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Abstract: The row first-plus-rlast r-right (RFPrLrR) circulant matrix and row last-plus-rfirst r-left (RLPrFrL)
circulant matrices are two special pattern matrices. On the basis of the beautiful properties of famous numbers
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1 Introduction

Circulant matrix family occurs in various fields, ap-
plied in image processing, communications, signal
processing, encoding and preconditioner. Meanwhile,
the circulant matrices [1, 2] have been extended in
many directions recently. The f(x)-circulant matrix
is another natural extension of the research category,
please refer to [3, 11].

Recently, some authors researched the circulant
type matrices with famous numbers. In [3], Shen et al.
discussed the explicit determinants of the RFMLR and
RLMFL circulant matrices involving certain famous
numbers. Jaiswal [4] showed some determinants of
circulant matrices whose elements are the generalized
Fibonacci numbers. Lind presented the determinants
of circulant and skew circulant involving Fibonacci
numbers in [5]. Gao et al. [6] considered the deter-
minants and inverses of skew circulant and skew left
circulant matrices with Fibonacci and Lucas number-
s. Akbulak and Bozkurt [7] proposed some properties
of Toeplitz matrices involving Fibonacci and Lucas
numbers. In [8], authors considered circulant matri-
ces with Fibonacci and Lucas numbers and proposed
their explicit determinants and inverses by construct-
ing the transformation matrices. Jiang and Hong gave
exact determinants of some special circulant matrices
involving four kinds of famous numbers in [9]. See
more of the literatures in [10, 11, 12].

We introduce two new patten matrices, i.e. row
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first-plus-r last r-right (RFPrL7rR) circulant matrix
and row last-plus-r first r-left (RLPrFrL) circulan-
t matrix. Based on the characteristic polynomial of
the basic RFPrLrR circulant matrix and the Binet
formulae of famous numbers, we obtain the exac-
t determinants of two patten matrices with Jacobsthal,
Jacobsthal-Lucas, Perrin and Padoven numbers.

A row first-plus-rlast r-right (RFPrLrR) cir-

culant matrix with the first row (ag,ai,...,an—1),
denoted by RFPrLRcirc,.fr (ao, a,. .. ,an_l), is
meant to be a square matrix of the form
ao ai an—1
ran—1 ag + ran—1 Gp—2
A= | ra,—2 rap_1+ra,_2 an—3
raq raz + ray ap +ranp—1

Be aware that the RFPrLrR circulant matrix is a x™ —
rx — r-circulant matrix.

We define O, as the basic RFPrLrR circulant
matrix, that is

0 1 0 0 0
0 1 0 0
0 0 o ... 0 1
r T 0o ... 0 0

nxn

= RFPrLRcirc, fr(0,1,0,...,0).

Both the minimal polynomial and the characteris-
tic polynomial of ©,. .y are g(x) = 2" —rx —r, which
has only simple roots, denoted by 7; (i = 1,2,...,n).
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A row last-plus-rfirst r-left (RLPrFrL) circulant
matrix with the first row (ag, a1, ..., a,—1), denoted
by RLPrFLcirc, fr (ao, A1y an,l), is meant to be
a square matrix of the form

ag PN QAp—9 Ap—1

al . ap—1 + ragp rag

B = as rag + rai rai
an—1 + rag TQp-3 + TAp—2 Tap_2

Let A=RLPrFLcirc, fr(ap,a1,...,an,—1) and
B = RFPrLRcirc,fr(an—1,an—2,...,a9). By ex-
plicit computation, we find

A = BI,, (1)

where fn is the backward identity matrix of the form

0 .

1, = . )

0

1

The Jacobsthal sequences {.J,}, Jacobsthal-
Lucas sequences {j, }[13, 14, 15], Perrin sequences
{R,} and Padovan sequences {P,} [16, 17, 18] are
defined by the following recurrence relations, respec-
tively:

Jn = Jn—l + 2Jn—27 (3)

n> 2,
Jn =Jn-1+2jn—2, N =2, 4)
Ry=Rn o2+ Ry-3, n2>3, ®)
P, =P 2+P,_3, n>3, (6)
with the initial condition Jy = 0, J; = 1, jo = 2,
1 =1, Ry =3 R =0, Ro = 2and Py = 1,
Pi=1,Py=1.

The first few members of these sequences are giv-
en as follows:

n 0 1 2 3 4 ) 6
J., 0 1 1 3 5 11 21
Jn 2 1 5 7 17 31 65
R, 3 0 2 3 2 5 5
P, 1 1 1 2 2 3 4

The sequences {.J,,} and {j,} are given by the
Binet formulae

an_ﬂn
Iy ="
a—p
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and
jn =a" + /Bn7
where a, 3 are the roots of the equation 22—z —2 = 0.
While, recurrences (5) and (6) involve the charac-

teristic equation 23 — 2 — 1 = 0, its roots are denoted
by r1, 72, r3. Then we obtain:

ry+ro+1r3 =0,
rire + 1173 + 1ror3 = —1, (7N
rirors = 1.

In addition, the Binet form for the Perrin se-
quences is
Ry, =r +1ry +ry, 8

and the Binet form for Padovan sequences is

P, = a1 + aary + asry, 9)
where
3
ri; —1 .
a; = J , i=1,2,3.
=1 r, — T‘j
J#i

2 Main Results

By Proposition 5.1 in [19] and properties of RFPrLrR
circulant matrices. we deduce the following lemma.

Lemma 1. Let A = RFPrLRcire,fr(agp, a1, .. .,
an—1). Then the eigenvalues of A are given by

n—1
)\i:f(ﬂ-i)zzajﬂ'zj'v i:0,1,2,...,n—17
7=0

where, T; (z = 1,2,... ,n) are the eigenvalues of
O(r,r), and the determinant of A is given by

n n n—1 )
det A = H)‘i = HZaﬂrg.
i=1 i=1 j=0
Lemma 2. Assume 7; (i = 1,2,...,n) are the roots

of the characteristic polynomial of © ;). If a = 0,
then

=1

H(aﬂf’ +br? + em; + d)
(br? + cm; + d)
1

n

=d" — " Hdr(s" ") + br (8" + )
—7r%(d—c+1b)],
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where a,b, c € R and

_ —c+ Ve —4bd f_ ¢~ c? — 4bd
5T % PovT % '
Ifa # 0, then

n

H(cm;g’ +br? + em; + d)

i=1
=d" wd( X X2+ 22X
= 9 TAg(n—1) —TAp_1 +ar nfl)
(=a)" 2 2 2
+ (rXon + 27X, — 1 X, — 2r° Xp41)

+ (—a)"! (r3 (a—b+c—d) - bT‘2Xn),

where X, = x + x4 + x%, and x1, T2, x3 are the
roots of the equation ar} + br? + cm; +d = 0.

Proof. Since m; (i = 1,2,...,n) are the roots of the
characteristic polynomial of ©,. ), g(x) =a"—roz—
r can be factored as
n
J:"—Tx—r:H(x—Tri).

i=1

Let z1, 2, 3 be the roots of the equation aﬁf’ +b7ri2 +
cm; +d = 0. If a = 0, please see [11] for details of
the proof. If a # 0, then

n

l_I(CLW;3 +br? + em; + d)

=a" | | (m; — x1)(m; — x2)(m; — x3)
=1
=(—a)" [[(x1 — m) [ [ (22 = mi) [J (25 — mi)
i=1 i=1 i=1

)
=(—a)" (901962963)n — ra1zaxs[(a122)"”

+ ($1$3) ($2x3)n_1] -7 [(Cleg)n + (azlxg)"
+ (xox3)" ] +r x1x2x5(x1 + :cgfl + xgl*l)
+ 72 [2] (22 + m3) + 25 (21 + 23) + 25 (21 + 22)]

+7? ! 4+ x5 +af) — r3a1 2013

(
- 7“3(I1CU2 + z123 + T273)
(

-3 1 + x9 + x3) —TS}.

Let X, = 27 + z§ + z%, we obtain (z;x2)" +
X2 X5
(r123)" + (w223)" = “25=2" from (2] + a2 +
E-ISSN: 2224-2880 217
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25)? = o' 4+ 23" + 23" + 2[(z122)" + (w123)" +

(zox3)™]. Taklng the relation of roots and coefficients

b

xr1+ 22 + 23 = —5
T1x2 + X1T3 + Taxz = ﬁ

d

T1T2T3 = ~a

into account, we get that

n
H(aﬂ? + b2 + em; + d)
i=1

=d"+ wd(rX —rX2_ +2r°X
= 9 2(n—1) TAL 1 +2r nfl)
(-a)"
2
+ (—a)" ' (r*(a—b+c—d) —br’X,),

+

(rXon +2r° X, — X2 — 2r° X, 41)

where X,, = 27 + 24 + %, and 21, x2, x3 are the
roots of the equation ar + br? + cm; +d =0. O

In the following, we show the exact determinants
of the RFPrLrR and RLPrFrL circulant matrices in-
volving some related famous numbers.

3 Determinants of the RFPrLrR and
RLPrFrL Circulant Matrices In-
volving the Jacobsthal Numbers

Theorem 3. If A = RFPrLRcirc fr (Jo, ..., Jn—1),
then

detA
_(=rd)" (= 2rdan)" T [P (s 4+ )]

1-— Tjnfl - Tjn
. (= 2rdn 1) [2r2 001 (s + £7) — 2]
1-— rjn—l - Tjn

where
rdy +2rdp—1 — 1
1= —4rJdn_1
N V=T =200, 1) = 82, d
—4rJ,_1 ’
t :rJn +2rd,—1—1
—4rJ,_1
V== 200, 0)? = 8020
—4rJn_1 '
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Proof. The matrix A can be written as

Jo Ji JIn—1
rdp_1 Jo+rda_1 Jn—2
A= z S
rJoy rds+rJy ... J1
rJi rdo +1rJy Jo+rdn_1

Using the Lemma 1, the determinant of A is

detA

]

ﬁ (— 27"Jn,1)7r2 — (1— rdn — 27“Jn,1)7ri —rJn

1—m — 272

@
I
—

According to Lemma 2, we can get

s

[( — 27“,]”,1)7712— (1— rJn,— QTJn,l)m— rJn]

Il
MR

n

A~~~ .

=(— )" = (= 2rdnd)" = PP (s Y
— 2%, (st +17) + 7“2] .
Then we obtain that
det A
(= rda)" 4 (= 2rdut)" [P (57 4 5]
|l O T
N (- 27”Jn_1)n_1 [2r2 T (871‘ +17) — r?]

1- rjn—l —TJn

Y

where
rdp +2rd,_1 —1
S1 =
—47‘Jn_1
\/(1 —rdp = 2rdn 1) = 8020y
+ —4rJ,_1 ’
; rdy+2rdp1 — 1
1= —4rJn_1
V@ =y =200, 1) = 82
B —47“Jn_1 '

O
Using the method in Theorem 3 similarly, we also
have
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Theorem 4. [f A = RFPrLRcirc, fr (J,—1, ..., Jo),
then
tegr T 2T 1)" = (T — )" (= 2J,1)

(-2)” + 2Tjn—1 - Tjn
r(Jn — r)n
(=2)" + 27jp_1 — Tjn

Theorem 5. If J = RLPrFLcirc, fr (Jy,. ..
then we have

9 Jnfl))

tetg [T =2Tn0)" = (T~ r)" = 2J,1)

(=2)" 4 2rjp—1 — Tjn

T(Jn — T)n n(n—1)
- . . 2
(=2)" + 21jp—1 — Tjn
Proof. The matrix J can be written as
JO . Jn_Q Jn—l
J1 . Jn—1+ 1y rJo
J= : ' : :
Jn_g 7"Jn_4 +7rJ, —3 rJ, —3
Jno1+1rdo rdp_s +rJp—o 1TJp_2
Jn—l Jn—2 e JO
’I"JO Jn_l + TJO e J1
TJn_3 rJ, —4 + rJ, —3 Jn_g
rdpo Tdh3+ 1o Jn—1+1Jo
o o0 ... 0 1
0 0 1 0
X O ’ 9
0 1 0 0
1 0 0 0

then we can get
detJ = detA'detl,
which matrix A’ = RFPrLRcire, fr (J,—1, ..., Jo),

its determinant could be obtained through Theorem 2.

(r— 2Jn_1)n —7(Jp — r)nil (r—2Jp1)

detA’ = - 5
(=2)" 4+ 27jp—1 — Tjn
’I“(Jn — r)n
(_2)71 +2rjp—1 — Tjn,
and

n(n—1)

detl’ = (—1) 2
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So

detJ = detA’detD’
(r=20u )" =7 (Ju—7)"" (r = 2Ju1)
(-2)” + 2Tjn—1 — Tjn

T(Jn — r)n

(=2 + 2rjn_1 — Tn

n(n—1)
2

4 Determinants of the RFPrLrR and
RLPrFrL Circulant Matrix In-
volving Jacobsthal-Lucas Number-
S

Theorem 6. If B = RFPrLRcirc,fr (jo, . ..
then

7jn—1))

detB = (2 _ Tjn)n
1 —=7jn-1—7Jn
(= 2rjn1)" " [r(rsn — 2) (55"
1- T]n—l - 7’]”
(= 2r )" [202 (55 + 13) + 3r7]
1-— Tjnfl - Tjn

N )]

)

where
14+ 2rj-1+71jn
_4rjn—1

. .\ 2 . .o
V(U4 204 4+ 74a) 4 16mj01 — 82
+ -
—4rjn—1

S9 =

)

14+ 2rj,1 +71jn
—4rjn—1

. .\ 2 . .o
\/(1 + 2rp1 +1jn)” 4 167401 — 872 jnjn_1
—4rjn_1 '

tg =

Similarly, we also get the following Theorem 7.

Theorem 7. If B’ = RFPrLRcirc fr (ju—1, - - -, jo),

then
—r—2j
detB’ = ( gn-1)"
(—=2)n + 2rjp—1 — Tjn
(27“)” (r? 4 2rj,_ 1)( n—l tg_l)
( 2)" 4+ 2rjp—1 — Tin
C(20)" 2% (sB 4 18) = (G — 2 )]
(_2>n + 2rjpn—1 — TIn ’
E-ISSN: 2224-2880 219
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where
o =+ \/(7" — i)’ 4 872 4+ 167,
S3 — s
4r
o — 1T — \/(7‘ — jn)2 + 872 +167j,_1
t3 = .
4r
Theorem 8. If J' = RLPrFLcirc fr (jo, - - - jn—1),
then we have
—r— 2 . _ n
det.J’ = [ ( o)’
(=2)" + 27)n—1 — Tjn
(27‘)n_1(r2 +2rjp—1) (S?il + tgil)

(—2)" + 2Tjn_1 — Tjn

e (2o +15) = 12 - 240 ) |

(=2)" 4+ 21jp—1 — Tjn

n(n—1)
X (— o ,
where
Jn—7+ \/(7‘ - jn)2 + 8r2 + 167j,—1
S§3 = )
4r
T \/(7" — jin)” + 872 4+ 1675,
3= .
4r

Proof. The matrix J’ can be written as

Jo e Jn—2 Jn—1
Ji oo Jn—1+T7J0 7jo
J/ — . . . .
Jn—2 coo Tn—a+1Jdp_3 Tin—3
jnfl + rjO TjnfB + rjnf2 Tjnf2
Jn—1 Jn—2 e Jo
rJo Jn—1+7jo ... Ji1
Tjn—S Tjn—4 + Tjn—?) cee jn—2
rjan rjnffi + Tjan jnfl + rjO
o o0 ... 0 1
0 0 1 0
X .t ’ )
0 1 0 0
1 0 0 0

then we can get

detJ’ = detB'detl,
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with matrix B’ = RFPrLRcirc, fr (j,—1, ..., Jo), its
determinant could be obtained through Theorem 7.

detB' = (=7 —2jn-1)”
(—2)" +2r]n 1= TJn
(27“)” (r? 4 2rj,_ 1)( n—l +t’§*1)
( 2)" + 27fn—1 = Tjn
(20)" 2 (s + 1) = 12(jn = 2n1)]
(—=2)" + 2rjn—1 — TJjn ’
where

n =T+ \/(r — i)’ 4872 4+ 167,

83 = Ar )
, G — T — \/(r—jn)2+8r2+167’jn_1
3 = Ar )
n(n—1)
and detl’ = (—1)" 2
So
detJ’ = detB’det’
_[ (=7 —2jn)"
(—=2)" + 2rjp—1 — Tjn
N (27“)"71(7“2 + 2rjp—) (5 + 571
(—2)n +2rJp—1 — Tin
-1 . )
(2r)" ™ (202055 + 45) = 200 — 240-))
- (_2>n +27jn—1—"Jn ]
n(n—1)
X (_ 2 ;
where
Jn— T+ \/(r — ) 4+ 872 + 1677,
S§3 = Ar )
. Jn—1T— \/(T—jn)2+8r2+16rjn_1
57 4r '
O
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5 Determinants of the RFPrLrR and
RLPrFrL Circulant Matrix In-
volving Perrin Numbers

Theorem 9. Let C = RFPrLRcirc,fr(Ry, Ra, . . .,

Rn). Then
2( — n - n "
det O — ( rR +;{/ rR +2)
(ar)nfl (arH + TRn+2)
+ Y
X (rXﬁ,l — er(n,l) — 27"2Xn_1)
(rRn)" (rX2 — rXon — 202Xy + 2r2 X141
Y/
(1= 2rRpy2) + (3 — 1Ry — rRpy2)r* Xn
_ 7
Q(TRn)nfl ,

where

Y = —rY2—rY2 | +rYo, + 7Yo(n—1) — 2r2Y, 41+
2r2Y, 1 — 2r3 + 2.

X, = o7 + 2y + x%, and x1, T2, x3 are the roots of
the equation —rR,x> + (3 —rR, —r R, 2)x? + (2 —
T’Rn+1)$ + ( — TRyl — T’Rn+2) = 0.

Y, =y + vy + v, y1, Y2, Y3 are the roots of the

equation y3 +y*> — 1 = 0.

Proof. Obviously, the matrix C' has the form
R Ry e R,
rR, Ri+rR, Ry

c=1| : .
rRs rRy+rRs ... Ry
rRy rR3+rRo Ri+ 7R,

Owing to Lemma 1, the Binet form (8) and (7),

n

det C =[] (R + Romi + -+ + Rl ™")

i=1
n n 3

SINDWER
i=1k=1j=1
n 3
Hzrj(l rim ™
=1 j5=1 1—?"]71'1

_ﬁ —r Ry} + (3 — 1Ry — 1Ry y2)?

7r3 7'(‘ +1

N (2= 7Rp41)m — (rRny1 + rRny2)
—7ri3 — 711-2 +1

Volume 15, 2016



WSEAS TRANSACTIONS on MATHEMATICS Tingting Xu, Zhaolin Jiang

By Lemma 2 and the recurrence (5), we obtain Theorem 10. Let C' = RFPrLRcirc, fr (Rn, R, 1,
.,Rl). Then

n
H [ — arTr? +3B—=7rR, — ar+2)7TZ-2 det O — (R, — 3r)" r(R, — 37‘)(3}’1171 + l’gil)
i=1 etC = Y - Y

+ (2 — arH)m — (arH + arJrg)} n r(Rp+1 — 2r) (2} + a%)

Y//
:< — 1Ry — TRnJrQ)n r? (Rn + Rpy1 — Rn+2) n—1
- 1 : (RTH‘l - ZT) 9

1 n—1 Y

+ 3 (rRn)" (rRnt1 + rRpt2)
where
2 2 1
X (rXp_y —rXo@m_1)— 2r Xn1)} Y =1 — 3 _ 5[7"5/3—1 — 1 Yamo1) — 2r2Y,_1]
1 1
§(TR ) (TX?’ZL —rXop — 2T2Xn + 2T2Xn+1) — §[TYY? — 1Yo, — 27"2Yn + 2T2Yn+1]
(R {7’3(1 % Rya) gy = P2+ VX
2Rn—&-l -
5r — R —
+ (3 - TRH - ar+2)T2Xn:| , To = " n+2 ﬂ
2Rn+1 -

X =(Rnt2 — 57)% = 4(Rny1 — 2r) (R — 3r),
where X,, = z7 +x5+x%, and 1, x2, x3 are the roots (Fent ) (Rt )(Rn )

of the equation —7R,2% + (3 — 7R, — rRyy2)x? + Y, =yt +y3 +y3, and yy, ya2, y3 are the roots of the
(2 — ar_H)m + ( —rRp41 — ar+2) = 0. And equation y3 —y—1=0.
Proof. The matrix C’ has the form
n
H(_ﬂ-f - 7T7;2 + ]-) R, R,—1 - Ry
i=1 rRy R, +rRq - Ry
1 . . . .
:i( o TY7742 - TYn27]_ + TYQn + TYQ(n,]_)) : : . :
9 9 3 rRy_o TRp_3s+7rR,_o ... R,_1
=Yg+ 1Y — 7 4 1, rRo_1 T"Rno+7rRh1 ... Rp+rRy
where Y, = y7 +y5 + y&, and y1, Yo, y3 are the roots According to Lemma 1, the Binet form (8) and (7), we
of the equation y3 + y?> — 1 = 0. have
Consequently, n
det C' = H (Rn +Rp_1m+ -+ R17r?_1)
2( — _ n i=1
det C' = ( ar+%{/ TRnJrQ) n n—1 3 no 3 n+l '
ko ] J
: IS -T2
i [(TRn)n (rRnt1 +rRps2) i=1 k=0 j=1 i=1 j=1 i
!
b _ ﬁ (Rpt1 — 27‘)7@2 + (Rn+2 —5r)m; + Ry, — 3r
x (rXp ) —rXom-1) — 2r2Xn_1)] Pl —m+m+1

(r Rn)n (r X% 1 Xo, — 212X, + 212 Xn+1) Using Lemma 2 and the recurrence (5), we obtain
Y/
[r3(1 - 2ar+2) + (3 —rR, — ar+2)r2Xn
Y/

Ryi1 —2r)m? + (Ryqo — 5r)m; + Ry, — 37]

||::]:

2R =Ry = 3" = [r( — 30 )
+r(Rpg1 — 2r) (] + 273)

- 7’2 (Rn + Rn+1 - Rn+2):| (Rn+1 - 27")71—17
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where

5 — Rpyo + /X _hr— Rpyo — /X

T T R —4r 0 2T T R, —4r
X =(Rny2 — 57)% — 4(Rpq1 — 2r) (R, — 3r).

And

1
— 1 — T3 — i[ryn?_l — TYZ(TL—:[) — 2T2YTL—1}
1
2

where Y,, = yi' +y5 +y5, and y1, y2, y3 are the roots
of the equation > — y — 1 = 0. Therefore,

[rY,f — Yo, — 2r%Y, + 27‘2Yn+1],

R, — 3r)" R, —3r)(z" 1 4 221
det O — ( = r) _ [T( 7”)(;;/} +xy )
r(Rpt1 — 2r)(2] +25)
+ Y//
72 Rn + Rn 1 — Rn+2 _
- S )] (R — 21"
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6 Determinants of the RFPrLrR and
RLPrFrL Circulant Matrix In-
volving Padovan Numbers

Theorem 12. Let D = RFPrLRcirc, fr(Pq, Po, ..

)

P,). Then
detD
(B rPa)" ()" (P
— V/ V/ 1
— 1Pns1) (rUp_y = 1Us(n—1) = 2r°Up-1)
1 n
1p,
_ Q(TV/) (rU = rUsn — 202Uy, + 2r?Un 1)
P,)" "
_w rg(]P)l —P2+a1+a2+a3)

+ (a1 +as+az —rP, — rPn+2)r2Un ,

where V' = 1—7’3—%(rVnQ_l—er(n_l)—QTZVn_l)—
2 (rV2 —rVan +2r2V, 1 —4r2V,,), Uy = ull +ul +

O
Th 11. Let R — RLPrFLeire fr(R:. R uf, u1, Uz, uz are the roots of the equation —rP,x3 +
eorem 11. Ler R = rFLcirc,fr(Ry, Ry, . . ., (ay + az + as — 1By — 1P, 42)2? + (Py — 1Ppyy —
Rn)- Then rPpiox+P1 —1rPy 1 = 0and V,, = v +vy +0uy, vy,
et R { (R, — 3r)" [r(Rn _ 3r)(quz—1 + x;“l) vo, V3 are the roots of the equation y> + y> — 1 = 0.
(§] = —
Y Y Proof. The matrix D has the form
o (B = 20)(af +28)
Y” P, Py . P,
’1"2 (Rn + Rn+1 — Rn+2) n—1l TPn ]Pl + rPn IPD'rL—l
_ G . (Rn+1 — 27’) D= : .
« (_1)%7 rPs rPy+1rPg ... Py
" rPy  rP3 + rPy Py +rP,
where
1
Y” =1- 7“3 - §[TY7L2—1 - 7/‘5/2(71—1) - 2T2Yn71] n
1 det D =[] (Py + Pomi + -+ + Pyr )

5 [7“Yn2 —rYs, — 2r%Y, + 21“2Yn+1],

5r — Rpi2 + /X
r1 =

2R, 41 — Ar
. C5r— Ry — X
2T 2Ry —Ar

X =(Rpy2 — 57)% — 4(Rpq1 — 2r) (R, — 31),
Y, =yt +y5 +y5, and y1, yo, y3 are the roots of the
equation y> —y — 1 = 0.

Proof. Since
o~ n(n—1)
det T, = (—1)"%,
the result can be derived from Theorem 10 and the
relation (1). O
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i=1k=1 j=1
n 3 . n..n
. H a;ri(1 —rim)
1—rm
i=1j=1 4 =e

B ﬁ |:—7']P’n7TZ‘?’ + (a1 + a9 + az — rP, — T’]P’n+2)7ri2
—W? - 7T1-2 +1
(P2 — 1Ppy1 — rPpyo)m + P1 — 1Py
* —m3 —m?+1
1

5 —

I

from Lemma 1, the Binet form (9) and (7). Using
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Lemma 2 and the recurrence (6), we obtain

n

=1

+ (PQ —rPp41 — TIPn+2)7TZ‘ + Py —rPph

1 _
:(Pl — T’Pn+1)n — 5(7“1[»”)” 1(IP>1 — ’I"H:Dn+1)

X [TUg_l — TUQ(n_l) — 27"2Un_1:|
— %(ﬂpn)” [rU2 — rUsp — 2r°Up + 2r*Up 1|

— (’I“Pn)n_l [?“3 (Pl —Py+ a1 +ag + (Ig)
+ (a1 + a2 + ag — 1P, — 1Py 10) 7?0,

and

n
[—77? s 1]

=1

)

1
=1—- 7“3 — 5 [T’Vn2_1 — TVQ(n—l) — 27’2Vn_1]

1
-3 [1ViZ — 1Van + 2r2Vpy — 477V,

where U,, = u} + uy + u3, u1, ug, us are the roots
of the equation —rP,z3 + (a1 + a2 + ag — rP, —

’I“Pn+2)$2+ (]P)2_T]P>n+]_ —T‘PnJrQ)l‘—}-Pl —rPpi1 =0.
We have the following results:

detD
N T
- \Va - \V ( 1
— T]P)n+1) (’I“U,s_l — TUQ(n—l) — 27“2Un71)
1 n
ES ]P)n
—2 (TV/ ) (’I”UTZL — rUsy — 202U, + 27‘2Un+1)
P n—1
— (rg])/ 7“3(19’1 — Py + a1+ az + as)

+ (al +az +az — 1P, — TIP)n+2)T2Un:| )

where V/ = 1—7“3—% (rviZ, —1Va(n-1) —2r?V,_1)—
S (rV2=rVon+ 2V —4r°V,), Uy = ul +ul +
uj, u1, u2, uz are the roots of the equation —rP,x3 +
(a1 + az + ag — Py — rPpi2)2? + (Py — rPpyy —
rPpiox+P1 —7P,11 = 0and V,, = vi +v3 +v¥, vy,
9, v3 are the roots of the equation 3% + y> — 1 = 0.
O

Theorem 13. Ler D' = RFPrLRcirc, fr(P,, P,_1,

E-ISSN: 2224-2880

H [ T‘Pnﬂ'? + (a1 + a9 +az —rP, — TPn+2)7Ti2
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..., P1). Then
detD’
[}P’ — r(a1 + as + ag)]n Lyn—1
" v — 2V” P, —T(al

+ as + ag) . (TUg_l — 7’U2(n—1) — 27“2Un_1)

1,.n
57"
V//

Tn—l

-V [?”3 (Pp 4 Prg1 — Ppga — rPy)
+ (Poy1 — 7Py — 7P2) U, ],

. (TU,% —rUs, — 27’2Un + 2T2Un+1)

where V' = 1 — 3 — %[rVnQ_l — Vo_1) —
27“2Vn,1] — %[rVnQ — rVa, — 2%V, + 2r2Vn+1],
U, = u} + uy + uz, u1, ug, ug are the roots of the
equation —rPiz3 + (PnH —rlPy— T‘IP’Q)QJZ + [Pn+2 —
r(al +a2—|—a3) —T]P’Q].T—i-Pn—T(al +a2+a3) =0.
and V,, = v + vy 4+ vg, v1, vg, v3 are the roots of the
equation > —y — 1 = 0.

Proof. The matrix D’ has the form

]Pn ]P)nfl e Pl
riPy P, + rPy S Py
rPh_o rPuh_3+1Ph_o ... Pn_1

rPp1 rPpo+ 1Py Py +rPy—1

According to Lemma 1, the Binet form (9) and
(7), we have

n

det D' = [ (P + Pooami + - + Py )

=1

n n—1 n 3 antl n

SIS St [y 2
i=1 k=0 j=1 i=1 j=1

B L —7“7r;-3 + (IP’nH —2r 7Ti2
N zl_Jl: |: *7‘1’23 +m+1

o [Po2 —r(a1 +ax +a3) —r]m;

-3+ + 1
P, — r(al +az + ag)
—m +m+1

Using Lemma 2 and (9), we obtain
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n
1=

[— ’I"’/T? + (]P’n+1 —27’)7@-2—1— [IP’nH — 'r(al + as
1

+a3) —r]m + Py —1(a1 + as +a3)}

1 n—
—5(7‘[?1) ! [IP’n — T(al
+az +a3)] (rU_ — rUs(n—1) — 2r°Un—1)

:[Pn—r(al + az-l—ag)]n

- %(Tlpﬁ)n(TUg — 1Usp — 2r°Up, + 2r°Up 1)
- ("’Pl)n_l (1% (Pr + Pyt — Pryo — 1P2)
+ (Pn+1 —rP; — TPQ)’I"QUTZ]’

where U,, = u} + uy + ug, u1, ug, us are the roots
of the equation —rP12® + (P41 — 7Py — rPy)a? +
[Pn+2 —r(a1 +ay —1—&3) —TPQ]:U+IP’n—r(a1 +ag +
a3) =0.

1
= 1 - TS - 5[7’[/371 - T[/Q(n,]_) - 27"2&”_1]
1
— 5 [PV = Vo — 202V, + 27V ],

where V,, = v + vy + v¥, v1, v9, v3 are the roots of
the equation 3> — y — 1 = 0.
Then we have the following results:

det D’
[]P’ — r(al + a9 + ag)]n Lyn—1
= v — 2 N Pp — 7‘((11
+ as + ag) . (TUZ_I —rUs(n-1) — 27"2Un_1)
Lo.n
— QV// . (rU?l —rUsy, — 27’2Un + 27’2Un+1)
Tn—l 5
A )

+ (Pn+1 —rP; — TIP’Q)TQUn],

where V' = 1 — 13 — 2[rVZ | — rVyp1) —
27‘2Vn_1] — %[rVnQ — rVa, — 2%V, + 27’2Vn+1],
U, = ul + uy + uf, u1, ug, us are the roots of the
equation —rP12® + (Pppq — 1Py —rPy) 2 + [Pryo —
(a1 +as+az) —rPy]z+P, —r(a1 +az+as) = 0.
and V,, = v + vy + v3, v1, v, v3 are the roots of the
equation > —y — 1 = 0. O
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Theorem 14. Let P = RLPrFLcirc,qfr (Pl, P,
e ,IP’n). Then
det P
P, — n 1,n—1
:{[ n r(a1+a2—|—a3)] 3T Pn—r(al
V// V//

+as + ag):| . (TUgfl — TUZ(n—l) — 2T2Un_1)

1,.n
_ar
Vl/

rn—l

V//
n(n—1)

+ (Ppy1 — 7Py — TIP’2)T2Un}} (=),

. (rUg —rUsyy, — 27‘2Un + 2T2Un+1)

[72(Pp, + Ppg1 — Ppgo — 7P)

where V' = 1 — 13 — %[TVT?_I — Vom_1) —
27°2Vn,1] — %[rVnz — Vo, — 212V, + 27“2Vn+1],
U, = ul + uy + uz, u1, ug, ug are the roots of the
equation —rPyz3 + (IP’n_H —rPy— T‘PQ)IE2 + [IP’,H_z —
r(ar+as+as) —rPo]a+P, —r(a1 +az+as) = 0.
and V,, = v + v} + v¥, v1, va, v3 are the roots of the
equation > —y — 1 = 0.

Proof. The theorem can be proved by using Theorem
13 and the relation (1). O

7 Conclusion

In this paper, we introduce RFPrLrR circulant matrix
and RLPrFrL circulant matrices, which are two spe-
cial pattern matrices. Based on the Binet formulaes
of famous numbers and the characteristic polynomial
of the basic RFPrLrR circulant matrix, we give the
exact determinants of the two pattern matrices involv-
ing Jacobsthal, Jacobsthal-Lucas, Perrin and Padovan
numbers in section 3, 4, 5 and 6.
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