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Abstract: This paper is concerned with the problem of robust static output feedback guaranteed cost control for
a class of nonlinear discrete systems with mixed time-varying delays. The proposed controller uses the output
measurement to robustly exponentially stabilize the closed-loop system and guarantee an adequate level of system
performance. By constructing a set of improved Lyapunov-Krasovskii functionals, novel criteria for the existence
of robust output feedback guaranteed cost controller are established in terms of linear matrix inequality (LMI).
Two numerical examples are given to illustrate the effectiveness of the proposed methods.
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1 Introduction
Over the past few decades, time-delays have been
greatly considered in dynamical systems. Time-delay
often appears in many areas such as chemical sys-
tems, air-craft stabilization, communication systems,
population dynamic models, automatic control sys-
tems, neural networks, metallurgical processing sys-
tems and so on. It is well known that the existence of
time-delays in many cases lead to poor system perfor-
mance, and even cause system instability. Therefore,
stability analysis for time-delay systems have been in-
vestigated by many researchers over the past years
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. [1, 2, 3, 4, 5, 6]
deals with constant delays, and [7, 8, 9, 10, 11, 12]
studies the problem of time-varying delays, or mixed
time-varying delays, which being more complicated.

On the other hand, the problem of designing con-
trollers for time-delay systems has drawn consider-
able attention especially designing robust controllers.
A great deal of effort has been directed towards find-
ing a controller in order to guarantee robust stability
[13, 14, 15, 16, 17]. However, in many practical sys-
tems, it is desirable to design control systems which
are not only asymptotically or exponentially stable but
can also guarantee an adequate level of system per-
formance. One method of dealing with this problem
is the guaranteed cost control. Moreover, it has the
advantage of providing an upper bound on a given
system performance index and thus the system per-
formance degradation incurred by the uncertainties or

nonlinearities is guaranteed to be not more than this
bound. Bases on this idea, a lot of significant results
have been addressed for continuous-time systems in
[18, 19, 20], and for discrete-time systems in [21, 22].
When the time-delay is time-varying delays [23] or
interval time-varying delays [24, 25], even is mixed
time-varying delays [26], the situation turn to more
complicated.

In the past studies for guaranteed cost control, al-
most most of the articles considered linear systems
[16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. How-
ever, in majority dynamic systems, the nonlinear per-
turbations appears more and more frequently. There-
fore, we not only deal with the time-varying delays,
uncertainties, but also deal with the nonlinearities, dif-
ficulties then arise when on attempts to derive expo-
nential stabilization conditions in order to find con-
troller parameters. And in the past studies, the de-
lay appears in nonlinear perturbations always keep
consistent with delay in state vector, however in ac-
tual system, there exists inconsistent phenomenon.
Hence in this case, the methods in linear systems
[21, 22, 26, 27] can not directed applied to nonlin-
ear systems. This calls for a fresh look at the prob-
lem with a improved Lyapunov-Krasovskii function-
als and a new set of LMI conditions.

In this paper, we aim to design robust static out-
put feedback guaranteed cost controller for a class of
uncertain discrete systems with mixed time-varying
delays and nonlinear perturbations, where the state
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and output are subjected to interval time-varying de-
lays. By constructing a set of improved Lyapunov-
Krasovskii functionals, novel criteria for the existence
of robust static output feedback guaranteed cost con-
trollers are established in terms of linear matrix in-
equality (LMI). Two numerical examples are provided
to show the effectiveness of the proposed method.

Notations: Throughout this paper, Rn denotes the
n-dimensional Euclidian space, Rn×r is the set of
n × r real matrices, I represents the identity matrix.
AT denotes the transpose of A, a matrix A is sym-
metric if A = AT , λmax(A) (respectively, λmin(A))
denotes the maximum (respectively,minimum) value
of the real parts of eigenvalues of A. The symmetric
terms in a matrix are denoted by ∗. X > 0 (respec-
tivelyX ≥ 0), forX ∈ Rn×n means that the matrix is
real symmetric positive definite (respectively,positive
semi definite). N+ denotes the set of all real non-
negative integers, the scalar product of two vectors x,
y is denoted by xT y and xk denotes the segment of the
solution x(k) on [−τ,−τ + 1, . . . , 0] with the norm
∥xk∥ = max{∥x(k − τ)∥, . . . , ∥x(k∥}. Matrices, if
not explicitly specified, are assumed to have compati-
ble dimensions.

2 Preliminaries
Consider the following uncertain discrete-time system
with mixed time-varying delays and nonlinear pertur-
bations:

x(k + 1) = [A+∆A]x(k) + [A1 +∆A1]x(k

− d(k)) + [B +∆B]u(k) + [F +∆F ]f(x(k))

+ [G+∆G]g(x(k − h(k))),
y(k) = Cx(k) + C1x(k − d(k))
+ C2x(k − h(k)), k ∈ N+,

x(k) = φk, k = −σ,−σ + 1, . . . , 0,
(1)

where x(k) ∈ Rn is the state vector, y(k) ∈ Rr is the
observation output, u(k) ∈ Rm is the control input.
A, A1, B, F , G, C, C1, C2 are given constant ma-
trices with appropriate dimensions. ∆A, ∆A1, ∆B,
∆F , ∆G are the time-varying parameter uncertainties
that are assumed to satisfy the following admissible
condition:

[∆A∆A1∆B∆F∆G] =MH(k)[N1N2N3N4N5],
(2)

HT (k)H(k) 6 I, ∀k ∈ N+, (3)

where M , N1, N2, N3, N4, N5 are constant matri-
ces with appropriate dimensions. The positive inte-
gers d(k) and h(k) are time-varying delays satisfying:

0 < d1 ≤ d(k) ≤ d2, (4)

0 < h1 ≤ h(k) ≤ h2, (5)

where d1, d2, h1, h2 are known positive integers.
f(x(k)) ∈ Rn, and g(x(k − h(k))) ∈ Rn are un-
known nonlinear perturbations with respect to x(k)
and x(k − h(k)), respectively, assumed as

fT (x(k))f(x(k)) 6 β21x
T (k)x(k), (6)

gT (x(k − h(k)))g(x(k − h(k)))
6 β22x

T (k − h(k))x(k − h(k)),
(7)

where β1, β2 are known positive integers.
The initial condition

φ = (φ−σ, φ−σ+1, . . . , φ0) ∈ R(σ+1)n

with the norm

∥φ∥ = max{∥x(−σ)∥, . . . , ∥x(0)∥}, (8)

where σ = max{h2, d2}.
Associated with the system (1) is the following

cost function:

J =

∞∑
k=0

(xT (k)Sx(k) + xT (k − d(k))S1x(k

− d(k)) + xT (k − h(k))S2x(k − h(k))
+ uT (k)Ru(k)),

(9)

where S, S1, S2, R are given symmetric positive def-
inite matrices with appropriate dimensions.

Suppose the system output is available for feed-
back, the problem under consideration in this paper
is to design an output feedback controller u(k) =
Ky(k) for system (1) such that for any admissible un-
certain matrix H(k), the resulting closed-loop system
is robustly exponentially stable with an upper bound
for the cost function (9). The corresponding closed-
loop system described as follows:

x(k + 1) = [Ã+ B̃KC]x(k) + [Ã1 + B̃KC1]

× x(k − d(k)) + B̃KC2x(k − h(k))
+ F̃ f(x(k)) + G̃g(x(k − h(k))),

(10)
where Ã = A+∆A, Ã1 = A1+∆A1, B̃ = B+∆B,
F̃ = F +∆F , G̃ = G+∆G.

Before ending this section, we introduce the fol-
lowing definitions and lemmas:

Definition 1 Given α > 0, the closed-loop system
(10) is said to be robustly exponentially stable with
a decay rate α, if there exists scalars µ > 0 such that
for every solution x(k, ϕ) of the system the following
inequality holds:

∥x(k, ϕ)∥ ≤ µe−αk∥ϕ∥, ∀k ∈ N+.
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Definition 2 For system (1) and cost function (9), if
there exist a output feedback control law u∗(k) =
Ky(k) and a positive constant J∗ such that the
closed-loop system (10) is robustly exponentially sta-
ble with a decay rate α and the value (9) satisfies
J ≤ J∗, then the value J∗ is said to be a guaran-
teed cost constant, u∗(k) is said to be a robustly out-
put feedback guaranteed cost control law of the system
and its corresponding cost function.

Lemma 3 For any x, y ∈ Rn and positive symmetric
definite matrix W ∈ Rn×n, we have

±2xT y ≤ xTWx+ yTW−1y.

Lemma 4 [17] Let A, E, H and F be real matrices
of appropriate dimensions and F TF ≤ I , then we
have:
(a) For any scalar ρ > 0 : EFH + HTF TET ≤
ρEET + ρ−1HTH .
(b) For any matrix P > 0 and scalar ϵ > 0 satisfying
P − ϵEET > 0 :

(A+ EFH)TP−1(A+ EFH)

≤ AT (P − ϵEET )−1A+ ϵ−1HTH.

Lemma 5 (Schur Complement[11]) Given constant
matrices S1, S2, S3 with appropriate dimensions,
where S1 = ST

1 , S2 = ST
2 , then S1 + ST

3 S
−1
2 S3 < 0

if and only if(
S1 ST

3

S3 −S2

)
< 0 or

(
−S2 S3
ST
3 S1

)
< 0.

3 Main Results
In this section, we will investigate a sufficient condi-
tion for the existence of robust output feedback guar-
anteed cost control for system (1) by the Lyapunov
function method. Before introducing main result, the
notations of several matrix variables are defined for
simplicity.

Let us denote

Π1 =

Θ11 Θ12 0
∗ Θ22 Θ23

∗ ∗ −Q1

 ,

Π14 =
(
∆T 0 0

)T
,

Π2 = diag{−Q2,−ε1I,−ε2I},
Π3 = −(W1 + 3R),

Π13 =
(
W2C 0 0

)T
,

Π15 =

 0 0 0
eαNB eαd2NB eαh2NB

0 0 0

 ,

Π16 =

 0 0 0 0 0
NF NG NM NM NM
0 0 0 0 0

 ,

Π5 = diag{−(W1 − ϵNT
3 N3),−(W1 − ϵNT

3 N3),

− (W1 − ϵNT
3 N3)},

Π4 = diag{−(d2 − d1 + 1)(W1 + 3R),

− (h2 − h1 + 1)(W1 + 3R)},
Π6 = diag{−(I − ϵNT

4 N4),−(I − ϵNT
5 N5),

− ϵ/(e2αd2 + e2α + e2αh2 + 2),−0.5a1e−α,

− 0.5a2e
−α(d2+1)},

Θ11 =−P+(d2−d1+1)(Q1+e
2αd2S1)+(h2−h1+1)

[Q2 + e2αh2S2 + β22(e
2α(1+h2) + ε2e

2αh2)I]

+ β21(e
2α + ε1)I + S + 2a1e

αNT
1 N1

+ 2(d2 − d1 + 1)eα(d2+1)a2N
T
2 N2,

Θ22 = P−(N+NT ), Θ12 = 0.5eα(NA+ATNT ),

Θ23 = 0.5eα(d2+1)(NA1 +AT
1N

T ),

∆ = (∆1 ∆2), ∆1 = (d2 − d1 + 1)eαd2CT
1 W

T
2 ,

∆2 = (h2 − h1 + 1)eαh2CT
2 W

T
2 ,

R1 = e2αCT
1 K

TW1KC1 + 3e2αd2CT
1 K

TRKC1

+ e2αd2S1 + 2eα(1+d2)a2N
T
2 N2,

R2 = β22e
2α(1+h2)I + e2αh2S2 + e2αCT

2 K
TW1KC2

+ ε2β
2
2e

2αh2I + 3e2αh2CT
2 K

TRKC2,

λ1 = λmin(P ),

λ2 = λmax(P ) + (d2 + d22)[λmax(Q1) + λmax(R1)]

+ (h2 + h22)[λmax(Q2) + λmax(R2)].

Theorem 6 For given scalar α > 0, the control
u(k) = Ky(k) is a robustly output feedback guar-
anteed cost controller for nonlinear uncertain system
(1), if there exist symmetric positive definite matrices
P , Qi, i = 1, 2, W1, W2, an arbitrary matrix N and
scalars ϵ > 0, a1 > 0, a2 > 0, ε1 ≥ 0, ε2 ≥ 0 such
that the following LMI holds:

Π1 0 Π13 Π14 Π15 Π16

∗ Π2 0 0 0 0
∗ ∗ Π3 0 0 0
∗ ∗ ∗ Π4 0 0
∗ ∗ ∗ ∗ Π5 0
∗ ∗ ∗ ∗ ∗ Π6

 < 0, (11)

WSEAS TRANSACTIONS on MATHEMATICS Yan Zhang, Yali Dong, Tianrui Li

E-ISSN: 2224-2880 875 Volume 13, 2014



and the guaranteed cost value is given by J∗ =
λ2∥ϕ∥2. Moreover, the controller parameter K is de-
signed by K = (W1 + 3R)−TW2.

Proof: First introduce the new variable z(k) =
eαkx(k). The closed-loop system (10) is turned to

z(k + 1) = [Ã+ B̃KC]eαz(k)

+[Ã1 + B̃KC1]e
α(d(k)+1)z(k − d(k))

+F̃ eα(k+1)f̄(z(k))

+B̃KC2e
α(h(k)+1)z(k − h(k))

+G̃eα(k+1)ḡ(z(k − h(k))),

where f̄(z(k)) = f( z(k)
eαk ) and

ḡ(z(k − h(k))) = g(
z(k − h(k))
eα(k−h(k))

).

Associated with (2), the above equality is reduced
to

z(k + 1) = [Ā+ B̄(k)KC̄(k)]z(k) + [Ā1(k)

+ B̄(k)KC̄1(k)]z(k − d(k)) + F̄ (k)f̄(z(k))

+ B̄(k)KC̄2(k)z(k − h(k))
+ Ḡ(k)ḡ(z(k − h(k)),

(12)

where

Ā = eα[A+MH(k)N1],

Ā1(k) = eα(d(k)+1))[A1 +MH(k)N2],

B̄(k) = eα(k+1)[B +MH(k)N3],

C̄(k) = e−αkC,

C̄1(k) = e−α(k+d(k))C1,

C̄2(k) = e−α(k+h(k))C2,

F̄ (k) = eα(k+1)[F +MH(k)N4],

Ḡ(k) = eα(k+1)[G+MH(k)N5].

The inequalities (6), (7) turn to, respectively,

f̄T (z(k))f̄(z(k)) ≤ β21e−2αkzT (k)z(k), (13)

ḡT (z(k − h(k)))ḡ(z(k − h(k)))
≤ β22e−2α(k−h(k))zT (k − h(k))z(k − h(k)).

(14)

For system (12), choose the following Lyapunov-
Krasovskii functional candidate

V (k) =
5∑

i=1

Vi(k), (15)

where

V1(k) = zT (k)Pz(k),

V2(k) =
k−1∑

i=k−d(k)

zT (i)Q1z(i) +
k−1∑

i=k−h(k)

zT (i)Q2z(i),

V3(k) =

−d1+1∑
j=−d2+2

k−1∑
i=k+j−1

zT (i)Q1z(i)

+

−h1+1∑
j=−h2+2

k−1∑
i=k+j−1

zT (i)Q2z(i),

V4(k) =
k−1∑

i=k−d(k)

zT (i)R1z(i) +
k−1∑

i=k−h(k)

zT (i)R2z(i),

V5(k) =

−d1+1∑
j=−d2+2

k−1∑
i=k+j−1

zT (i)R1z(i)

+

−h1+1∑
j=−h2+2

k−1∑
i=k+j−1

zT (i)R2z(i).

Take the difference of V1(k) and V2(k) along the so-
lution of the system yields:

∆V1(k) =z
T (k + 1)Pz(k + 1)− zT (k)Pz(k),

∆V2(k)

=

k∑
i=k+1−d(k+1)

zT (i)Q1z(i)

−
k−1∑

i=k−d(k)

zT (i)Q1z(i)

+
k∑

i=k+1−h(k+1)

zT (i)Q2z(i)

−
k−1∑

i=k−h(k)

zT (i)Q2z(i)

=

k−d1∑
i=k+1−d(k+1)

zT (i)Q1z(i) + zT (k)Q1z(k)

−zT (k − d(k))Q1z(k − d(k))

+

k−1∑
i=k+1−d1

zT (i)Q1z(i)

−
k−1∑

i=k+1−d(k)

zT (i)Q1z(i) + zT (k)Q2z(k)

+

k−h1∑
i=k+1−h(k+1)

zT (i)Q2z(i)
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+
k−1∑

i=k+1−h1

zT (i)Q2z(i)

−zT (k − h(k))Q2z(k − h(k))

−
k−1∑

i=k+1−h(k)

zT (i)Q2z(i)

≤ zT (k)(Q1 +Q2)z(k)

−zT (k − d(k))Q1z(k − d(k))
−zT (k − h(k))Q2z(k − h(k))

+

k−d1∑
i=k+1−d(k+1)

zT (i)Q1z(i)

+

k−h1∑
i=k+1−h(k+1)

zT (i)Q2z(i). (16)

The difference of ∆V3(k) is given by

∆V3(k)

=

−d1+1∑
j=−d2+2

{
k−1∑

i=k+j

zT (i)Q1z(i)−
k−1∑

i=k+j

zT (i)Q1z(i)

+zT (k)Q1z(k)− zT (k + j − 1)Q1z(k + j − 1)}

+

−h1+1∑
j=−h2+2

{
k−1∑

i=k+j

zT (i)Q2z(i) + zT (k)Q2z(k)

−
k−1∑

i=k+j

zT (i)Q2z(i)− zT (k+j−1)Q2z(k+j−1)}

=(d2 − d1)zT (k)Q1z(k)−
k−d1∑

j=k+1−d2

zT (j)Q1z(j)

+(h2 − h1)zT (k)Q2z(k)−
k−h1∑

j=k+1−h2

zT (j)Q2z(j).

(17)
Since

k−d1∑
i=k+1−d(k+!1)

zT (i)Q1z(i)−
k−d1∑

i=k+1−d2

zT (i)Q1z(i) ≤ 0,

k−h1∑
i=k+1−h(k+1)

zT (i)Q2z(i)−
k−h1∑

i=k+1−h2

zT (i)Q2z(i) ≤ 0,

we can get the followings inequality from (16) and
(17):

∆V2(k) + ∆V3(k) ≤ (d2 − d1 + 1)zT (k)Q1z(k)

− zT (k − d(k))Q1z(k − d(k))
+ (h2 − h1 + 1)zT (k)Q2z(k)

− zT (k − h(k))Q2z(k − h(k)).
(18)

Similarly, we can get

∆V4(k) + ∆V5(k) ≤ (d2 − d1 + 1)zT (k)R1z(k)

− zT (k − d(k)))R1z(k − d(k))
+ (h2 − h1 + 1)zT (k)R2z(k)

− zT (k − h(k))R2z(k − h(k)).
(19)

From (14)-(19), it yields

∆V (k) ≤ zT (k + 1)Pz(k + 1) + zT (k)[(d2 − d1
+ 1)(Q1 +R1) + (h2 − h1 + 1)(Q2 +R2)

− P ]z(k)− zT (k − d(k))(Q1 +R1)z(k − d(k))
− zT (k − h(k))(Q2 +R2)z(k − h(k)).

(20)
Multiplying 2zT (k + 1)N both sides of the iden-

tity (12), we have

−2zT (k + 1)Nz(k + 1) + 2zT (k + 1)N(Ā

+ B̄(k)KC̄(k))z(k)) + 2zT (k + 1)N(Ā1(k)

+ B̄(k)KC̄1(k))z(k − d(k)) + 2zT (k + 1)N

× B̄(k)KC̄2(k))z(k − h(k)) + 2zT (k + 1)N

× F̄ (k)f̄ + 2zT (k + 1)NḠ(k)ḡ = 0.
(21)

Note that for any ε1 ≥ 0, ε2 ≥ 0, it follows from
(13) to (14) that

ε1[β
2
1e

−2αkzT (k)z(k)− f̄T (z(k))f̄(z(k))] ≥ 0,
(22)

ε2[β
2
2e

−2α(k−h(k))zT (k − h(k))z(k − h(k))
− ḡT (z(k − h(k)))ḡ(z(k − h(k)))] ≥ 0.

(23)

Adding the above relation (21)-(23) into (20), we can
get

∆V (k)

≤ zT (k + 1)Pz(k + 1) + zT (k)[(d2 − d1 + 1)(Q1

+R1) + (h2 − h1 + 1)(Q2 +R2)− P ]z(k)
−zT (k − d(k))(Q1 +R1)z(k − d(k))
−zT (k − h(k))(Q2 +R2)z(k − h(k))
−2zT (k + 1)Nz(k + 1)

+2zT (k+1)N(Ā+B̄(k)KC̄(k))z(k)

+2zT (k+1)N(Ā1(k)+B̄(k)KC̄1(k))z(k−d(k))
+2zT (k + 1)NB̄(k)KC̄2(k))z(k − h(k))
+2zT (k + 1)NF̄ (k)f̄(z(k))

+2zT (k + 1)NḠ(k)ḡ(z(k − h(k)))
+ε1[β

2
1e

−2αkzT (k)z(k)

−f̄T (z(k))f̄(z(k))]
+ε2[β

2
2e

−2α(k−h(k))zT (k − h(k))z(k − h(k))
−ḡT (z(k − h(k)))ḡ(z(k − h(k)))].

(24)
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Dealing with partial idem in (24), we have

2zT (k + 1)N(Ā+ B̄(k)KC̄(k))z(k)

= 2zT (k + 1)N [eα(A+MH(k)N1)
+eα(B +MH(k)N3)KC]z(k)

= zT (k + 1)eα[NA+ATNT +NMH(k)N1

+NT
1 H(k)TMTNT ]z(k)

+2eαzT (k + 1)N [B +MH(k)N3]KCz(k).
(25)

Applying Lemma 3 and Lemma 4, we get

2zT (k + 1)N(Ā+ B̄(k)KC̄(k))z(k)

≤zT (k + 1)eα(NA+ATNT )z(k)

+ 2eαzT (k + 1)NMH(k)N1z(k)

+ zT (k)CTKTW1KCz(k)

+ zT (k + 1)e2αN [B +MH(k)N3]×
W−1

1 [B +MH(k)N3]
TNT z(k + 1)

≤zT (k + 1)eα(NA+ATNT )z(k)

+ 2ρ1e
αzT (k + 1)NMMTNT z(k + 1)

+ 2ρ−1
1 eαzT (k)NT

1 N1z(k)

+ zT (k)CTKTW1KCz(k)

+ zT (k + 1)e2αN [B(W1 − ϵNT
3 N3)

−1BT

+ ϵ−1MMT ]NT z(k + 1).

(26)

Similarly, applying Lemma 3 and Lemma 4, we
have

2zT (k + 1)N(Ā1(k) + B̄(k)KC̄1(k))z(k − d(k))
=2zT (k + 1)Neα(d(k)+1)[A1 +MH(k)N2

+ (B +MH(k)N3)KC1]z(k − d(k))
≤zT (k + 1)eα(d2+1)[NA1 +AT

1N
T )z(k − d(k))

+ 2eα(d2+1)zT (k + 1)NMH(k)N2z(k − d(k))
+ 2zT (k + 1)eαd(k)N [B +MH(k)N3]

× eαKC1z(k − d(k))
≤zT (k + 1)eα(d2+1)(NA1 +AT

1N
T )z(k − d(k))

+ 2ρ2e
α(d2+1)zT (k + 1)NMMTNT z(k + 1)

+ 2ρ−1
2 eα(d2+1)zT (k − d(k))NT

2 N2z(k − d(k))
+ zT (k + 1)e2αd2N [B +MH(k)N3]W

−1
1 [B

+MH(k)N3]
TNT z(k + 1)

+ e2αzT (k − d(k))CT
1 K

TW1KC1z(k − d(k))
≤zT (k + 1)eα(d2+1)(NA1 +AT

1N
T )z(k − d(k))

+ 2eα(d2+1)[ρ2z
T (k + 1)NMMTNT z(k + 1)

+ ρ−1
2 zT (k − d(k))NT

2 N2z(k − d(k))]

+ zT (k + 1)e2αd2N [B(W1 − ϵNT
3 N3)

−1BT

+ ϵ−1MMT ]NT z(k + 1) + e2αzT (k

− d(k))CT
1 K

TW1KC1z(k − d(k)),
(27)

and

2zT (k + 1)NB̄(k)KC̄2(k))z(k − h(k))
=2zT (k + 1)Neα(h(k)+1)[B

+MH(k)N3]KC2z(k − h(k))
≤e2αh2zT (k + 1)N [B +MH(k)N3]W

−1
1 [B

+MH(k)N3]
TNT z(k + 1) + e2αzT (k

− h(k))CT
2 K

TW1KC2z(k − h(k))
≤zT (k + 1)e2αh2N [B(W1 − ϵNT

3 N3)
−1BT

+ ϵ−1MMT ]NT z(k + 1) + e2αzT (k

− h(k))CT
2 K

TW1KC2z(k − h(k)).

(28)

We have

2zT (k + 1)NF̄ (k)f̄(z(k))

=2zT (k + 1)N(F +MH(k)N4)e
α(k+1)f̄(z(k))

≤zT (k + 1)N(F +MH(k)N4)(F

+MH(k)N4)
TNT z(k + 1)

+ e2α(k+1)f̄T (z(k))f̄(z(k))

≤zT (k + 1)N [F (I − ϵNT
4 N4)

−1F T

+ ϵ−1MMT ]NT z(k + 1) + β21e
2αzT (k)z(k),

2zT (k + 1)NḠ(k)ḡ(z(k − h(k)))
=2zT (k + 1)N(G+MH(k)N5)e

α(k+1)ḡ(z(k

− h(k)))
≤zT (k + 1)N(G+MH(k)N5)(G

+MH(k)N5)
TNT z(k + 1)

+ e2α(k+1)ḡT (z(k − h(k)))ḡ(z(k − h(k)))
≤zT (k + 1)N [G(I − ϵNT

5 N5)
−1GT

+ ϵ−1MMT ]NT z(k + 1)

+ β22e
2α(1+hM )zT (k − h(k))z(k − h(k)).

(29)
At last, adding the following relation

[zT (k)S̄z(k) + zT (k − d(k))S̄1z(k − d(k))
+zT (k − h(k))S̄2z(k − h(k)) + uT (k)Ru(k)]

−[zT (k)S̄z(k) + zT (k − d(k))S̄1z(k − d(k))
+zT (k − h(k))S̄2z(k − h(k)) + uT (k)Ru(k)]
= 0, (30)

with S̄ = e−2αkS, S̄1 = e−2α(k−d(k))S1, S̄2 =
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e−2α(k−h(k))S2, into (24), and using

uT (k)Ru(k) ≤ 3zT (k)CTKTRKCz(k)

+ 3e2αd2zT (k − d(k))CT
1 K

TRKC1z(k − d(k))
+ 3e2αh2zT (k − h(k))CT

2 K
TRKC2z(k − h(k)),

we can get

∆V (k) ≤ ξT (k)Ωξ(k)− [zT (k)S̄z(k) + zT (k

− d(k))S̄1z(k − d(k)) + zT (k − h(k))S̄2z(k
− h(k)) + uT (k)Ru(k)],

(31)
where ξ(k) = [z(k), z(k + 1), z(k − d(k)), z(k −
h(k)) f̄(z(k)) ḡ(z(k − h(k)))]T , and

Ω =



Ω11 Θ12 0 0 0 0
∗ Ω22 Θ23 0 0 0
∗ ∗ −Q1 0 0 0
∗ ∗ ∗ −Q2 0 0
∗ ∗ ∗ ∗ −ε1I 0
∗ ∗ ∗ ∗ ∗ −ε2I

 ,

Ω11 = Θ11 + CT
1 K

T [(d2 − d1 + 1)e2αd2(W1 + 3R)

+ (h2 − h1 + 1)e2αW1]KC1

+ CTKT (W1 + 3R)KC

+ 3(h2 − h1 + 1)e2αh2CT
2 K

TRKC2

+ (h2 − h1 + 1)e2αh2CT
2 K

TW1KC2,

Ω22 = Θ22 + e2αNB(W1 − ϵNT
3 N3)

−1BTNT

+ e2αd2NB(W1 − ϵNT
3 N3)

−1BTNT

+ e2αh2NB(W1 − ϵNT
3 N3)

−1BTNT

+NF (I − ϵNT
4 N4)

−1F TNT

+NG(I − ϵNT
5 N5)

−1GTNT

+ ϵ−1(e2αd2 + e2α + e2αh2 + 2)NMMTNT

+ 2ρ1e
αNMMTNT + 2ρ2e

α(d2+1)NMMTNT .

Define a1 = ρ−1
1 , a2 = ρ−1

2 and inserting the
congruent transformation

T = diag{I, I,Γ1,Γ2, I, I},

where
Γ1 = (W1 + 3R)−1,

and
Γ2 = (W1 + 3R)−1diag{I, I},

into the LMI (11), we can get a matrix inequality. By
Lemma 5 (Schur complement lemma), the condition
Ω < 0 is equivalent to the above matrix inequality.
Therefore, from (31) it follows that

∆V (k) < 0,

which implies that

V (k) ≤ V (0), ∀ ∈ N+. (32)

We can easily get that

λ1∥z(k)∥2 ≤ V (k) ≤ λ2∥zk∥2, (33)

where ∥zk∥ = max{∥z(k − σ)∥, . . . , ∥z(k)∥}.
From (32) and (33), we can get

λ1∥z(k)∥2 ≤ λ2∥φ̄∥2,

therefore,

∥z(k)∥ ≤
√
λ2
λ1
∥φ̄∥.

Using the relation z(k) = eαkx(k), we can get

∥x(k)∥ ≤
√
λ2
λ1
e−αk∥φ∥, ∀k ∈ N+.

Therefore, the closed-loop system (10) is exponen-
tially stable.

Next we will find the guaranteed cost value. From
(31), we can get

∆V (k) ≤
− [xT (k)Sx(k) + xT (k − d(k))S1x(k − d(k))

+ xT (k − h(k))S2x(k − h(k)) + uT (k)Ru(k)],

therefore,

[xT (k)Sx(k) + xT (k − d(k))S1x(k − d(k))
+ xT (k − h(k))S2x(k − h(k)) + uT (k)Ru(k)]

≤ V (k)− V (k + 1).
(34)

Summing up both sides of (34) from 0 to n − 1, we
can get

n−1∑
k=0

[xT (k)Sx(k) + xT (k − d(k))S1x(k − d(k))

+ xT (k − h(k))S2x(k − h(k)) + uT (k)Ru(k)]

≤ V (0)− V (n).

Let n→ +∞, noting that V (n)→ 0, we can get

∞∑
k=0

[xT (k)Sx(k) + xT (k − d(k))S1x(k − d(k))

+ xT (k − h(k))S2x(k − h(k)) + uT (k)Ru(k)]

≤ V (0),

that is, J ≤ V (0). Associated with (33), we have
J ≤ λ2∥φ∥2 = J∗. ⊓⊔
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Remark 7 When the delay in nonlinear perturba-
tions keeps consistent with the delay in the state vari-
able, the system (1) is turned to:

x(k + 1) =

[A+∆A]x(k) + [A1 +∆A1]x(k − d(k))
+ [B +∆B]u(k) + [F +∆F ]f(x(k))

+ [G+∆G]g(x(k − d(k))),
y(k) = Cx(k) + (C1 + C2)x(k − d(k)), k ∈ N+,

x(k) = φk, k = −d2,−d2 + 1, . . . , 0,
(35)

and the closed-loop system (10) and the cost function
(9) are reduced to

x(k + 1) = [Ã+ B̃KC]x(k) + [Ã1 + B̃K(C1

+ C2)]x(k − d(k)) + F̃ f(x(k))

+ G̃g(x(k − d(k))),

J =
∞∑
k=0

(xT (k)Sx(k) + xT (k − d(k))(S1

+ S2)x(k − d(k)) + uT (k)Ru(k)).

Thus we can give a sufficient condition for the
existence of robust output feedback guaranteed cost
control for system (35) based on Theorem 1. The no-
tations of several matrix variables are also defined for
simplicity. Let us denote

R1 = e2α(C1+C2)
TKTW1K(C1+C2)

+ e2αd2(S1+S2)

+ 2e2αd2(C1 + C2)
TKTRK(C1 + C2)

+ 2eα(1+d2)ρ−1
2 NT

2 N2,

λ1 = λmin(P ),

λ2 = λmax(P ) + (d2 + d22)[λmax(Q1) + λmax(R1)].

Corollary 8 For given scalars α > 0, the control
u(k) = Ky(k) is a robustly static output feedback
guaranteed cost controller for nonlinear uncertain
system (35), if there exist symmetric positive definite
matrices P , Q1, W1, W2, an arbitrary matrix N and
scalars ϵ > 0, a1 > 0, a2 > 0, ε1 ≥ 0, ε2 ≥ 0 such
that the following LMI holds:

Π1 0 Π13 Π14 Π15 Π16

∗ Π2 0 0 0 0
∗ ∗ Π3 0 0 0
∗ ∗ ∗ Π4 0 0
∗ ∗ ∗ ∗ Π5 0
∗ ∗ ∗ ∗ ∗ Π6

 < 0, (36)

where

Π1 =

 Θ11 Θ12 0
∗ Θ22 Θ23

∗ ∗ −Q1

 ,

Π2 = diag{−ε1I,−ε2I},

Π13 =
(
W2C 0 0

)T
, Π14 =

(
∆T 0 0

)T
,

Π15 =

 0 0
eαNB eαdMNB

0 0

 ,

Π3 = −(W1 + 2R),

Π16 =

 0 0 0 0 0
NF NG NM NM NM
0 0 0 0 0

 ,

Π4 = −(d2 − d1 + 1)(W1 + 2R),

Π5 = diag{−(W1 − ϵNT
3 N3),−(W1 − ϵNT

3 N3)},
Π6 = diag

(
−(I − ϵNT

4 N4),−(I − ϵNT
5 N5),

− 2ϵ/(e2αd2 + e2α + 2),−0.5a1e−α,

−0.5a2e−α(d2+1)
)
,

Θ11 = −P + (d2 − d1 + 1)[Q1 + e2αd2(S1 + S2)]

+ β21(e
2α + ε1)I + S + 2a1e

αNT
1 N1

+ 2(d2 − d1 + 1)eα(d2+1)a2N
T
2 N2,

Θ22 = P − (N +NT ),

Θ12 = 0.5eα(NA+ATNT ),

Θ23 = 0.5eα(d2+1)(NA1 +AT
1N

T ),

∆ = (d2 − d1 + 1)eαd2(C1 + C2)
TW T

2 ,

and the guaranteed cost value is given by J∗ =
λ2∥ϕ∥2. Moreover, the controller parameter K is de-
signed by K = (W1 + 2R)−TW2.

Proof: The corresponding proof is similar to that in
Theorem 1, which are omitted. ⊓⊔

Remark 9 Without uncertainty idems, the system (1)
is reduced to

x(k + 1) =Ax(k) +A1x(k − d(k)) +Bu(k)

+ Ff(x(k)) +Gg(x(k − h(k))),
y(k) =Cx(k) + C1x(k − d(k))

+ C2x(k − h(k)), k ∈ N+,

x(k) = φk, k = −σ,−σ + 1, . . . , 0,
(37)
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and the closed-loop system (10) is reduced to

x(k + 1) =(A+BKC)x(k)

+ (A1 +BKC1)x(k − d(k))
+BKC2x(k − h(k)) + Ff(x(k))

+Gg(x(k − h(k))).

Next we give a sufficient condition for the exis-
tence of robust output feedback guaranteed cost con-
trol for system (36) also based on Theorem 1. For
simplicity, let us denote

R1 = e2αCT
1 K

TW1KC1 + e2αd2S1

+ 3e2αd2CT
1 K

TRKC1,

R2 = e2αCT
2 K

TW1KC2 + β22e
2α(1+h2)I + e2αh2S2

+ ε2β
2
2e

2αh2I + 3e2αh2CT
2 K

TRKC2,

λ1 = λmin(P ),

λ2 = λmax(P ) + (d2 + d22)[λmax(Q1) + λmax(R1)]

+ (h2 + h22)[λmax(Q2) + λmax(R2)].

Corollary 10 For given scalars α > 0, the control
u(k) = Ky(k) is a static output feedback guaranteed
cost controller for nonlinear system (36), if there exist
symmetric positive definite matrices P , Qi, i = 1, 2,
W1, W2, an arbitrary matrix N and scalars ϵ > 0,
ε1 ≥ 0, ε2 ≥ 0 such that the following LMI holds:

Π1 0 Π13 Π14 Π15 Π16

∗ Π2 0 0 0 0
∗ ∗ Π3 0 0 0
∗ ∗ ∗ Π4 0 0
∗ ∗ ∗ ∗ Π5 0
∗ ∗ ∗ ∗ ∗ Π6

 < 0, (38)

where

Π1 =

 Θ11 Θ12 0
∗ Θ22 Θ23

∗ ∗ −Q1

 ,

Π16 =

 0 0
NF NG
0 0

 ,

Π15 =

 0 0 0
eαNB eαd2NB eαh2NB

0 0 0

 ,

Π13 =
(
CTW T

2 0 0
)T
,Π14 =

(
∆T 0 0

)T
,

Π2 = diag{−Q2,−ε1I,−ε2I},
Π3 = −(W1 + 3R),

Π4 = diag{−(d2 − d1 + 1)(W1 + 3R),

− (h2 − h1 + 1)(W1 + 3R)},
Π5 = diag{−W1,−W1,−W1},
Π6 = diag{−I,−I},
Θ11 = −P + (d2 − d1 + 1)(Q1 + e2αdMS1)

+ (h2 − h1 + 1)[Q2 + e2αh2S2 + β22(e
2α(1+h2)

+ ε2e
2αh2)I] + β21(e

2α + ε1)I + S,

Θ22 = P − (N +NT ),

Θ12 = 0.5eα(NA+ATNT ),

Θ23 = 0.5eα(d2+1)(NA1 +AT
1N

T ),

∆ =
(
∆1 ∆2

)
,∆1 = (d2 − d1 + 1)eαd2CT

1 W
T
2 ,

∆2 = (h2 − h1 + 1)eαh2CT
2 W

T
2 ,

and the guaranteed cost value is given by J∗ =
λ2∥ϕ∥2. Moreover, the controller parameter K is de-
signed by K = (W1 + 3R)−TW2.

Proof: Construct the Lyapunov-Krasovskii func-
tional (15). The corresponding proof is similar to that
in Theorem 1, which are omitted. ⊓⊔

4 Numerical examples
In this section, two numerical examples are given to
demonstrate the effectiveness of the proposed meth-
ods.

Example 11 Consider the nonlinear uncertain
discrete-time system (1) with the following parame-
ters :

A =

[
−0.18 0.1
0.2 −0.06

]
, A1 =

[
−0.02 0.02
0.01 −0.01

]
,

B =

[
0.01 0.03
−0.05 0.02

]
, F =

[
0.01 −0.03
0.05 0.02

]
,

G =

[
−0.01 0.04
0.01 0.02

]
, C =

[
−0.06 −0.3
0.02 0.03

]
,

C1 =

[
−0.04 0.2
−0.05 0.07

]
, C2 =

[
−0.05 0.25
−0.04 0.03

]
,

M =

[
−0.1 0.2
0.1 0.2

]
, N1 =

[
0.04 0.01
0.02 −0.03

]
,

N2 =

[
0.01 0.03
0.02 0.02

]
, N3 =

[
0.02 −0.02
0.05 0.01

]
,

N4 =

[
0.06 −0.01
0.03 0.02

]
, N5 =

[
0.02 0.01
0.03 0.03

]
,

S =

[
0.2 0.15
0.15 0.3

]
, S1 =

[
0.2 0.1
0.1 0.4

]
,

S2 =

[
0.1 0.1
0.1 0.3

]
, R =

[
0.1 0.2
0.2 0.6

]
,
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and for k = 0, 1, 2, . . .

f(x(k − d(k))) = sin(x(k − d(k))),
g(x(k − h(k))) = 2 sin(x(k − h(k))),
d(k) = 2 + sin2 kπ

2 , h(k) = 2 + 1+(−1)k

2 ,

Given α = 0.1, d1 = 2, d2 = 3, h1 = 2, h2 = 3,
β1 = 0.2, β2 = 0.3. By using the LMI Toolbox in
MTALAB [29], the LMI (11) in Theorem 1 is satisfied
with

P =

[
10.2226 −1.1379
−1.1379 11.6238

]
, Q1=

[
1.2429 −0.3419
−0.3419 1.1140

]
,

Q2=

[
1.2429 −0.3419
−0.3419 1.1140

]
,W1=

[
3.7245 −0.1804
−0.1804 3.1272

]
,

W2=

[
2.0821 −0.2124
−0.2124 4.3941

]
, N=

[
8.2587 −0.2481
−0.5235 8.8085

]
,

ϵ = 14.0832, a1 = 8.4647, a2 = 9.6368,

ε1 = 4.5770, ε2 = 3.1914.

Moreover, according to the controller design

K = (W1 + 3R)−1W2,

we have

K =

[
0.5265 −0.1471
−0.0880 0.9043

]
.

Therefore,the guaranteed cost controller is as follows:

u(k) =

[
−0.0345 −0.1624
0.0234 0.0535

]
x(k)

+

[
−0.0137 0.0950
−0.0417 0.0457

]
x(k − d(k))

+

[
−0.0204 0.1272
−0.0318 0.0051

]
x(k − h(k)).

Moreover, the solution of the closed-loop system
satisfies ∥x(k)∥ ≤ 2.8261e−0.1k∥ϕ∥, and the guaran-
teed cost control value of the closed-loop system is
J∗ = 76.5695∥ϕ∥2 . Given the initial condition of
system (11) as follows:

x(−3) =
(
−1 0

)T
, x(−2) =

(
−1 1

)T
,

x(−1) =
(
0 −0.5

)T
, x(0) =

(
0.5 −0.1

)T
,

then associated with the above values, we can get state
trajectories of the closed-loop system as shown in Fig-
ure 1.

From the Figure 1, it is easy to see the system is
exponentially stable.
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Figure 1: State trajectories of the closed-loop system

Example 12 Consider the uncertain discrete-time
system (35) with the following parameters:

A =

0.05 0 −0.01
0.2 0.03 0
0 0.02 −0.05

 , B =

0.010.02
0.03

 ,
A1 =

0.02 0.1 0.02
0 −0.01 0.1

0.01 0 −0.05

 , F = G = 0,

C =

[
0.04 0.05 0
0.03 0.01 0.02

]
, C1 = C2 = 0,

M =

0.010.03
0.01

 , N1 =

[
0.002 0 0.01
0.01 0.002 0.03

]
,

N2 =

[
0.01 0 0.03
0.03 0.01 0.02

]
,

N3 =
[
0.02 0.01 0.001

]
, N4 = N5 = 0,

S =

0.001 0 0
0 0.002 0
0 0 0.001

 , S1 = S2 = 0, R = 2.

Given α = 0.001, d1 = 1, d2 = 1, β1 = 0,
β2 = 0. By using the LMI Toolbox in MATLAB, the
LMI (36) in Corollary 8 is satisfied with

P =

11.1259 −0.0238 0.0028
−0.0238 11.0401 −0.0046
0.0028 −0.0046 11.1363

 ,
Q1 =

 5.5514 −0.0151 −0.0108
−0.0151 5.5180 −0.0049
−0.0108 −0.0049 5.5445

 ,
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W1 = 7.9057,W2 =

[
−8.2895 0.0281
0.0281 −8.3341

]
,

N =

 9.7229 −0.0328 −0.0023
−0.0299 9.6205 −0.0055
−0.0029 −0.0087 9.7299

 ,
ϵ = 9.6416, a1 = 10.0245, a2 = 10.0193,

ε1 = 8.3573, ε2 = 8.3573.

Therefore, according to the controller design

K = (W1 + 2R)−1W2,

we have

K =

[
−0.6963 0.0024
0.0024 −0.7000

]
.

Furthermore, the solution of the closed-loop system
satisfies ∥x(k)∥ ≤ 1.4231e−0.001k∥ϕ∥, and the guar-
anteed cost value of the closed-loop system with the
initial condition ∥ϕ∥ = [1, 1, 1]T is J∗ = 22.3472,
while basing on the same values of system vectors
in [24], we have the least guaranteed cost value is
J∗ = 24.3218.

5 Conclusion
Throughout this paper, we have studied the problem
of robust output feedback guaranteed cost control for
a class of nonlinear uncertain discrete system with
mixed time-varying delays and nonlinear perturba-
tions. A static output feedback guaranteed cost con-
troller has been designed for all admissible uncertain-
ties such that the resulting closed-loop system is ro-
bust exponentially stable and guarantee an adequate
level of system performance. Two numerical exam-
ples have been provided to illustrate the usefulness of
the results we got. The paper mainly discussed the
delay in perturbations inconsistent with which in state
vector. And in future we will study the system with
the random perturbations and stochastic delays.
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