1

I}, (12)

[ql aQIm l]qNo
1
[q2 ) qu l]qNO ) and
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k—
(t—s)g = l_[(t—ql ) fors,t € ¢, i=1,2
ji
and k € Ny,
X k
(K] := T[] [j)q for k € No, i =1,2,
7j=1
[Klg; := ‘(1; I  €ER, ¢ #1, 1=1,2 and
k € Np.
—s k
Proof. Considering hy(t,s) := % for s,t €

q?o, 1 =1,2 and k € Ny, after simple calculations
we can get the desired result. O

Theorem 8 Under the conditions of Theorem 2,
if there exist constants Ky, Ko such that K1 <

< Kg fora<s<b, c<t<d, then we

Aq SAQt —

have the following inequality
n—1n—1
I (il ) = (i, 1)) (e, B5)
i=1 j=1

—hi(yj, Biv1)) f(wi, y5)

n—1
+ Z(hk(% ;) = he (35 1)) e (Y B ) [ (i yn)

n—1
- Z(hk(%', i) — hi(xi, ai1)) e (Yo, B1) f (i, Yo)
n—1

+ > hiel@n, an) (h(y;s B7) =i (yj, Bi+1)) f (@0, ;)

=1
+hk($n7 an)hk(yna /Bn)f(xna yn)
n—1
— > (o, 1) (i (95, B5) =Pk (5, B+1)) f (%0, y5)
=1
—hi(xo, a1)hi(Yn, Bn) f(x0, Yn)
—hi (2, an)hi (Yo, B1) f(2n, yo)
+hi (o, a1)hi(yo, B1) f (20, yo)

—-}{jjfx“l o (gms BVt (5, 651 £ ((5), )
a0, B (5, €41) (7 (5), o) Avs

[ (Y55 Bj) hi—1(s, i)

a5, By i a(s, 01011 F(0(5),55) D

nol oy
Z/ (i (2ps ) hi—1(t, Bj41) f(zn, o(t))

j=0"Yi
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—hg(z0, a1)he—1(t, Bj11) f (0, o (1)) Aot
[P (i, o) hi—1 (L, Bjg1)

—hp (@i, 1) hp—1(t, Bix1)] f(zs, 0(t)) Ast

n—1ln—1

Tit1 Yj+1
+ZZ/ / hi—1(s, aiy1)hi—1(t, Bj11)
i=0 j=0
flo(s),o(t))AxtAys
K+ K.
%{Z hk+1 x’b-‘rlval'f‘l) hk+1(95zvaz+1)]}
n—1
X{Z[hk+1(yj+1, 5j+1) - hk+1(ij8j+1)}}’
=0
<K2—K1 n—1

S {Z[(_l)k+1hk+1(xi7ai+1)+hk+1(xi+17OéiJrl)”’
i=0

X{Z UM 1 (955 Bj41)+hnga (g1, Bj+1)] -
(13)

Proof. According to the definition of

H(s,t, I, Jp,) in Lemma 3 we have

/ / H S t In,J )AQtAls

n—1ln—1

Tit1 yg+1
- Z/ / (S7ai+1)hk( ,,Bj+1)A2tA18
i=0 j=0 " %i Yj
n—1 n—1 yﬁ—l
Z/ (5 ) Aas]| Z/ (t, Bj+1)Ast]
1=0 i ]:0 Yj

Tit+1

(s ai+1)A18+/ hi.(s, ciy1)Ars]}

Q41

Yj+1
5]+1)A2t+/ hi(t, Bj1) Aat]}

Bi+1

S , QG Als—i—/ S Ozi_:,_l)AlS]}
(073N}

Yji+1

tﬁﬁlAﬁ+/' hi(t, Bj41) Dot]}

Bj+1

//BJ+1

= {Z P41 (it @ig1) — Iy (@4, i)}
1=0
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n—1

) w1 (yiens Bian) = hrsr (yj, 1))} (14)

J=0

2
We also have ](le; (23

_ K142rK2| < K2§K1 and
— M

b pd 2

AlsAQt 2

_ b pd
eI 1 e st 09

Then combining (6), (14) and (15) we obtain the
desired inequality (13). O

Remark 9 If we take T =To =R, n=2, k=
1, ap = a—i—)\b_7a, Qg = b—/\bga, 81 = c+
)\%, ﬂgzd—)\%, 1=z, y1 =y, where A €

[0, 1], then Theorem 8 reduces to [10, Theorem 4.

Remark 10 For Theorem 8, we can also obtain
similar results as shown in Corollary 5-7, which
are omitted here.

3 Conclusions

In this paper, we establish some new Ostrows-
ki type inequalities on time scales involving func-
tions of two independent variables for k? points,
which unify continuous and discrete analysis.
Some of the established results are sharp, and are
further improvements of some known results in
the literature.
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