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1 Introduction

Since Ostrowski established the famous Ostrows-
ki inequality in [1], various generalizations of the
ostrowski inequality including continuous and dis-
crete versions have been established in recent
years (for example, see [2-13] and the references
therein), which can be used to provide explicit
error bounds for some known and some new nu-
merical quadrature formulae. On the other hand,
Hilger[14] initiated the theory of time scales as a
theory capable of treating continuous and discrete
analysis in a consistent way, based on which some
authors have studied the Ostrowski type inequal-
ities on time scales (see [15-23]). The established
Ostrowski type inequalities on time scales unify
continuous and discrete analysis to some extent.

Our aim in this paper is to establish some new
Ostrowski type inequalities on time scales involv-
ing functions of two independent variables, which
on one hand extend some known results in the lit-
erature, on the other hand unify continuous and
discrete analysis.

We first give the following definition for fur-
ther use.

Definition 1 hk : T2 → R, k = 0, 1, 2, . . . are
defines by

hk+1(t, s) =

∫ t

s
hk(τ, s)∆τ, ∀s, t ∈ T,

where T is an arbitrary time scale, and h0(t, s) =
1.

Throughout this paper, R denotes the set of
real numbers and R+ = [0,∞), while Z denotes
the set of integers, and N0 denotes the set of non-
negative integers. For a function f and two inte-

gers m0, m1, we have
m1∑

s=m0

f = 0 provided m0 >

m1. T1, T2 denote two arbitrary time scales, and
for an interval [a, b], [a, b]Ti := [a, b]

∩
Ti, i = 1, 2.

Finally, for the sake of convenience, we denote the
forward jump operators on T1, T2 by σ uniformly.

2 Main Results

Theorem 2 Let a, b ∈ T1, c, d ∈ T2, f :∈
Crd([a, b]T1× [c, d]T2 ,R) such that the partial delta
derivative of order 2 exists and there exists a con-

stant K with sup
a<s<b, c<t<d

|∂
2f(s,t)

∆1s∆2t
| = K. Suppose

that xi ∈ [a, b]T1 , yi ∈ [c, d]T2 , i = 0, 1, ..., n,
where n ≥ 1 is an integer. In : a = x0 < x1 <
... < xn−1 < xn = b is a division of the in-
terval [a, b]T1, while Jn : c = y0 < y1 < ... <
yn−1 < yn = d is a division of the interval [c, d]T2.
αi ∈ [xi−1, xi]T1 , βi ∈ [yi−1, yi]T2 , i = 1, 2, ..., n.
Then we have
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|
n−1∑
i=1

n−1∑
j=1

(hk(xi, αi)− hk(xi, αi+1))(hk(yj , βj)

−hk(yj , βj+1))f(xi, yj)+
n−1∑
i=1

(hk(xi, αi)−hk(xi, αi+1))

hk(yn, βn)f(xi, yn)−
n−1∑
i=1

(hk(xi, αi)−hk(xi, αi+1))

hk(y0, β1)f(xi, y0) +
n−1∑
j=1

hk(xn, αn)(hk(yj ,βj)

−hk(yj , βj+1))f(xn, yj)+hk(xn, αn)hk(yn, βn)f(xn, yn)

−
n−1∑
j=1

hk(x0, α1)(hk(yj , βj)−hk(yj , βj+1))f(x0, yj)

−hk(x0, α1)hk(yn, βn)f(x0, yn)

−hk(xn, αn)hk(y0, β1)f(xn, y0)

+hk(x0, α1)hk(y0, β1)f(x0, y0)

−
n−1∑
i=0

∫ xi+1

xi

[hk(yn, βn)hk−1(s, αi+1)f(σ(s), yn)

−hk(y0, β1)hk−1(s, αi+1)f(σ(s), y0)]∆1s

−
n−1∑
i=0

n−1∑
j=1

∫ xi+1

xi

[hk(yj , βj)hk−1(s, αi+1)

−hk(yj , βj+1)hk−1(s, αi+1)]f(σ(s), yj)∆1s

−
n−1∑
j=0

∫ yj+1

yj

[hk(xn, αn)hk−1(t, βj+1)f(xn, σ(t))

−hk(x0, α1)hk−1(t, βj+1)f(x0, σ(t))]∆2t

−
n−1∑
i=1

n−1∑
j=0

∫ yj+1

yj

[hk(xi, αi)hk−1(t, βj+1)

−hk(xi, αi+1)hk−1(t, βj+1)]f(xi, σ(t))∆2t

+

n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

hk−1(s, αi+1)hk−1(t, βj+1)

f(σ(s), σ(t))∆2t∆1s|

≤ K{
n−1∑
i=0

[(−1)k+1hk+1(xi, αi+1)+hk+1(xi+1, αi+1)]}

×{
n−1∑
j=0

[(−1)k+1hk+1(yj , βj+1)+hk+1(yj+1, βj+1)]}.

(1)

The inequality (1) is sharp in the sense that the
right side of (1) can not be replaced by a smaller
one.

The following lemma will be used to prove Theo-
rem 2.

Lemma 3 (Generalized Montgomery Identity)
Let

H(s, t, In, Jn) = hk(s, αi+1)hk(t, βj+1),

(s, t) ∈ [xi, xi+1)× [yj , yj+1), i, j = 0, 1, ..., n− 1.
(2)

Then we have∫ b

a

∫ d

c
H(s, t, In, Jn)

∂2f(s, t)

∆1s∆2t
∆2t∆s

=
n−1∑
i=1

n−1∑
j=1

(hk(xi, αi)−hk(xi, αi+1))(hk(yj , βj)

−hk(yj , βj+1))f(xi, yj) +

n−1∑
i=1

(hk(xi, αi)

−hk(xi, αi+1))hk(yn, βn)f(xi, yn)

−
n−1∑
i=1

(hk(xi, αi)− hk(xi, αi+1))hk(y0, β1)f(xi, y0)

+

n−1∑
j=1

hk(xn, αn)(hk(yj , βj)−hk(yj , βj+1))f(xn, yj)

+hk(xn, αn)hk(yn, βn)f(xn, yn)

−
n−1∑
j=1

hk(x0, α1)(hk(yj , βj)−hk(yj , βj+1))f(x0, yj)

−hk(x0, α1)hk(yn, βn)f(x0, yn)

−hk(xn, αn)hk(y0, β1)f(xn, y0)

+hk(x0, α1)hk(y0, β1)f(x0, y0)

−
n−1∑
i=0

∫ xi+1

xi

[hk(yn, βn)hk−1(s, αi+1)f(σ(s), yn)

−hk(y0, β1)hk−1(s, αi+1)f(σ(s), y0)]∆1s

−
n−1∑
i=0

n−1∑
j=1

∫ xi+1

xi

[hk(yj , βj)hk−1(s, αi+1)

−hk(yj , βj+1)hk−1(s, αi+1)]f(σ(s), yj)∆1s

−
n−1∑
j=0

∫ yj+1

yj

[hk(xn, αn)hk−1(t, βj+1)f(xn, σ(t))
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−hk(x0, α1)hk−1(t, βj+1)f(x0, σ(t))]∆2t

−
n−1∑
i=1

n−1∑
j=0

∫ yj+1

yj

[hk(xi, αi)hk−1(t, βj+1)

−hk(xi, αi+1)hk−1(t, βj+1)]f(xi, σ(t))∆2t

+

n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

hk−1(s, αi+1)hk−1(t, βj+1)

f(σ(s), σ(t))∆2t∆1s. (3)

Proof . We have the following observation∫ b

a

∫ d

c
H(s, t, In, Jn)

∂2f(s, t)

∆1s∆2t
∆2t∆1s =

n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

hk(s, αi+1)hk(t, βj+1)
∂2f(s, t)

∆1s∆2t
∆2t∆1s

=
n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

hk(s, αi+1)[hk(yj+1, βj+1)
∂f(s, yj+1)

∆1s
−

hk(yj , βj+1)
∂f(s, yj)

∆1s
−
∫ yj+1

yj

hk−1(t, βj+1)
∂f(s, σ(t))

∆1s
∆2t]∆1s

=
n−1∑
i=0

n−1∑
j=0

{[hk(xi+1, αi+1)f(xi+1, yj+1)

−hk(xi, αi+1)f(xi, yj+1)]hk(yj+1, βj+1)

−[hk(xi+1, αi+1)f(xi+1, yj)−hk(xi, αi+1)f(xi, yj)]hk(yj , βj+1)

−
∫ xi+1

xi

hk−1(s, αi+1)[hk(yj+1, βj+1)f(σ(s), yj+1)

−hk(yj , βj+1)f(σ(s), yj)]∆1s

−
∫ yj+1

yj

hk−1(t, βj+1)[hk(xi+1, αi+1)f(xi+1, σ(t))

−hk(xi, αi+1)f(xi, σ(t))]∆2t+∫ xi+1

xi

∫ yj+1

yj

hk−1(s, αi+1)hk−1(t, βj+1)f(σ(s), σ(t))∆2t∆1s}

=

n−1∑
i=1

n−1∑
j=0

(hk(xi, αi)−hk(xi, αi+1))hk(yj+1, βj+1)f(xi, yj+1)

+
n−1∑
j=0

hk(xn, αn)hk(yj+1, βj+1)f(xn, yj+1)

−
n−1∑
j=0

hk(x0, α1)hk(yj+1, βj+1)f(x0, yj+1)

−
n−1∑
i=1

n−1∑
j=0

(hk(xi, αi)− hk(xi, αi+1))hk(yj , βj+1)

f(xi, yj)−
n−1∑
j=0

hk(xn, αn)hk(yj , βj+1)f(xn, yj)

+

n−1∑
j=0

hk(x0, α1)hk(yj , βj+1)f(x0, yj)

−
n−1∑
i=0

∫ xi+1

xi

[hk(yn, βn)hk−1(s, αi+1)f(σ(s), yn)

−hk(y0, β1)hk−1(s, αi+1)f(σ(s), y0)]∆1s

−
n−1∑
i=0

n−1∑
j=1

∫ xi+1

xi

[hk(yj , βj)hk−1(s, αi+1)

−hk(yj , βj+1)hk−1(s, αi+1)]f(σ(s), yj)∆1s

−
n−1∑
j=0

∫ yj+1

yj

[hk(xn, αn)hk−1(t, βj+1)f(xn, σ(t))

−hk(x0, α1)hk−1(t, βj+1)f(x0, σ(t))]∆2t

−
n−1∑
i=1

n−1∑
j=0

∫ yj+1

yj

[hk(xi, αi)hk−1(t, βj+1)

−hk(xi, αi+1)hk−1(t, βj+1)]f(xi, σ(t))∆2t

+

n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

hk−1(s, αi+1)hk−1(t, βj+1)

f(σ(s), σ(t))∆2t∆1s. (4)

On the other hand,

n−1∑
i=1

n−1∑
j=0

(hk(xi, αi)− hk(xi, αi+1))hk(yj+1, βj+1)

f(xi, yj+1)+

n−1∑
j=0

hk(xn, αn)hk(yj+1, βj+1)f(xn, yj+1)

−
n−1∑
j=0

hk(x0, α1)hk(yj+1, βj+1)f(x0, yj+1)

−
n−1∑
i=1

n−1∑
j=0

(hk(xi, αi)− hk(xi, αi+1))hk(yj , βj+1)
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f(xi, yj)−
n−1∑
j=0

hk(xn, αn)hk(yj , βj+1)f(xn, yj)

+
n−1∑
j=0

hk(x0, α1)hk(yj , βj+1)f(x0, yj)

=

n−1∑
i=1

n−1∑
j=1

(hk(xi, αi)−hk(xi, αi+1))(hk(yj , βj)−hk(yj , βj+1))

f(xi, yj)+
n−1∑
i=1

(hk(xi, αi)−hk(xi, αi+1))hk(yn, βn)f(xi, yn)

−
n−1∑
i=1

(hk(xi, αi)− hk(xi, αi+1))hk(y0, β1)f(xi, y0)

+

n−1∑
j=1

hk(xn, αn)(hk(yj , βj)−hk(yj , βj+1))f(xn, yj)

+hk(xn, αn)hk(yn, βn)f(xn, yn)

−
n−1∑
j=1

hk(x0, α1)(hk(yj , βj)−hk(yj , βj+1))f(x0, yj)

−hk(x0, α1)hk(yn, βn)f(x0, yn)

−hk(xn, αn)hk(y0, β1)f(xn, y0)

+hk(x0, α1)hk(y0, β1)f(x0, y0). (5)

Combining (4) and (5) we obtain the desired re-
sult. �
Proof of Theorem 2. We deduce∫ b

a

∫ d

c
|H(s, t, In, Jn)|∆2t∆1s

=
n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

|hk(s, αi+1)hk(t, βj+1)|∆2t∆1s

= [

n−1∑
i=0

∫ xi+1

xi

|hk(s, αi+1)|∆1s][

n−1∑
j=0

∫ yj+1

yj

|hk(t, βj+1)|∆2t]

= {
n−1∑
i=0

[

∫ αi+1

xi

(−1)khk(s, αi+1)∆1s+

∫ xi+1

αi+1

hk(s, αi+1)∆1s]}

×{
n−1∑
j=0

[

∫ βj+1

yj

(−1)khk(t, βj+1)∆2t+

∫ yj+1

βj+1

hk(t, βj+1)∆2t]}

= {
n−1∑
i=0

[

∫ xi

αi+1

(−1)k+1hk(s, αi+1)∆1s+

∫ xi+1

αi+1

hk(s, αi+1)∆1s]}

×{
n−1∑
j=0

[

∫ yj

βj+1

(−1)k+1hk(t, βj+1)∆2t+

∫ yj+1

βj+1

hk(t, βj+1)∆2t]}

= {
n−1∑
i=0

[(−1)k+1hk+1(xi, αi+1)+hk+1(xi+1, αi+1)]}×

{
n−1∑
j=0

[(−1)k+1hk+1(yj , βj+1) + hk+1(yj+1, βj+1)]}.

(6)
From (6) and Lemma 3 we can obtain the desired
inequality (1).

In order to prove the sharpness of (1), we take
n = 1, k = 1, α1 = b, β1 = d, f(s, t) = st. Then
the left side of (1) becomes

|
∫ b

a

∫ d

c
σ(s)σ(t)∆2t∆1s− (d− c)

∫ b

a
cσ(s)∆1s

−(b− a)

∫ d

c
aσ(t)∆2t+ (d− c)(b− a)ac|

= |
∫ b

a

∫ d

c
[σ(s)σ(t)− cσ(s)− aσ(t) + ac]∆2t∆1s|

= |
∫ b

a

∫ d

c
[σ(s)− a][σ(t)− c]∆2t∆1s|

= |
∫ b

a

∫ d

c
{[(s−a)2]∆s [(t−c)2]∆t − [(σ(s)−a)(t−c)

+(σ(t)− c)(s− a) + (s− a)(t− c)]}∆2t∆1s|

= |
∫ b

a

∫ d

c
{[(s−a)2]∆s [(t−c)2]∆t −[[(s−a)2]∆s (t−c)

+[(t− c)2]∆t (s− a)− (t− c)(s− a)]}∆2t∆1s|

= |(b− a)2(d− c)2 − (b− a)2
∫ d

c
(t− c)∆2t

−(d−c)2
∫ b

a
(s−a)∆1s+

∫ b

a

∫ d

c
(t−c)(s−a)∆2t∆1s|

= |
∫ b

a

∫ d

c
(t−d)(s−b)| =

∫ b

a

∫ d

c
(d−t)(b−s)∆2t∆1s

=

∫ a

b
(s− b)∆1s

∫ c

d
(t− d)∆2t

= h2(a, b)h2(c, d).

On the other hand, sinceK = 1, the right side
of (1) becomes h2(a, b)h2(c, d), which implies (2)
holds for equality form, and hence the sharpness
of (1) is proved. �
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Remark 4 If we take n = 2, α1 = a, α2 =
b, β1 = c, β2 = d, then one can see that Lemma 3
will be reduced to [22, Lemma 2] after some com-
putations and simplification for the latter, which
is the foundation of [22, Theorem 3]. So in this
point, our Theorem 2 extends the result of [22,
Theorem 3].

From Theorem 2 we can obtain some particu-
lar Ostrowski type inequalities on time scales. For
example, if we take n = 1, α1 = b, β1 = d, then
we have

|
∫ b

a

∫ d

c
hk−1(s, b)hk−1(t, d)f(σ(s), σ(t))∆2t∆1s

+hk(c, d)

∫ b

a
hk−1(s, b)f(σ(s), c)∆1s

+hk(a, b)

∫ d

c
hk−1(t, d)f(a, σ(t))∆2t

+hk(c, d)hk(a, b)f(a, c)| ≤ Khk+1(a, b)hk+1(c, d).
(7)

If we take n = 1, α1 = a, β1 = c, then we have

|
∫ b

a

∫ d

c
hk−1(s, a)hk−1(t, c)f(σ(s), σ(t))∆2t∆1s

−hk(d, c)
∫ b

a
hk−1(s, a)f(σ(s), d)∆1s

−hk(b, a)
∫ d

c
hk−1(t, c)f(b, σ(t))∆2t

+hk(d, c)hk(b, a)f(b, d)| ≤ Khk+1(b, a)hk+1(d, c).
(8)

If we take n = 1, α1 = a+ b
2 , β1 =

c+ d
2 , x1 = x, y1 = y, then we have

|
∫ b

a

∫ d

c

hk−1(s,
a+ b

2
)hk−1(t,

c+ d

2
)f(σ(s), σ(t))∆2t∆1s

−
∫ b

a
hk−1(s,

a+ b

2
)[hk(d,

c+ d

2
)f(σ(s), d)

−hk(c,
c+ d

2
)f(σ(s), c)]∆1s

−
∫ d

c
hk−1(t,

c+ d

2
)[hk(b,

a+ b

2
)f(b, σ(t))

−hk(a,
a+ b

2
)f(a, σ(t))]∆2t

+hk(b,
a+ b

2
)hk(d,

c+ d

2
)f(b, d)

−hk(a,
a+ b

2
)hk(d,

c+ d

2
)f(a, d)

−hk(b,
a+ b

2
)hk(c,

c+ d

2
)f(b, c)+

hk(a,
a+ b

2
)hk(c,

c+ d

2
)f(a, b)]|

≤ K[(−1)k+1hk+1(a,
a+ b

2
) + hk+1(b,

a+ b

2
)]

[(−1)k+1hk+1h2(c,
c+ d

2
) + hk+1h2(d,

c+ d

2
)].

(9)
In Theorem 2, if we take T1, T2 for some spe-

cial time scales, then we immediately obtain the
following corollaries.

Corollary 5 (Continuous case) Let T1 = T2 =

R in Theorem 2, then hk(t, s) =
(t− s)k

k!
, and we

obtain

|
n−1∑
i=1

n−1∑
j=1

(
(xi − αi)

k

k!
− (xi − αi+1)

k

k!
)

(
(yj − βj)

k

k!
− (yj − βj+1)

k

k!
)f(xi, yj)

+

n−1∑
i=1

(
(xi − αi)

k

k!
−(xi − αi+1)

k

k!
)[
(yn − βn)

k

k!
f(xi, yn)

−(y0 −β1)k

k!
f(xi, y0)]+

n−1∑
j=1

(
(yj −βj)k

k!
−(yj −βj+1)

k

k!
)

[
(xi − αn)

k

k!
f(xn, yj)−

(x0 − α1)
k

k!
f(x0, yj)]

+
(xn − αn)

k

k!

(yn − βn)
k

k!
f(xn, yn)

−(x0 − α1)
k

k!

(yn − βn)
k

k!
f(x0, yn)

−(xn − αn)
k

k!

(y0 − β1)
k

k!
f(xn, y0)

+
(x0 − α1)

k

k!

(y0 − β1)
k

k!
f(x0, y0)

−
n−1∑
i=0

∫ xi+1

xi

(s− αi+1)
k−1

(k − 1)!
[
(yn − βn)

k

k!
f(s, yn)

−(y0 − β1)
k

k!
f(s, y0)]ds

−
n−1∑
i=0

n−1∑
j=1

∫ xi+1

xi

(s− αi+1)
k−1

(k − 1)!
(
(yj − βj)

k

k!

−(yj − βj+1)
k

k!
)f(s, yj)ds
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−
n−1∑
j=0

∫ yj+1

yj

(t− βj+1)
k−1

(k − 1)!
[
(xn − αn)

k

k!
f(xn, t)

−(x0 − α1)
k

k!
f(x0, t)]dt

−
n−1∑
i=1

n−1∑
j=0

∫ yj+1

yj

(t− βj+1)
k−1

(k − 1)!
(
(xi − αi)

k

k!

−(xi − αi+1)
k

k!
)f(xi, t)dt+

n−1∑
i=0

n−1∑
j=0∫ xi+1

xi

∫ yj+1

yj

(s− αi+1)
k−1

(k − 1)!

(t− βj+1)
k−1

(k − 1)!
f(s, t)dtds|

≤ K{
n−1∑
i=0

[(−1)k+1 (xi − αi+1)
k+1

(k + 1)!
+
(xi+1 − αi+1)

k+1

(k + 1)!
]}×

{
n−1∑
j=0

[(−1)k+1 (yj − βj+1)
k+1

(k + 1)!
+
(yj+1 − βj+1)

k+1

(k + 1)!
]},

(10)

where K = sup
a<s<b, c<t<d

|∂
2f(s,t)
∂s∂t |.

Corollary 6 (Discrete case) Let T1 = T2 =
Z, a = m1, b = m2, c = n1, d = n2 in The-
orem 2.1. Suppose that xi ∈ [m1,m2]Z, yi ∈
[n1, n2]Z, i = 0, 1, ..., k. In : m1 = x0 < x1 <
... < xn−1 < xn = m2 is a division of [m1,m2]Z,
while Jn : n1 = y0 < y1 < ... < yn−1 < yn = n2
is a division of [n1, n2]Z. αi ∈ [xi−1, xi]Z, βi ∈
[yi−1, yi]Z, i = 1, 2, ..., n. Then we have

|
n−1∑
i=1

n−1∑
j=1

[

(
xi − αi

k

)
−
(
xi − αi+1

k

)
]

[

(
yj − βj
k

)
−
(
yj − βj+1

k

)
]f(xi, yj)

+

n−1∑
i=1

[

(
xi − αi

k

)
−
(
xi − αi+1

k

)
]

[

(
yn − βn

k

)
f(xi, yn)−

(
y0 − β1
k

)
f(xi, y0)]

+
n−1∑
j=1

[

(
yj − βj
k

)
−
(
yj − βj+1

k

)
]

[

(
xn − αn

k

)
f(xn, yj)−

(
x0 − α1

k

)
f(x0, yj)

+

(
xn − αn

k

)(
yn − βn

k

)
f(xn, yn)

−
(
x0 − α1

k

)(
yn − βn

k

)
f(x0, yn)

−
(
xn − αn

k

)(
y0 − β1
k

)
f(xn, y0)

+

(
x0 − α1

k

)(
y0 − β1
k

)
f(x0, y0)

−
n−1∑
i=0

xi+1−1∑
s=xi

(
s− αi+1

k − 1

)
[

(
yn − βn

k

)
f(s+1, yn)

−
(
y0 − β1
k

)
f(s+ 1, y0)]

−
n−1∑
i=0

n−1∑
j=1

xi+1−1∑
s=xi

(
s− αi+1

k − 1

)
[

(
yj − βj
k

)

−
(
yj − βj+1

k

)
]f(s+ 1, yj)

−
n−1∑
j=0

yj+1−1∑
t=yj

(
t− βj+1

k − 1

)
[

(
xn − αn

k

)
f(xn, t+1)

−
(
x0 − α1

k

)
f(x0, t+ 1)]

−
n−1∑
i=1

n−1∑
j=0

yj+1−1∑
t=yj

(
t− βj+1

k − 1

)
[

(
xi − αi

k

)

−
(
xi − αi+1

k

)
]f(xi, t+1)+

n−1∑
i=0

n−1∑
j=0

xi+1−1∑
s=xi

yj+1−1∑
t=yj(

s− αi+1

k − 1

)(
t− βj+1

k − 1

)
f(s+ 1, t+ 1)|

≤ K{
n−1∑
i=0

[(−1)k+1

(
xi − αi+1

k + 1

)
+

(
xi+1 − αi+1

k + 1

)
]}

×{
n−1∑
j=0

[(−1)k+1

(
yj − βj+1

k + 1

)
+

(
yj+1 − βj+1

k + 1

)
]},

(11)
where K denotes the maximum value of the abso-
lute value of the difference ∆1∆2f over [m1,m2−
1]Z × [n1, n2 − 1]Z.

Notice that hk(t, s) =

(
t− s
k

)
for ∀t, s ∈ Z,

we can easily get the desired result above.
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Corollary 7 (Quantum calculus case) Let T1 =

qN0
1 , T2 = qN0

2 , a = qm1
1 , b = qm2

1 , c = qn1
2 , d =

qn2
2 in Theorem 2.1, where m1, m2, n1, n2 ∈
N0 and qi > 1, i = 1, 2. Suppose that xi ∈
[qm1
1 , qm2

1 ]
q
N0
1
, yi ∈ [qn1

2 , qn2
2 ]

q
N0
2
, i = 0, 1, ..., n.

In : qm1
1 = x0 < x1 < ... < xn−1 < xn = qm2

1
is a division of [qm1

1 , qm2
1 ]

q
N0
1
, while Jn : qn1

2 =

y0 < y1 < ... < yn−1 < yn = qn2
2 is a di-

vision of [qn1
2 , qn2

2 ]
q
N0
2
. αi ∈ [xi−1, xi]qN01

, βi ∈
[yi−1, yi]qN02

, i = 1, 2, ..., n. Then we have

|
n−1∑
i=1

n−1∑
j=1

[
(xi − αi)

k
q1

[k]1!
−

(xi − αi+1)
k
q1

[k]1!
]

[
(yj − βj)

k
q2

[k]2!
−

(yj − βj+1)
k
q2

[k]2!
]f(xi, yj)

+

n−1∑
i=1

[
(xi − αi)

k
q1

[k]1!
−

(xi − αi+1)
k
q1

[k]1!
]

[
(yn − βn)

k
q2

[k]2!
f(xi, yn)−

(y0 − β1)
k
q2

[k]2!
f(xi, y0)]

+

n−1∑
j=1

[
(yj − βj)

k
q2

[k]2!
−

(yj − βj+1)
k
q2

[k]2!
]

[
(xn − αn)

k
q1

[k]1!
f(xn, yj)−

(x0 − α1)
k
q1

[k]1!
f(x0, yj)

+
(xn − αn)

k
q1

[k]1!

(yn − βn)
k
q2

[k]2!
f(xn, yn)

−
(x0 − α1)

k
q1

[k]1!

(yn − βn)
k
q2

[k]2!
f(x0, yn)

−
(xn − αn)

k
q1

[k]1!

(y0 − β1)
k
q2

[k]2!
f(xn, y0)

+
(x0 − α1)

k
q1

[k]1!

(y0 − β1)
k
q2

[k]2!
f(x0, y0)

−
n−1∑
j=1

hk(x0, α1)(hk(yj , βj)−hk(yj , βj+1))f(x0, yj)

−hk(x0, α1)hk(yn, βn)f(x0, yn)

−hk(xn, αn)hk(y0, β1)f(xn, y0)

+hk(x0, α1)hk(y0, β1)f(x0, y0)

−
n−1∑
i=0

∫ xi+1

xi

[hk(yn, βn)hk−1(s, αi+1)f(σ(s), yn)

−hk(y0, β1)hk−1(s, αi+1)f(σ(s), y0)]∆1s

−
n−1∑
i=0

n−1∑
j=1

∫ xi+1

xi

[hk(yj , βj)hk−1(s, αi+1)

−hk(yj , βj+1)hk−1(s, αi+1)]f(σ(s), yj)∆1s

−
n−1∑
j=0

∫ yj+1

yj

[hk(xn, αn)hk−1(t, βj+1)f(xn, σ(t))

−hk(x0, α1)hk−1(t, βj+1)f(x0, σ(t))]∆2t

−(q1 − 1)

n−1∑
i=0

xi{
log

[xi+1/(q1xi)]
q1∑

s=0

qs1
(qs1xi − αi+1)

k−1
q1

[k − 1]1!

[
(yn − βn)

k
q2

[k]2!
f(qs+1

1 xi, yn)−
(y0 − β1)

k
q2

[k]2!
f(qs+1

1 xi, y0)]}

−(q1−1)

n−1∑
i=0

n−1∑
j=1

xi{
log

[xi+1/(q1xi)]
q1∑

s=0

qs1
(qs1xi − αi+1)

k−1
q1

[k − 1]1!

[
(yj − βj)

k
q2

[k]2!
−

(yj − βj+1)
k
q2

[k]2!
]f(qs+1

1 xi, yj)}

−(q2 − 1)
n−1∑
j=0

yj{
log

[yj+1/(q2yj)]
q1 ∑

t=0

qt2
(qt2yj − βj+1)

k−1
q2

[k − 1]2!

[
(xn − αn)

k
q1

[k]1!
f(xn, q

t+1
2 yj)−

(x0 − α1)
k
q1

[k]1!
f(x0, q

t+1
2 yj)]}

−(q2−1)
n−1∑
i=1

n−1∑
j=0

yj{
log

[yj+1/(q2yj)]
q1 ∑

t=0

qt2
(qt2yj − βj+1)

k−1
q2

[k − 1]2!

[
(xi − αi)

k
q1

[k]1!
−

(xi − αi+1)
k
q1

[k]1!
]f(xi, q

t+1
2 yj)}

+(q1−1)(q2−1)

n−1∑
i=0

n−1∑
j=0

xiyj{
log

[xi+1/(q1xi)]
q1∑

s=0

log
[yj+1/(q2yj)]
q1 ∑

t=0

qs1q
t
2

(qs1xi − αi+1)
k−1
q1

[k − 1]1!

(qt2yj − βj+1)
k−1
q2

[k − 1]2!
f(qs+1

1 xi, q
t+1)yj

2 |}

≤ K{
n−1∑
i=0

[(−1)k+1
(xi − αi+1)

k
q1

[k]1!
+
(xi+1 − αi+1)

k
q1

[k]1!
]}×

{
n−1∑
i=0

[(−1)k+1
(yj − βj+1)

k
q2

[k]2!
+
(yj+1 − βj+1)

k
q2

[k]2!
]}, (12)

where K denotes the maximum value of the abso-
lute value of the q1q2-difference Dq1q2f(t, s) over

[qm1
1 , qm2−1

1 ]
q
N0
1

×[qn1
2 , qn2−1

2 ]
q
N0
2
, and

WSEAS TRANSACTIONS on MATHEMATICS Qinghua Feng, Fanwei Meng

E-ISSN: 2224-2880 309 Issue 4, Volume 11, April 2012



(t− s)kqi :=
k−1∏
j=0

(t− qji s) for s, t ∈ qN0
i , i = 1, 2

and k ∈ N0,

[k]i! :=
k∏

j=1
[j]qi for k ∈ N0, i = 1, 2,

[k]qi :=
qki −1
qi−1 for qi ∈ R, qi ̸= 1, i = 1, 2 and

k ∈ N0.

Proof . Considering hk(t, s) :=
(t−s)kqi
[k]i!

for s, t ∈
qN0
i , i = 1, 2 and k ∈ N0, after simple calculations
we can get the desired result. �

Theorem 8 Under the conditions of Theorem 2,
if there exist constants K1, K2 such that K1 ≤
∂2f(s,t)
∆1s∆2t

≤ K2 for a < s < b, c < t < d, then we
have the following inequality

|
n−1∑
i=1

n−1∑
j=1

(hk(xi, αi)− hk(xi, αi+1))(hk(yj , βj)

−hk(yj , βj+1))f(xi, yj)

+

n−1∑
i=1

(hk(xi, αi)−hk(xi, αi+1))hk(yn, βn)f(xi, yn)

−
n−1∑
i=1

(hk(xi, αi)− hk(xi, αi+1))hk(y0, β1)f(xi, y0)

+
n−1∑
j=1

hk(xn, αn)(hk(yj , βj)−hk(yj , βj+1))f(xn, yj)

+hk(xn, αn)hk(yn, βn)f(xn, yn)

−
n−1∑
j=1

hk(x0, α1)(hk(yj , βj)−hk(yj , βj+1))f(x0, yj)

−hk(x0, α1)hk(yn, βn)f(x0, yn)

−hk(xn, αn)hk(y0, β1)f(xn, y0)

+hk(x0, α1)hk(y0, β1)f(x0, y0)

−
n−1∑
i=0

∫ xi+1

xi

[hk(yn, βn)hk−1(s, αi+1)f(σ(s), yn)

−hk(y0, β1)hk−1(s, αi+1)f(σ(s), y0)]∆1s

−
n−1∑
i=0

n−1∑
j=1

∫ xi+1

xi

[hk(yj , βj)hk−1(s, αi+1)

−hk(yj , βj+1)hk−1(s, αi+1)]f(σ(s), yj)∆1s

−
n−1∑
j=0

∫ yj+1

yj

[hk(xn, αn)hk−1(t, βj+1)f(xn, σ(t))

−hk(x0, α1)hk−1(t, βj+1)f(x0, σ(t))]∆2t

−
n−1∑
i=1

n−1∑
j=0

∫ yj+1

yj

[hk(xi, αi)hk−1(t, βj+1)

−hk(xi, αi+1)hk−1(t, βj+1)]f(xi, σ(t))∆2t

+
n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

hk−1(s, αi+1)hk−1(t, βj+1)

f(σ(s), σ(t))∆2t∆1s

−K1 +K2

2
{
n−1∑
i=0

[hk+1(xi+1, αi+1)−hk+1(xi, αi+1)]}

×{
n−1∑
j=0

[hk+1(yj+1, βj+1)− hk+1(yj , βj+1)]}|

≤K2−K1

2
{
n−1∑
i=0

[(−1)k+1hk+1(xi, αi+1)+hk+1(xi+1, αi+1)]}

×{
n−1∑
j=0

[(−1)k+1hk+1(yj , βj+1)+hk+1(yj+1, βj+1)]}.

(13)

Proof . According to the definition of
H(s, t, In, Jn) in Lemma 3 we have∫ b

a

∫ d

c
H(s, t, In, Jn)∆2t∆1s

=

n−1∑
i=0

n−1∑
j=0

∫ xi+1

xi

∫ yj+1

yj

hk(s, αi+1)hk(t, βj+1)∆2t∆1s

= [
n−1∑
i=0

∫ xi+1

xi

hk(s, αi+1)∆1s][
n−1∑
j=0

∫ yj+1

yj

hk(t, βj+1)∆2t]

= {
n−1∑
i=0

[

∫ αi+1

xi

hk(s, αi+1)∆1s+

∫ xi+1

αi+1

hk(s, αi+1)∆1s]}

×{
n−1∑
j=0

[

∫ βj+1

yj

hk(t, βj+1)∆2t+

∫ yj+1

βj+1

hk(t, βj+1)∆2t]}

= {
n−1∑
i=0

[−
∫ xi

αi+1

hk(s, αi+1)∆1s+

∫ xi+1

αi+1

hk(s, αi+1)∆1s]}

×{
n−1∑
j=0

[−
∫ yj

βj+1

hk(t, βj+1)∆2t+

∫ yj+1

βj+1

hk(t, βj+1)∆2t]}

= {
n−1∑
i=0

[hk+1(xi+1, αi+1)− hk+1(xi, αi+1)]}
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×{
n−1∑
j=0

[hk+1(yj+1, βj+1)− hk+1(yj , βj+1)]}. (14)

We also have |∂
2f(s,t)

∆1s∆2t
− K1+K2

2 | ≤ K2−K1
2 , and

|
∫ b

a

∫ d

c
H(s, t, In, Jn)(

∂2f(s, t)

∆1s∆2t
−K1 +K2

2
)∆2t∆1s|

≤ K2 −K1

2

∫ b

a

∫ d

c
|H(s, t, In, Jn)|∆2t∆1s. (15)

Then combining (6), (14) and (15) we obtain the
desired inequality (13). �

Remark 9 If we take T1 = T2 = R, n = 2, k =
1, α1 = a + λ b−a

2 , α2 = b − λ b−a
2 , β1 = c +

λd−c
2 , β2 = d− λd−c

2 , x1 = x, y1 = y, where λ ∈
[0, 1], then Theorem 8 reduces to [10, Theorem 4].

Remark 10 For Theorem 8, we can also obtain
similar results as shown in Corollary 5-7, which
are omitted here.

3 Conclusions

In this paper, we establish some new Ostrows-
ki type inequalities on time scales involving func-
tions of two independent variables for k2 points,
which unify continuous and discrete analysis.
Some of the established results are sharp, and are
further improvements of some known results in
the literature.
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[23] W. Liu, Q. A. Ngô, A generalization of Os-
trowski inequality on time scales for k points,
Appl. Math. Comput., Vol.203, 2008, pp.754-
760.

WSEAS TRANSACTIONS on MATHEMATICS Qinghua Feng, Fanwei Meng

E-ISSN: 2224-2880 312 Issue 4, Volume 11, April 2012




