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Abstract: Consider Cauchy problem of the degenerate parabolic equation

∂u

∂t
=

∂

∂xi

(
aij(u)

∂u

∂xj

)
+ div(uE).

A new kind of entropy solution is introduced, which is stronger than the general one. Supposing that u0 ∈
L∞(RN ), E = {Ei}, Ei ∈ E2, by a modified regularization method, the problem is translated into a approximate
Cauchy problem. By choosing suitable testing functions, the BV estimates of the solutions of the approximate
Cauchy problem are obtained. According to Kolomogroff’s Theorem, a convergent subsequence can be extracted,
then the existence of the entropy solution of the original Cauchy problem is obtained. At last, by Kruzkov bi-
variables method, the stability of the entropy solutions is obtained, provided that Eixi ≥ 0.

Key–Words: Cauchy problem, degenerate parabolic equation, existence, unbounded flux term

1 Introduction
This paper studies the existence and uniqueness of
BV-solutions of Cauchy problem

∂u

∂t
=

∂

∂xi

(
aij(u)

∂u

∂xj

)
+ div(uE), (x, t) ∈ QT

(1)
with initial

u(x, 0) = u0(x), x ∈ RN (2)

where QT = RN × (0, T ), u0(x) ∈ L∞(RN ), E =
{Ei}, Ei ∈ E2 with the definition of that

E2 = {f ∈ C1(QT ) : f ∈ L2(QT ), divE ∈ L2(QT )}.

As usual, the pairs of equal indices imply the summa-
tion from 1 up to N . We say equation (1) is weak-
ly degenerate, if there is not interior point of the set
{s : the determinant |aij(s)| = 0}. Otherwise, if
there are interior points of the set {s: the determinan-
t |aij(s)| = 0}, then we say equation (1) is strongly
degenerate.

If (aij(s)) = a(s)I , I is the unit N × N ma-
trix, a(s) ≥ α > 0, some applicative models relat-
ed to equation (1) were studied in [1]. In this case,
the existence and the non-existence of weak solution-
s of the first initial-boundary value problem of (1)

were obtained in [2], provided that u0 ∈ L1(Ω), and
E = {Ei} ∈ (L2(Ω × (0, T ))N , where Ω ∈ RN is a
bounded domain.

If (aij) is only a semidefinite positive matrix , i.e.

aijξiξj ≥ 0, ∀ξ ∈ RN , (3)

then equation (1) is a degenerate parabolic equation
and the corresponding problem seems more difficult
and few reference could be found.

If the unbounded flux term div(uE) is substi-
tuted by a general convection term div(b(u)), where
b(u) = {bi(u)}, bi(u) generally is a bounded nonlin-
ear function when u is bounded, the following degen-
erate parabolic-hyperbolic equation

∂u

∂t
=

∂

∂xj

(
aij(u)

∂u

∂xj

)
+ div(b(u)), in QT (4)

had been studied widely. Equation (4) arises in many
applications, e.g., heat flow in materials with temper-
ature dependent conductivity, flow in a porous medi-
um, and the boundary layer theory (see [3], [4] et al.).
A.I. Vol′pert and S.I. Hudjaev [5] had firstly got the
solvability of equation (4). After that, many mathe-
maticians (e.g. Bénilan, Brezis, DiBenedetto, Carril-
lo, Gagneux, Madaune-Tort, Wittbold, and Wu-Zhao
et al.)(see [4]-[18] et al.) continued to study its solv-
ability, and got many excellent results. The first author
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of the paper also has studied the posedness of Cauchy
problem of equation (4) for a long time ( see [10-11]
and [23-26]). However, all these results are based on
the boundedness and the nonlinearity of bi(u). In gen-
eral, one may expect that the linearity of the flux term
div(uE) can make the problem easier. If E is bound-
ed, it is indeed likely the corresponding problem can
be solved by an easier way. But if E = {Ei(x, t)} be-
comes unbounded, the method used in [4-18] seem-
s impossible to be generalized to deal with Cauchy
problem of equation (1), the corresponding problem
becomes much more difficult.

In some details, the unbounded property of E
makes the general maximum principle ineffective,
makes the general parabolically regularized method
invalid. To overcome these difficulties, by using some
ideas in [10-11], we put forward to a new definition
of BV-entropy solution for system (1)-(2), this kind
of entropy solution is stronger than the general one.
By modifying the general parabolically regularized
method, and choosing the suitable testing functions,
we are able to get the needed BV estimates. By these
estimates, using Kolomogroff’s Theorem, we can se-
lect the convergent subsequence from the approximate
solutions {uK}, to get the existence of the entropy so-
lution. The estimating method used here is completely
different from that used in [5]-[7], [10]-[12] et al., but
we use some inspiring techniques in [19],[23].

At the same time, we shall use Kruzkov’s bi-
variables method to get the stability of the entropy so-
lutions as we had done on equation (4) in [10]. How-
ever, we have to add an auxiliary condition, Eixi ≥ 0,
to guarantee that Kruzkov’s bi-variables method is
still valid.

2 Definition and Main results
Following reference [20], f ∈ BV (QT ) if and on-
ly if that the generalized derivatives of f are regular
measures on QT , i.e.∫ ∫

QT

|∂f
∂t

| <∞,

∫ ∫
QT

| ∂f
∂xi

| <∞, i = 1, 2, · · · , N.

A basic property of BV function is that ([21]): if
f ∈ BV (QT ), then there exists a sequence {fn} ⊂
C∞(QT ) such that

lim
n→∞

∫ ∫
QT

| fn − f | dxdt = 0,

lim
n→∞

∫ ∫
QT

| ∇fn | dxdt =
∫ ∫

QT

| ∇f | .

So, we can define the trace of the functions in BV s-
pace as in Sobolev space. Moreover, the BV functions
are the weakest functions that we can define the traces.

Let Γu be the set of all jump points of u ∈
BV (QT ). It is well-known that the normal vector
of Γu exists almost everywhere in the sense of N -
dimensional Hausdorff measure [4]. Let v be the nor-
mal of Γu at X = (x, t), u+(X) and u−(X) be the
approximate limits of u at X ∈ Γu with respect to
(v, Y −X) > 0 and (v, Y −X) < 0 respectively. For
continuous function p(u, x, t) and u ∈ BV (QT ), as
usual, we can define

p̂(u, x, t) =

∫ 1

0
p
(
τu+ + (1− τ)u−, x, t

)
dτ,

u =
1

2
(u+ + u−).

For a given t, we denote Γtu, H
t, (vt1, · · · , vtN ) and

ut± as all jump points of u(·, t), Hausdorff measure
of Γtu, the unit normal vector of Γtu, and the asymp-
totic limit of u(·, t) respectively. By [20], if f(s) ∈
C1(R), u ∈ BV (QT ), then f(u) ∈ BV (QT ) and

∂f(u)

∂xi
= f̂ ′(u)

∂u

∂xi
, i = 1, 2, · · · , N.

For small η > 0, we set Sη(s) =
∫ s
0 hη(τ)dτ ,

where hη(s) = 2
η (1 − |s|

η )+, s ∈ R. Obviously
hη(s) ∈ C(R), and satisfies

hη(s) ≥ 0, | shη(s) |≤ 1, | Sη(s) |≤ 1;

lim
η→0

Sη(s) = sgn(s), lim
η→0

sS′
η(s) = 0.

Definition 1 A function u is said to be a weak solu-
tion of Cauchy problem (1)-(2), if

1. u ∈ BV (QT ) ∩ L∞(QT ), and there are
functions gi ∈ L2(0, T ;L2

loc(R
N )) such that for

∀φ(x, t) ∈ C0(QT ),∫ ∫
QT

gi(x, t)φ(x, t)dxdt

=

∫ ∫
QT

φ(x, t)r̂ij(u)
∂u

∂xj
dxdt, (5)

where (rij) is the square root of (aij), and i =
1, 2, · · · , N .

2. For any φ ∈ C2
0 (QT ), φ ≥ 0, k ∈ R, η >

0, u satisfies∫ ∫
QT

[Iη(u− k)φt − EiIη(u− k)φxi

+Aijη (u, k)φxixj ]dxdt

−
∫ ∫

QT

[S′
η(u− k)

N∑
j=1

| gj |2 φ

−
∫ u

k
sS′

η(s− k)dsEixiφ]dxdt ≥ 0, (6)
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where Iη(u− k) =
∫ u−k
0 Sη(s)ds, and

Aijη (u, k) =

∫ u

k
aij(s)Sη(s− k)ds. (7)

3. The initial value is satisfied in the sense that

lim
t→0

∫
BR

| u(x, t)− u0(x) | dx = 0, ∀R > 0, (8)

where BR = {x ∈ RN : |x| < R}.

To explain the reasonableness of Definition 1, it
is supposed that equation (1) has a classical solution
u. Let φ ∈ C2

0 (QT ), φ ≥ 0, k ∈ R, η > 0. Mul-
tiplying equation (1) by φSη(u − k) and integrating
over QT , we have∫ ∫

QT

∂u

∂t
φSη(u− k)dxdt

=

∫ ∫
QT

∂

∂xi

(
aij(u)

∂u

∂xj

)
φSη(u− k)dxdt

+

∫ ∫
QT

div(uE)φSη(u− k)dxdt. (9)

∫ ∫
QT

∂u

∂t
φSη(u− k)dxdt

=

∫ ∫
QT

∂Iη(u− k)

∂t
φdxdt

= −
∫ ∫

QT

Iη(u− k)
∂φ

∂t
dxdt. (10)

For the first term of the right hand side of (9), we have∫ ∫
QT

∂

∂xi

(
aij(u)

∂u

∂xj

)
φSη(u− k)dxdt

= −
∫ T

0
dt

∫
RN

aij(u)
∂u

∂xj

·
[
S′
η(u− k)

∂u

∂xi
φ+ Sη(u− k)φxi

]
dx, (11)

where ∫ T

0
dt

∫
RN

aij(u)
∂u

∂xj
Sη(u− k)φxidx

=

∫ T

0
dt

∫
RN

∂Aijη (u, k)

∂xj
φxidx

=

∫ T

0
dt

∫
RN

[
∂(Aijη (u, k)φxi)

∂xj
−Aijη (u, k)φxixj

]
dx

= −
∫ T

0
dt

∫
RN

Aijη (u, k)φxixjdx. (12)

So ∫ ∫
QT

∂

∂xi

(
aij(u)

∂u

∂xj

)
φSη(u− k)dxdt

= −
∫ ∫

QT

S′
η(u− k)aij(u)

∂u

∂xj

∂u

∂xi
φ

+

∫ ∫
QT

Aijη (u, k)φxixjdxdt

= −
∫ ∫

QT

S′
η(u− k)

N∑
j=1

|gj |2φdxdt

+

∫ ∫
QT

Aijη (u, k)φxixjdxdt (13)

and ∫ ∫
QT

div(uE)Sη(u− k)φdxdt

=

∫ ∫
QT

(
∂u

∂xi
Ei + u

∂Ei
∂xi

)
Sη(u− k)φdxdt

=

∫ ∫
QT

∂Iη(u− k)

∂xi
Eiφdxdt

+

∫ ∫
QT

u
∂Ei
∂xi

Sη(u− k)φdxdt

= −
∫ ∫

QT

Iη(u− k)Eiφxidxdt

−
∫ ∫

QT

Iη(u− k)Eixiφdxdt

+

∫ ∫
QT

u
∂Ei
∂xi

Sη(u− k)φdxdt

= −
∫ ∫

QT

Iη(u− k)Eiφxidxdt

+

∫ ∫
QT

∫ u

k
sS′

η(s− k)dsEixiφdxdt. (14)

By (9)-(14), if equation (1) has a classical solution
u, then ∫ ∫

QT

[Iη(u− k)φt − EiIη(u− k)φxi

+Aijη (u, k)φxixjφ]dxdt

−
∫ ∫

QT

[S′
η(u− k)

N∑
j=1

| gj |2 φ

−
∫ u

k
sS′

η(s− k)dsEixiφ]dxdt = 0. (15)

Clearly∫ ∫
QT

[Iη(u− k)φt −EiIη(u− k)φxi

+Aijη (u, k)φxixj+

∫ u

k
sS′

η(s−k)dsEixiφ]dxdt
≥ 0. (16)

Let η → 0 in this inequality. We have∫ ∫
QT

[|u− k|φt −Ei|u− k|φxi

+[Aij(u)−Aij(k)]sgn(u− k)φxixj
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+ksgn(u− k)Eixiφ]dxdt ≥ 0. (6)′

where
Aij(u) =

∫ u

0
aij(s)ds.

Clearly, if one defines the weak solutions u1, u2,
and u3 of equation (1) in the sense of expressions (6),
(16) and (6)’ respectively, then u1 is also a solution
in the senses of expressions (16) and (6)’, u2 is also
the solution in the sense of expression (6)’. If equa-
tion (1) is weakly degenerate, one can define the weak
solution of (1) in sense of (6)’. In this case, the term
−S′

η(u − k)
∑N
j=1 | gj |2 φ in (15) seems redundan-

t, and can be drawn away. But, if the equation (1)
is strongly degenerate, the term −S′

η(u − k)
∑N
j=1 |

gj |2 φ implies very important information of the u-
niqueness, it can not be drawn away. One can refer to
references [11-14].

Also, we note that the classical solution u induces
an integral equality (15), whereas the weak solution
formula defined as expression (6) is an inequality, this
is due to the following weak convergence property.

Lemma 2 Assume that U ⊂ RN is an open bounded
set and as k → ∞,

fk ⇀ f weakly in Lq(U), 1 ≤ q <∞,

then

lim
k→∞

inf ∥ fk ∥qLq(U)≥∥ f ∥qLq(U) . (17)

Generally, inequality (17) can not be an equality.
In what follows, one can see that this is why we can
only define the weak solution as expression (6) instead
of expression (15).

Base on the about discussion, we shall prove the
following Theorems:

Theorem 3 Suppose that (aij(s)) is a semidefinite
positive matrix, every element aij(s) ∈ C1(R);
u0(x) ∈ L∞(RN ) ∩ L2(RN ). Suppose that
Ei(x, t) ∈ C1(QT ), and E = {Ei} is a vector field,
such that

E = {Ei}, Ei ∈ E2, (18)

then the problem (1)-(2) has a weak solution in the
sense of Definition 1.

Theorem 4 Let u, v be solutions of (1)-(2) with initial
values u0(x), v0(x) ∈ L∞(RN ) ∩ L2(RN ) respec-
tively. Suppose that

E · x = Eixi ≥ 0, (19)

then ∫
RN

| u(x, t)− v(x, t) | ωλ(x)dx

≤ c

∫
RN

| u0 − v0 | ωλ(x)dx, (20)

where c, λ are positive constants and

ωλ(x) = exp{−λ
√
1+ | x |2}. (21)

Remark 5 Consider the equation

∂u

∂t
=
∂2A(u)

∂x2
+
∂B(u)

∂x
, (x, t) ∈ R× (0, T ). (22)

A.I. Vol′pert and S.I. Hudjaev in [5] defined that, u ∈
BV (QT )

∩
L∞(QT ) is said to be a weak solution of

equation (22), if ∂A(u)∂x ∈ L1
loc(QT ), and for any 0 ≤

φ ∈ C∞
0 (QT ), any k ∈ R,∫ ∫
QT

sgn(u−k)
[
(u−k) φ

∂t
− ∂A(u)

∂x

∂φ

∂x

]
dxdt

−
∫ ∫

QT

sgn(u− k)

[
(B(u)−B(k))

∂φ

∂x

]
dxdt

≥ 0. (23)

We know that only under the condition

∂A(u)

∂x
∈ L∞QT )

∩
BVx(QT )

the uniqueness of the solutions in the sense that ex-
pression (23) is true. So, an essential improvement
of our paper (also [10-14]) is to get the uniqueness
of the solutions in the sense of expression (6) without
any bounded restrictions in gi.

Remark 6 Consider another equation

ut − div(a(x, t, u)∇u) = −div(uE), (24)

(x, t) ∈ Q = Ω× (0, T ).

Assuming that 0 < α ≤ a(x, t, s) ≤ β, L. Boc-
cardo, L. Orsina and A. Porretta [2] defined that
u ∈ L∞(Q)

∩
L2(0, T ;H1

0 (Ω)) is a weak solution of
equation (24) in the sense that

< ut, φ > +

∫ ∫
Q
a(x, t, u)∇u · ∇φdxdt

=

∫ ∫
Q
uE∇φdxdt, (25)

for every φ ∈ L2(0, T ;H1
0 (Ω)), where Ω is a bound-

ed domain in RN , < ., . > denotes the duality prod-
uct between L2(0, T ;H1

0 (Ω)) and L2(0, T ;H−1(Ω)).
Clearly, if a(x, t, s) ≡ 0, equation (24) becomes
the type of conservation law equation, and it is well
known that in this case, if one defines the weak so-
lution as expression (25), then the uniqueness of the
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solutions is not true. Also, L. Boccardo, L. Orsi-
na and A. Porretta [2] had quoted the following un-
bounded entropy solution. A measurable function
u ∈ L∞(0, T ;L1(Ω)) is an entropy solution of equa-
tion (24) if Tk(u) ∈ L2(0, T ;H1

0 (Ω)) for every k > 0
and u satisfies∫

Ω
Θk(u− φ)(t)dx− < φs, Tk(u− φ) >

+

∫ t

0

∫
Ω
a(x, s, u)∇Tk(u− φ)dxds

≤
∫ t

0

∫
Ω
uE∇Tk(u− φ)dxds

+

∫
Ω
Θk(u0 − φ(0))(t)dx, (26)

for almost every t ∈ (0, T ), for every

φ ∈ L2(0, T ;H1
0 (Ω))

∩
L∞(Q)

such that

φt ∈ L2(0, T ;H−1(Ω)) + L1(Q),

where
Θk(s) =

∫ s

0
Tk(r)dr.

If we check the proof of the theorems in [2], we have
found that the condition 0 < α ≤ a(x, t, s) ≤ β acts
an important role. If this condition is weakened to
0 ≤ α, to get the same conclusions seems difficult. By
the way, though the authors of [2] did not discussed
the uniqueness of the solutions, we believe that the
uniqueness of the solutions in the sense of expression
(26) is true, provided that 0 < α ≤ a(x, t, s) ≤ β.

Remark 7 The space

E2 = {f ∈ C1(QT ) : f ∈ L2(QT ), divE ∈ L2(QT )},

is a Banach space with the norm defined as

∥f∥ = ∥f∥L2(QT ) + ∥divf∥L2(QT ).

It acts an important role in the studying of compress-
ible flow dynamics theory, see [27].

3 The regularized problem
We need the following Gronwall Lemma.

Suppose that a(t) and c(t) are the functions de-
fined on [0, T ], c(t) ≥ 0. Suppose that y(t) ∈
C1[0, T ] such that y(0) = 0,

y′(t) ≤ c(t)y(t) + c(t)a(t),

then

y(t) ≤ sup
0≤t≤T

|a(t)|
[
exp

∫ T

0
c(τ)dτ − 1

]
.

Now, it is supposed that Aij(s), u0(x) are func-
tions as in Theorem 3, u0(x) ∈ L∞(RN ) ∩ L2(RN ),
and E ∈ (C1(QT ))

N is a vector field such that
E = {Ei},Ei ∈ E2. For any given large positive
number K, let us introduce the following modified
regularized problem.

∂u

∂t
=

∂

∂xj
(aij(u)

∂u

∂xj
) +

1

K
∆u+ div(uδε ∗ TKE),

(27)
u(x, 0) = u0K(x), (28)

where δε is the mollifier as usual, i.e. if y =
(x1, · · · , xN , t), then

δ(y) =

{
1
Ae

1
|y|2−1 , if |y| < 1,
0, if |y| ≥ 1,

where
A =

∫
B1(0)

e
1

|y|2−1dx.

For any given ε > 0, δε(y) is defined as

δε(y) =
1

εN+1
δ(
y

ε
).

Here, we choose ε = 1
K especially, and

δε ∗ TK(E) = {δε(Ei) ∗ TK(Ei)},

i = 1, 2, · · · , N.

TK(s) = min{K,max{−K, s}}.

Moreover, we suppose that u0K ∈ C∞
0 (RN ),

suppu0K ⊂ BK = {x ∈ RN : |x| < K}, and

lim
K→∞

∥u0K − u0∥L2(RN ) = 0,

∥u0K∥L∞(RN ) ≤ ∥u0∥L∞(RN ). (29)

It is well-known that there is a classical solution uK ∈
C2,1(QT ) of system (27)-(28), and

∥uK∥L∞ ≤ ∥u0∥L∞ . (30)

Let graduK = (uKx1 , uKx2 , · · · , uKxN , uKxN+1
)

and xN+1 = t, uKxN+1
= uKt. For simplici-

ty, we denote uK as u in the following calculation.
Let us differentiate equation (27) with respect to xs
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(s = 1, 2, · · · , N,N+1) and sum up for s after multi-
plying the resulting relation by uxs

Sη(|gradu|)
|gradu| φ. Here,

0 ≤ φ ∈ C∞
0 (QT ). Integrating over RN yields

d

dt

∫
RN

Iη(|gradu|)φdx

− 1

K

∫
RN

△uxsuxs
Sη(|gradu|)
|gradu|

φdx

−
∫
RN

∂

∂xj
[aiju (u)uxsuxj + aijuxsxj ]

·uxs
Sη(|gradu|)
|gradu|

φdx

−
∫
RN

∇uxs · δε ∗ TK(E)uxs
Sη(|gradu|)
|gradu|

φdx

−
∫
RN

div

(
u
∂δε ∗ TK(E)

∂xs

)
uxs

Sη(|gradu|)
|gradu|

φdx

= 0. (31)

Integrating by part, we have

d

dt

∫
RN

Iη(|gradu|)φdx

+
1

K

∫
RN

uxsxiuxpxi
∂2Iη(|gradu|)

∂ξs∂ξp
φdx

+
1

K

∫
RN

Sη(|gradu|)
|gradu|

uxsxiuxsφxidx

+

∫
RN

aij(u)uxsxiuxpxj
∂2Iη(|gradu|)

∂ξs∂ξp
φdx

+

∫
RN

aij(u)
Sη(|gradu|)
|gradu|

uxsxjuxsφxidx

+

∫
RN

aiju (u)uxjIη(|gradu|)φxidx

−
∫
RN

aiju (u)uxixj [|gradu|Sη(|gradu|)
−Iη(|gradu|)]φdx

−
∫
RN

∇uxs · δε ∗ TK(E)uxs
Sη(|gradu|)
|gradu|

φdx

−
∫
RN

div

(
u
∂δε ∗ TK(E)

∂xs

)
uxs

Sη(|gradu|)
|gradu|

φdx

= 0, (32)

where ξs = uxs , s = 1, 2, · · · , N + 1.
For the last term on the left side of (32),∫
RN

div

(
u
∂δε ∗ TK(E)

∂xs

)
uxs

Sη(|gradu|)
|gradu|

φdx

=
N∑
i=1

∫
RN

[uxi
∂ (δε ∗ TK(Ei))

∂xs

+u
∂2(δε ∗ TK(Ei))

∂xs∂xi
]uxs

Sη(|gradu|)
|gradu|

φdx. (33)

If we notice that ε = 1
K , then

∂ (δε ∗ TK(Ei))
∂xs

= −
∫
{y:|K(x−y)|<1}

2K2(xs − ys)

[|K(x− y)|2 − 1]2

KN+1

A
· e

1
|K(x−y)|2−1TK(Ei(y, s))dy, (34)

where x = (x1, · · · , xN , t) as before. By the facts of
that

1

[|K(x− y)|2 − 1]2
e

1
|K(x−y)|2−1 ≤ c,

and |K(x − y)| < 1, |TK(Ei))| ≤ K, from (34) we
can get

|∂ (δε ∗ TK(Ei))
∂xs

|

≤ c

∫
{y:|K(x−y)|<1}

1

[|K(x− y)|2 − 1]2

KN+3

A
e

1
|K(x−y)|2−1dyds

≤ cKN+3.

Thus, in (33) (also in (32)), if we choose

φ(x) =
1

KN+4
φ1(x), φ1 ∈ C∞

0 (RN ),

then we have∫
RN

[uxi
∂(δε ∗ TK(E))

∂xs
uxs

Sη(|gradu|)
|gradu|

φdx

≤ c

K

∫
RN

|gradu|φ1dx. (35)

Similarly, we are able to show that

|∂
2(δε ∗ TK(E))

∂xs∂xi
| ≤ cKN+4,

then ∫
RN

u
∂2(δε ∗ TK(E))

∂xs∂xi
uxs

Sη(|gradu|)
|gradu|

φdx

≤ c

∫
RN

φ1dx. (36)

By a process of limit, we can assume that in the
formulas (35)-(36) (also in (32)),

φ1 = ωλ(x) = exp(−λ
√
1 + |x|2).

Clearly, there exists a positive constant cλ such that

ωλxi = ωλ
−λxi√
1 + |x|2

,

|∇ωλ| ≤ cλωλ, |ωλxixj | ≤ cλωλ. (37)
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Now, by the following facts

1

K

∫
RN

Sη(|gradu|)
|gradu|

uxsxiuxsφxidx

= − 1

KN+5

∫
RN

Iη(|gradu|)△φ1dx, (38)

∫
RN

aij(u)uxsxiuxpxj
∂2Iη(|gradu|)

∂ξs∂ξp
φdx ≥ 0,

(39)∫
RN

aij(u)
Sη(|gradu|)
|gradu|

uxsxiuxsφxjdx

+

∫
RN

aiju (u)uxiIη(|gradu|)φxjdx

= − 1

KN+4

∫
RN

aij(u)Iη(|gradu|)φ1xixjdx,

(40)

|gradu|Sη(|gradu|)− Iη(|gradu|)

=

∫ |gradu|

0
τhη(τ)dτ → 0, as η → 0, (41)

if we let η → 0 in (32), using (35)-(41), we have

d

dt

∫
RN

|gradu|ωλdx ≤ c+ c

∫
RN

|gradu|ωλdx,

where c depends on λ but is independent of K. By
Gronwall Lemma, we have∫

RN
|gradu|ωλdx ≤ c(T, λ). (42)

If we multiply with uωλ on the two sides of equation
(27), and integrate overQT , by (42), we can show that

N∑
j=1

∫ ∫
QT

|rijuxi |2ωλdxdt ≤ c(T, λ, ∥u0∥L∞),

(43)
we omit the details here.

By (30), (42) and Kolomogroff’s Theorem, there
exists a subsequence {uKn} of the family {uK} which
are the solutions of regularized problem (27)-(28), and
there exists a function u ∈ BV (QT ) ∩L∞(QT ), such
that uKn → u a.e. on QT .

4 The Proof of Theorem 3
Now, let u be the limit function of uKn as n → ∞.
We now prove that u is the weak solution of (1)-(2)
in the sense of Definition 1. For simplicity, we denote
Kn as K in what follows.

Firstly, from (43), there are

gi ∈ L2(0, T ;L2
loc(R

N )), i = 1, 2, · · · , N,

such that, as K → ∞

rij
∂uK
∂xj

⇀ gj , in L2(0, T ;L2
loc(R

N )).

For any φ ∈ C2
0 (QT ),∫ ∫

QT

φgidxdt

= lim
K→∞

∫ ∫
QT

φrij
∂uK
∂xj

dxdt

= lim
K→∞

∫ ∫
QT

φ
∂

∂xj
(

∫ uK

0
rij(s)ds)dxdt

= −
∫ ∫

QT

φxj

∫ u

0
rij(s)dsdxdt

=

∫ ∫
QT

φr̂ij
∂u

∂xj
dxdt. (44)

This implies that u satisfies (1) of Definition 1.
Secondly, let φ ∈ C2

0 (QT ), φ ≥ 0, k ∈ R, η >
0. Multiplying equation (27) by φSη(uK − k) and
integrating over QT , we obtain

−
∫ ∫

QT

Iη(uK − k)φtdxdt

+
1

K

∫ ∫
QT

Sη(uK − k)
∂uK
∂xi

φxidxdt

+
1

K

∫ ∫
QT

S′
η(uK − k)

∂uK
∂xi

∂uK
∂xi

φdxdt

−
∫ ∫
QT

Sη(uK−k)
[
Aij(uK)−Aij(k)

]
φxixjdxdt

−
∫ ∫
QT

S′
η(uK−k)

[
Aij(uK)−Aij(k)

]∂uK
∂xi

φxjdxdt

+

∫ ∫
QT

S′
η(uK − k)aij(uK)

∂uK
∂xi

∂uK
∂xj

φdxdt

+

∫ ∫
QT

Sη(uK − k)δε ∗ TK(Ei)uKφxidxdt

+

∫ ∫
QT

S′
η(uK−k)δε ∗ TK(Ei)uK

∂uK
∂xi

φdxdt

= 0. (45)

Notice that, on the left-hand side of (45), the sec-
ond term trends to zero as K → ∞, the third term is
nonnegative, and by Lemma 2, the sixth term satisfies
that

lim inf
K→∞

∫ ∫
QT

S′
η(uK−k)aij(uK)

∂uK
∂xi

∂uK
∂xj

φdxdt

≥
∫ ∫

QT

S′
η(u− k)

N∑
i=1

| gi |2 φdxdt. (46)

At the same time, for the other terms on the left-hand
side of (45), we can deal with them as follows.∫ ∫

QT

S′
η(uK−k)

[
Aij(uK)−A(k)

]∂uK
∂xi

φxjdxdt
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+

∫ ∫
QT

Sη(uK−k)
[
Aij(uK)−A(k)

]
φxixjdxdt

=−
∫ ∫
QT

uK∫
k

S′
η(s−k)

[
Aij(s)−Aij(k)

]
dsφxixjdxdt

+

∫ ∫
QT

Sη(uK−k)
[
Aij(uK)−Aij(k)

]
φxixjdxdt

=

∫ ∫
QT

uK∫
k

Sη(s− k)aij(s)dsφxixjdxdt,

(47)

∫ ∫
QT

Sη(uK − k)δε ∗ TK(Ei)uKφxidxdt

+

∫ ∫
QT

S′
η(uK − k)δε ∗ TK(Ei)uK

∂uK
∂xi

φdxdt

=

∫ ∫
QT

[

∫ uK

k
d(sSη(s− k))φxi

+
∂

∂xi

∫ uK

k
sS′

η(s− k)dsφ]δε ∗ TK(Ei)dxdt

=

∫ ∫
QT

[∫ uK

k
Sη(s− k)ds+

∫ uK

k
sS′

η(s− k)ds

]
φxiδε ∗ TK(Ei)dxdt

−
∫ ∫

QT

∫ uK

k
sS′

η(s− k)ds(φxiδε ∗ TK(Ei)

+φδε ∗ TKi(Ei))dxdt

=

∫ ∫
QT

[δε ∗ TK(Ei)Iη(uK − k)φxi

−
∫ uK

k
sS′

η(s− k)dsTKi(Ei)φ]dxdt. (48)

where TKi(Ei) =
∂(δε∗TK(Ei(x,t))

∂xi
.

At last, let K → ∞ in (45). By (46)-(48), notic-
ing that E = {Ei} ∈ (L2(QT ))

N and divE ∈
L2(QT ), we can get (6).

The proof of (8) is similar to that in references
[10, 11] et al., we omit the details here.

5 Proof of Theorem 4
Using Vol′pert-Hudjaev’s inspiring idea in [5], similar
to the proof of Lemma 3.1 in [11], we are able to
prove the following lemma, and we omit the details
here.

Lemma 8 Let u be a solution of (1)-(2). Then∫ u+

u−
rij(s)ds · vi = 0, j = 1, 2, · · · , N ; a.e. on Γu,

(49)
where (49) is true in the sense ofN dimensional Haus-
dorff measure.

Proof of Theorem 4. Let u, v be two weak solutions
of equation (1) with initial values

u(x, 0) = u0(x), v(x, 0) = v0(x).

By Definition 1, for any φ ∈ C2
0 (QT ), φ ≥ 0, k, l ∈

R, we have∫ ∫
QT

[Iη(u− k)φt − Ei(x, t)Iη(u− k)φxi

+Aijη (u, k)φxixj ]dxdt

−
∫ ∫

QT

[S′
η(u− k)

N∑
i=1

| gi |2 φ

−
∫ u

k
sS′

η(s− k)dsEixiφ]dxdt ≥ 0, (50)

∫ ∫
QT

[Iη(v − l)φt − Ei(y, τ)Iη(v − l)φyi

+Aijη (v, l)φyiyj ]dxdt

−
∫ ∫

QT

[S′
η(v − l)

N∑
i=1

| gi |2 φ

−
∫ v

l
sS′

η(s− k)dsEiyiφ]dydτ ≥ 0. (51)

Let

ψ(x, t, y, τ) ≥ 0, ψ ∈ C2(QT ×QT ).

If for given (τ, y) ∈ QT

suppψ(·, ·, τ, y) ⊂ QT ,

and if for given (x, t) ∈ QT ,

suppψ(x, t, ·, ·) ⊂ QT .

We choose

k = v(y, τ), l = u(x, t), φ = ψ(x, t, y, τ)

in (50) (51) respectively, integrate over QT , then∫ ∫
QT

∫ ∫
QT

{Iη(u−v)(ψt + ψτ )−[Ei(x, t)ψxi

+Ei(y, τ)ψyi ]Iη(u− v)}dxdtdydτ
+

∫ ∫
QT

∫ ∫
QT

[Aijη (u, v)ψxixj
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+Aijη (v, u)ψyiyj − S′
η(u− v)

N∑
i=1

| gi(u) |2 +
N∑
i=1

| gi(v) |2)ψ]dxdtdydτ

+

∫ ∫
QT

∫ ∫
QT

[(Eixi − Eiyi)∫ u

v
sS′

η(s− v)dsψ]dxdtdydτ ≥ 0. (52)

Let ψ(x, t, y, τ) = ϕ(x, t)jh(x − y, t − τ). Here,
ϕ(x, t) ≥ 0, ϕ(x, t) ∈ C∞

0 (QT ), and

jh(x− y, t− τ) = ωh(t− τ)ΠNi=1ωh(xi − yi),

ωh(s) =
1

h
ω(
s

h
)

ω(s) ∈ C∞
0 (R), ω(s) ≥ 0, ω(s) = 0 if | s |> 1,∫ ∞

−∞
ω(s)ds = 1.

Clearly,

∂jh
∂t

+
∂jh
∂τ

= 0,
∂jh
∂xi

+
∂jh
∂yi

= 0,

∂ψ

∂t
+
∂ψ

∂τ
=
∂ϕ

∂t
jh,

∂ψ

∂xi
+
∂ψ

∂yi
=

∂ϕ

∂xi
jh.

Since Ei ∈ L2(QT ) and ψ ∈ C∞
0 (QT ×QT ), by

the control convergent theorem, we have

lim
η→0

∫ ∫
QT

∫ ∫
QT

[Ei(x, t)ψxi

+Ei(y, τ)ψyi ]Iη(u− v)dxdtdydτ

=

∫ ∫
QT

∫ ∫
QT

[Ei(x, t)ψxi

+Ei(y, τ)ψyi ]|u− v|dxdtdydτ

=

∫ ∫
QT

∫ ∫
QT

[Ei(x, t)ψxi

−Ei(y, τ)(ψxi − ϕxijh)]|u− v|dxdtdydτ.

Let h→ 0 in the above equality. We have

lim
h→0

∫ ∫
QT

∫ ∫
QT

[Ei(x, t)ψxi

+Ei(y, τ)ψyi ]|u− v|dxdtdydτ

=

∫ ∫
QT

Ei(x, t)|u− v|ϕxidxdt. (53)

At the same time, by the fact of that

lim
η→0

sS′
η(s) = 0,

and by the test function ψ = ϕ(x, t)jh(x− y, t− τ),

lim
h→0

lim
η→0

∫ ∫
QT

∫ ∫
QT

[(Eixi − Eiyi)∫ u

v
sS′

η(s− v)dsψ]dxdtdydτ

= lim
h→0

lim
η→0

∫ ∫
QT

∫ ∫
QT

[(Eixi − Eiyi)∫ u

v
(s− v)S′

η(s− v)dsψ]dxdtdydτ

+ lim
h→0

lim
η→0

∫ ∫
QT

∫ ∫
QT

(Eixi − Eiyi)

v sgn(u− v)ψdxdtdydτ

= lim
h→0

∫ ∫
QT

∫ ∫
QT

(Eixi − Eiyi)v sgn(u− v)

ϕ(x, t)jh(x− y, t− τ)dxdtdydτ = 0. (54)

For the third term in the left-hand side of (52), we
can deal with it as [10, 11], use Lemma 8, and get the
following equality.

lim
η→0

[
Aijη (u, v)ϕxjjhxi +Aijη (u, v)ϕyjjhyi

]
= 0.

(55)
Combing (52)-(55), and letting η → 0, h→ 0 in (52),
we get∫ ∫

QT

{[u(x, t)− v(x, t)]ϕt − |u− v|Ei(x, t)ϕxi

+sgn(u− v)
[
Aij(u)−Aij(v)

]
ϕxixj}dxdt ≥ 0.

(56)
Let

η(t) =

∫ s−t

τ−t
αε(σ)dσ, ε < min{τ, T − s}.

Here αε(t) is the kernel of mollifier with αε(t) = 0
for t /∈ (−ε, ε).

By approximation, we can replace ϕ in (56) by
ϕ(x, t) = ωλ(x)η(t), where ωλ(x) is the function of
(21), and η(t) ∈ C1

0 (0, T ). By the assumption of that

Eixi ≥ 0,

we known that the second term of the left-hand side
in (56) is non-positively, it can be drawn away, i.e. we
have ∫ ∫

QT

{[u(x, t)− v(x, t)]ϕt

+sgn(u− v)
[
Aij(u)−Aij(v)

]
ϕxixj}dxdt ≥ 0.

(57)
Using the estimate

| ωλxixj (x) |≤ Cλωλ(x),
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we obtain from (57)∫ ∫
QT

[u(x, t)− v(x, t)]ϕtdxdt

=

∫ ∫
QT

[u(x, t)− v(x, t)]]ωλ(x)

[−αε(s− t) + αε(τ − t)] dxdt

=

∫
RN

[u(x, τ)− v(x, τ)]ωλdx

−
∫
RN

[u(x, s)− v(x, s)]ωλdx∫ ∫
QT

sgn(u− v)
[
(Aij(u)−Aij(v)

]
ϕxixj

≤ c

∫ s

τ

∫
RN

| u(x, t)− v(x, t) | ωλ(x)dxdt,

so ∫
RN

| u(x, s)− v(x, s) | ωλ(x)dx

≤
∫
RN

| u(x, τ)− v(x, τ) | ωλ(x)dx

+c

∫ s

τ

∫
RN

| u(x, t)− v(x, t) | ωλ(x)dxdt.

By Gronwall Lemma∫
RN

| u(x, s)− v(x, s) | ωλ(x)dx

≤ c

∫
RN

| u(x, τ)− v(x, τ) | ωλ(x)dx.

Let τ → 0. The proof of Theorem 4 is complete.
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