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Abstract: It is recognized that chemical reaction balancing problems are a mathematical problem in general. A set
of mathematical models is created for formalizing the problems of chemical function calibrations. The complexity
of the algorithm is O(x”) that indicates the nature of the problem where 7 is the number of types of atoms taking
part in reactions. The problem is often manually insolvable because the complexity and interlocked relations
among the coefficients of elements in reaction functions. Although empirical trial-and-error and heuristic methods
were proposed, they would fail when n is considerably large, i.e., n > 6. Therefore, a general mathematical model
and a rigorous methodology for solving chemical reaction balancing problems are yet to be formally studied. This
paper presents a theory of chemical function calibration, which enables automatic balancing of complex reaction
functions by numerical algorithms based on extended systems of linear equations.

Key-Words: Mathematical theory, mathematical models, algorithm, chemical reaction functions, balancing,
calibration, denotational mathematics, numerical methods, applications

1 Introduction It is recognized that the reaction balancing
problems in chemistry in general is a mathematical

A chemical function is a symbolic equation of problem [1, 3-12, 17]. Traditional approaches to

stoichiometric reactions. Both its left-hand side chemical reaction balancing are an empirical, trial-

(LHS) and right-hand side (RHS) are a weighted sum and-error, or heuristic process typically conducted in

which represent the reactants and the products, the following steps [7, 9, 17]:

respectively. A chemical function is balanced if the

weighted sums of both LHS and RHS are equal in the a) Assign oxidation numbers for those atoms

equation. which change.
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b) Decide on number of electrons to be shifted
per atom.

¢) Decide on number of electrons to be shifted
per formula unit.

d) Compensate electron gain and loss by writing
appropriate coefficients for the oxidizing
agent and the reducing agent.

e) Insert other coefficients consistent with the
conservation of matters.

Chemical reaction balancing is often a co mplex
and tedious process especially when many elements
are involved in the reaction. The complexity of
chemical reaction balancing is O(n°) where # is the
number of types of atoms taking part in the reaction.
Because of the complexity and interlocked relations
among the coefficients of elements in the reaction
functions, chemical reaction balancing problems are
often manually insolvable when n > 6.

This paper presents a set of general mathematical
models and numerical algorithms for complex
chemical function calibration and balancing. The
nature and theoretical foundations of chemical
reaction functions are explored in Section 2, w hich
leads to the establishment of the general
mathematical model of chemical reaction balancing.
Numerical algorithms for formal stoichiometric
balancing are developed in MATLAB in Section 3. A
set of experiments and case studies is presented in
Section 4 for demonstrating applications of the
formal reaction balancing methodology and
algorithms.

2 The Mathematical Theory of Chemical

Reaction Functions
A chemical reaction function (CRF) is a symbolic
equation of weighted sums of both reactants and
products for denoting a stoichiometric reaction.
According to the law of conservation of matter
(atoms and ions), a chemical reaction function is
balanced when the numbers of atoms of each type
taking part in the reaction are the same on both sides
of the function. The weighted sums of reactants and
products of a CRF form a linear function. Then,
solutions for the unknown weights in the CRF
become a m athematical problem for calibrating the
unknown coefficients of each reactant and product in
a system of linear equations under certain constraints.
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Definition 1. A system of /inear equations (SLEs)
is as et of m simultaneous linear functions,
L,1<i<m, 1e.

SLE: R L,

i=1
m (1)
= R [(a;x, +a,x, +..+a,x,)=b], mzn
i=1
a,x, +a,x, +..+a,x,=b

Ay X, +ayX, +...+a,,x, =b,

a,x, +a,,x,+..+a, x =b,

where n is the number of variables, and the big-R
notation represents recurring entities or repetitive
functions indexed by the subscript [11, 12]. Eq. 1 can
be neatly represented in the matrix form as follows:

A
SLE=Ax=Db
a,  4dp a, || % 1
2
|G Gy e Gy || Xy | b, 2)
am 1 am 2 b amn xn bm

Definition 2. Let R be a set of n, reactants and P a
set of n, products in a chemical reaction. The general
form of a c hemical reaction function (CRF) can be
formally represented by a linear equation, i.e.:

CRF2aR +a,R, +...+a,R, =
by(bR +b,p, +...+b, P, ) (3)

= iaiRl. = bOibij
i=1 =1

where g, and bj are the stoichiometric coefficients of

the reactants and products, respectively, and b, is the
least common integer multiplier of the products that
makes all coefficients of the CRF as integers.

Example 1. According to Definition 2, a known
reaction function, CRF), can be expressed as

CRF, = (a,R, +a,R, = b,R) = (2Al + 3F, = 2AlF,)
where @, =2, a, =3, and b, =2 for P, = AlF,.
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On the basis of Definitions 1 and 2, any CRF can
be formally transformed into a general mathematical
problem expressed by SLEs.

Definition 3. The mathematical model of an
arbitrary CRF is an SLE for calibrating the set of n
reactants R base on a given set of n x n coefficients
X and n product atoms P in the given chemical
reaction, 1.e.:

SLE(CRF)2XR =x,P, m=n
= R [(x R + xR, +...+ xR ) = x, B ]
k=1

X R +x,R, +..+ xR, =x,F,

1n""n

Xy R+ xR, +..+x,, R, = x, P,

= “)
xanl + xn2R2 t..t xnan = xOPn
X X X, [ Ry A
Xy Xy e Xy, || Ry P,
= = x()
xnl ‘xn2 xnn Rn Ry

where x, is a common integer multiplier for all
products on the RHS of the reaction function.

Definition 4. The least product multiplier, x,, is a
commonly shared integer factor among all products
that optimizes a stoichiometric function to its
minimum balance where each unknown reactant
coefficient, x,, 1<k<pn, obtains the minimum

integer value 7, i.e.:

Xo = minim(k (%R, € D) Q)

In the generic model of CRF asan SLE, the
coefficient matrix X, as well as the reactant vector R
and the product atom vector P, can be formally
described in the following.

Definition 5. The reaction coefficient matrix X is
an n X n square matrix where each weight coefficient
is determined by the LHS of the given CRF with
respect to each atom in the reactant vector R, R ie.:
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a
X X ..ox, R

n 1
W X1 X1z e X R? (6)
X= Rinj =|lxa x2 o Xm RS

i=1 j=1

Xnl Xn2 e Xnn RZ
Example 2. Reconsider the problem in Example
1, CRF, LAl + 3E, =2AlIF,, as an SLE as follows

where x, = 2:

55 K Al PD] 1
X=|1 0 4 R:{x'( )}P:{l( )}H (7)
NGINGINE
02 F

Example 3. Given the following chemical
reaction:

4Cr(N,H,CO),+ 3Cr(CN), + x,KMnO, + x,H,SO,
— x,K,Cr,0, + x,MnS0O, + x,CO, + x,KNO, ()
+x,K,S0, + x,HO,

Because there are eight atoms taking part in the
reaction, eight independent equations are required in
the SLE for solving the eight unknown coefficients.
In order to do so, all known product values are
moved on the RHS of the function, while only eight
unknown elements remain on the LHS. This result in
the following normalized CRF:

—x,KMnO, — x,H,S0, + x,K,Cr,0, + x,MnSO,
+x,CO, + x,KNO, + x,K,SO, + x,HO, )
= 4Cr(N,H,CO), +3Cr(CN),

All parameters X, R and P in the SLE for the

given CRF can be determined with respect to each of
the atoms in the reaction, respectively, i.e.:
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_xl X, X3 Xy X5 X, X; Xg R ]
-1 0200120 K
-1 0010000 Mn
44 7423410
X=|02000002H
0-1010010S
00200000 Cr
0 0001000O0C
0 0000100N |
[ %,(KMnO,) | [R&K)] [0]
x,(H,80,) P, (Mn)
x(K,Cr,0,) P©O) | |24
R= x,(MnSO,) P P,(H) _ 96
x,(CO,) R(S)
x,(KNO,) P(Cr) 10)
x,(K,S0,) P(O) | |42
| w®Oy) | [ R | |66

Lemma 1. The existence of a unique solution for
an SLE is that the number of independent equations
m must be greater or equal to the number of variables
n,i.e.:

mz=n (11)

Lemma 2. The criterion for optimal reaction
balancing is to obtain a set of the least reactant and
product coefficients determined by X,.

Without the minimum criterion as stated in
Lemma 1, there would be multiple solutions for
balancing an arbitrary CRF.

Theorem 1. Given any CRF expressed asa
system of linear equations, SLE(CRF)2XR=P,
there exists a unique solution when at least n
independent linear equations are obtained for each of
the n types of atoms involved in the reaction, i.e.:

R=RX\(x,P)), x, = ming, (R (R, € 1) (12)

xo=1
where the iterative limit »_ <100, typically.

Proof. On the basis of Definition 3, the solution of
any CRF can be expressed in the form of Eq. 4.
Because there are n = m linear equations for the set
of unknown reactant atoms |R| in the CRF, according
to the condition of Lemma 1, Eq. 4 can be uniquely

solved.
| |
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It is noteworthy that the SLE solution presented in
Theorem 1 is a calibration of values of the reactant
vector R by given X and P.

Example 4. The chemical reaction as given in
Examples 1 and 2, CRF, = x,Al + x,F, > x,AlF,,
can be formally described as an SLE according to
Definition 3 as follows:

SLE(CRF,) = XR = x,P

_ {x11R1 (AD) + x,R,(F) = x,[(Al)

X, R, (Al) + x,,R, (F) = x,P,(F)
_[R(AD+OR,(F)=x,p(a) (19
~ |0R (Al)+2R,(F) = 3x,P,(F)

1 0 x,(Al) 1
= = xO

0 2| x,(F) 3

Then, the balance of SLE(CRF)) is solved according
to Theorem 1 as follows:

[xl(Al)'
R= =X\x,P
% (F)
o 2l
\X| | = , X =1
3 0 2] 3 1.5 (14)
o Sh<[IH
\xX | 1= x=2
0 2] 3] |3

= 2A1+3F, =2AlF,

That is, the reaction can be optimally balanced as:
2Al1 + 3E, =2AlF, with  minimum  integer

coefficients for each atom when the least common
multiplier x, =2 is determined.

Corollary 1. The conservative rule for chemical
reactions states that the number of atoms,
a,, 1<k <n, remains the same between the elements

of reactants (R(ay)) and products (P(ay)), i.e.:
S (x.R(a,) - x,P(a,)) =0 (15)

k=1

where 7 is the number of types of atoms taking part
in the chemical reaction.

Corollary 1 is a formal description of the law of
conservation of matter in chemistry [4, 6,7,9 ],

Volume 16, 2017



WSEAS TRANSACTIONS on MATHEMATICS

which states that matter (atom or iron) is neither
created nor destroyed in a chemical process. It is an
instance of the principle of general system
equilibrium [12, 15].

It is noteworthy that, although Theorem 1 and
Lemma 1 guarantee the existence of a unique
solution to any formally expressed SLE of arbitrary
CRFs, not all of them may be manually solved. For
instance, the complex reaction function as given in
Example 3 cannot be easily balanced in empirical
approaches without the support of a computational
algorithm that implements Theorem 1 as a tool.

3 Numerical Algorithms for Balancing

Complex Stoichiometric Functions

The mathematical models and examples presented in
Section 2 indicate that the stoichiometric balancing
problems would be extremely complicated to be
solved manually. The challenging problems may be
classified into two categories known as: a)
Insufficient independent equations can be established
constrained by the number of types of atoms in the
function; and b) The need for calibrating a set of least
reactant coefficients under the constraint of (a).

The strategy for solving Problem (a) is to reduce
the number of unknown reactant coefficients to be
the same as that of the types of atoms on the LHS of
the function according to Lemma 1. This method is
called reaction function normalization.

Definition 6. The normalization of a CRF is a
preprocessing process that reduces the number of
unknown reactant coefficients m to be the same as
that of the types of atoms n on the LHS of a reaction
function. The rest unknown reactant coefficients are
moved to the RHS of the function with a sign change
for their coefficients where all products share a
common integer multiplier x.

The strategy for solving Problem (b) is to
optimize the solutions with respect to the least
product coefficients x,. In both strategies, suitable
numerical methods and algorithms are required
because of the extreme complexity in solving the
chemical reaction balancing problems.

3.1 The Direct Algorithm for Balancing CRFs

According to Theorem 1,t here exists a unique
numerical solution for any CRF when itis
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represented by a sufficient SLE nom atter how
complex it is. A direct matrix-based algorithm for
solving an SLE of chemical reaction balancing is
presented in the following algorithm implemented in
MATLAB.

Algorithm 1. The algorithm for direct chemical
reaction balancing (DCRB) is designed on the basis
of the mathematical models as given in Definition 3
and Theorem 1 as shown in Fig. 1 in MATLAB.

The DCRB algorithm solves general reaction
balancing problems by an SLE with the known
coefficient matrix X and the product vector P. The
inputs of the algorithm are the coefficient matrix of
the reactant atoms (X) and the product vector (P).
The outputs of the algorithm are the adjusted integer
solutions for all reactants (R), products (P), and the
least common multiplier among the coefficient (x,)
that optimizes all elements to the minimum integer.

Algorithm 1. The DCRB Algorithm

function [R, x0] = DCRB(X, P)
% Author: Y. Wang et al., 2016

% R — The reactant vector

% P — The product vector

% X — The coefficient matrix of reactant atoms
% imax — the maximum iteration

% tol — numerical tolerance of accuracy

% Step O: Initialization
[n] = size (P);

R = zeros(n);

imax = 20;

tol = 0.0001;

% Step 1: Linear calibration
R =X\ P;

% Step 2: Balancing optimization

s = sum(R);

for k = 1 : imax
r = abs((k*s - round(k*s)) 7/ s);
if (r <= tol)

break;
end
end;
x0 = k;
R=k=*R:

Fig. 1. The algorithm of direct chemical reaction balancing
DCRB detects the size of the problem represented

by that of the products |P|, which is equivalent to the
number of types of reactant atoms, s, in the
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reaction. The values of all reactants ( R) are
determined by a left division, R = X \ P, based on
the given coefficient matrix X and product vector P.
Then, the optimization of the results for finding the
least product multiplier x, is carried out by checking
the minimum suitable x, as the common multiplier in
the balance from the bottom up until it makes each
coefficient of R and P to be an integer.

It is noteworthy because there are often more
unknown coefficients than the number of types of

Yingxu Wang, Audrey Ma, Siyuan Wang

atoms n in CRF balancing, a p reprocessing step is
taken for normalizing the reaction expression
according to Definition 6 before executing the DCRN
algorithm.

3.2 The Iterative Algorithm for Balancing CRFs
An iterative algorithm for solving the SLE of CRF

balancing problems can be designed based ont he
Gauss-Seidel method [2, 16].

Algorithm 2.

function [R] = ICRB(X, P)

% Step 0: Initialization
size(P);

zeros(n);

R;

R;

satisfaction = 0;

imax = 100;

tol = 0.0001;

X
o mnn

% Step 1:
for k = 1 :© Imax
for i =1 :n
s(i) = 0;

R = x;

=1

G

for

- X

f

(O
[T T

0 -

end
end
x(1) = (P(1) - s
if abs((R(1) - x(Ci

if (r <= tol)

break;
end
end;
x0 = k;
R=k*R

The 1CRB Algorithm

% Author: Y. Wang et al., 2016

Iterative calibration

s(i) + (X(i, §) * x(d));

satisfaction =
end
end
if satisfaction ==
break
end
end
R = x;
% Step 2: Balancing optimization
s = sum(R);
for k = 1 :© Imax

r = abs((k*s - round(k*s)) 7/ s);

/ X
/R

Fig. 2. The algorithm of iterative chemical reaction balancing

E-ISSN: 2224-2880
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Definition 7. The classic Gauss-Seidel method [2]
for solving SLEs is a series of iterative refinements
of the solutions x,, 1 <i<n, as follows:

1
k+1 k

k k k
x ={x = Zal/ /( 0 _ Zayx/( "), i=2,..,n-1

z J=i+l

(k+1 ke
= (b Z% x, )

11 n

(16)

Definition 8. An improved Gauss-Seidel method
for solving SLEs is optimized and simplified in [16]
as follows:

n

xl.zi(bl.— z a;x;) 17

ii J=l A j#i

where the three segments in Eq. 16 are unified in Eq.
17, and all round-end updating are replaced by on-fly
updating within the same iteration in order to
accelerate the speed of the algorithm.

Algorithm 2. The algorithm for iterative
chemical reaction balancing (ICRB) is designed
based on the improved Gauss-Seidel method as given
in Definition 8, which is implemented in MATLAB
as shown in Fig. 2.

The ICRB algorithm solves general reaction
balancing problems as an SLE by iterative
approximating. The inputs of the algorithm are the
coefficient matrix of the reactant atoms (X) and the
product vector (P). The outputs of the algorithm are
adjusted integer solutions for all reactants (R) and
products (P) according to the optimal balancing
results. The ICRB algorithm implements the
enhanced Gauss-Seidel iterative strategy as provided
in Definition 8 f or approximating towards an
accurate solution for the given SLE(CRB) problem.
It is then optimized by be x, in order to calibrate a set
of least integer coefficients for R and P.

4 Experiments and Applications of

the Formal Methodologies
for Solving CRFs

On the basis of the algorithms developed in
preceding section, arbitrary CRF balancing problems
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can be automatically solved applying the algorithms
in MATLAB. This section presents a set of
experimental results and case studies on complex
CREF balancing problems in order to demonstrate the
power and applications of the formal methodology
and algorithms.

Example 5. A chemical reaction is observed as
follows that involves three types of atoms C, H, and
O in the reaction:

xCH, + x,0, = x,CO, +x,H,0 (18)

Because there are four unknown coefficients but only
three types of atoms for building a set of independent
equations, it is insufficient to solve the problem as
given. Therefore, the reaction expression must be
normalized by CRF’, below according to Definition 6
where arbitrary three elements containing each of the
reactant atoms are represented on the LHS of the
function such as:

CRF, = x,C,H, + x,0, - x,CO, = x,H,0 (19)
where x, is the given common multiplier that will be
determined iteratively by the algorithm.

Then, the problem is formally represented as an

SLE for automatic balancing according to Theorem 1
as follows:

SLE(CRF,)=XR =P

2 0 -1][x,(C,H,) 07 (20
=16 0 0| x0,) |=x|2
0 2 2| x,(CO,) 1

Applying Algorithm 1 or 2,t he problem
SLE(CRFZ) is solved where

= [xl (Csz)’ X, (02), X3 (Coz )]T =[2,7, 4]Ta and
Xo = 6. It yields the balanced CRF as:

CRF,: 2C,H, + 70, =4CO, +6H,0  (21)

Example 6. A chemical reaction is observed as
follows that involves three types of atoms Zn, O, and
H in the reaction:
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x,Zn"+x,0H — x,0, + x,Zn" + x,H,0 (22)
The reaction expression is normalized by CRF; as

follows in order to solve it uniquely according to
Theorem 1:

CRF, £ x,Zn"+ x,0H - x,0, = x,(Zn" + H,0) (23)

Its equivalent mathematical expression is as
follows:

SLE(CRF,)=XR =P

10 07 x(Zn%) 17 24
=[0 1 -2||x,(0H)|=x|1
0 1 0] xH 2

The problem SLE(CRF;) is solved by Algorithm 1 or
2 where R =[x,(Zn"), x,(OH™), x,(0,)]' =[2, 4, 1]"
and x, = 2. It yields the balanced CRF; as:

CRF,: 2Zn*+40H = 0, +2Zn" +2H,0 (25)

Example 7. A chemical reaction is observed as
follows that involves five types of atoms Pb, O, H,
Hg, and Cl in the reaction:

x,PbO, +x,H" +x,Hg +x,ClI" =
x,H,0 + x,Pb** + x,Hg,Cl,

(26)

The reaction expression is normalized by CRF} as
follows in order to solve it uniquely according to
Theorem 1:

CRF, 2 x,PbO, + x,H" + x,Hg
+x,CI" — x,H,0 (27)
=x,(Pb*" + Hg,Cl,)

Its equivalent mathematical expression is as
follows:
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SLE(CRF,)2XR =P
10 0 0[5 (PbO)] 17

1 0 1
20 0 0 —1| x,HY 0| (28

=101 00 2| xH |=x]|0
0010 x4(c1‘) 2
0001 0]l cmo | L2

The problem SLE(CRF,) is solved by Algorithm 1
or 2 where

R =[x,(PbO,), x,(H"), x,(Hg),

x,(CI7), x,(H,0)]"= [1, 4,2,2,2] "and xp = 1. It
yields the balanced CRF} as:

CRF,: PbO, +4H" +2Hg +2CI' =

(29)
2H,0 +Pb*" + Hg,Cl,

Example 8. A chemical reaction is observed as
follows that involves five types of atoms U, O, H,
Ag, and Cl in the reaction:

xUO;" +x,H" + x,Ag +x,Cl" =

(30)
xU* +x,AgCl+ x,H,0

The reaction expression is normalized by CRF’s as
follows in order to solve it uniquely according to
Theorem 1:

CRF, 2 x,UO}" + x,H" + x,Ag+ x,Cl" — x,U*"
= x,(AgCl+ H,0)

€2))

Its equivalent mathematical expression is as
follows:

SLE(CRF,)2XR =P

1 00 0 —1]xu0¥]| [o0]
2000 0} x,H 1| (32)
=01 00 0| xAg |=x]|2
001 0 0} x(CI 1
00 0 1 0 xu*y| [1]

The problem SLE(CRF5) is solved by Algorithm 1
or 2 where
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R =[x, (Uo?)axz (H+)a x;(Ag),
x,(C1), x,(U]" =11,4,2,2,1]" and x, = 2. That
yields the balanced CRFs as:

CRF,: UO" +4H" +2Ag+2ClI =

4+ (33)
U* +2AgCl+2H,0

Example 9. Reconsidering the CRF as given in
Example 3, it is a complex case where eight types of
atoms, i.e., K, Mn, O, H, S, Cr, C, and N, take part in
the reaction:

4Cr(N,H,CO),+ 3Cr(CN), +
xKMnO, +x,H,SO, —
x,K,Cr,0, + x,MnSO, + x,CO, +
x,KNO, +x,K,SO, + x,HO,

(34)

The reaction expression is normalized by CRF as
follows in order to uniquely solve it according to
Theorem 1:

CRF, 2 —x,KMnO, — x,H,SO, + x,K,Cr,0,
+x,MnSO, + x,CO, + x, KNO,
+ x,K,SO, + x,HO,
= x,[4Cr(N,H,CO), +3Cr(CN), ]

(35)

Its equivalent mathematical expression is as
follows:

SLE(CRF,)=XR =P

(102001 20][x(MnO,)] [0]
1001000 0| x(HS0,)
4474234 1|]|xK,.Cr0,) 24 (36)
0200000 2||xMSO,)| |9%
0101001 0| xcoy | O
0020000 0| x,(KNO,)
00001000/ x(K,S0,) 42

0 0000100]| x(HO,) | |66]

where X, R, and P have been derived in Eq. 10,
respectively.

The problem SLE(CRFy) is solved by Algorithm 1
or 2 where
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R =[x,(KMnO,),x,(H,SO,),
x;(K,Cr,0,),x,(MnSO,), x;(CO,), x,(KNO,),
x,(K,S0,),x,(HO,)]" = [1176, 1399, 35, 1176, 420,

660, 223, 1879]T and x, = 10. It yields the balanced
CRFj as:

CRF,: 40Cr(N,H,CO), +30Cr(CN),
+1176KMnO, +1399H,S0,
=35K,Cr,0, +1176MnSO, +420CO,
+660KNO, +223K,S0, + 1879HO,

(37

All experiments in Examples 5 through 9
demonstrate that no matter how complex it would be,
the general methodology as presented in Theorem 1
and Algorithms 1 or 2 can efficiently solve arbitrary
CRF problems as an SLE for stoichiometric reaction
calibration and balancing.

5 Conclusion

It has been recognized that stoichiometric reaction
balancing problems are a mathematical problem. The
theoretical foundations of chemical reaction
functions and their balancing have been explored.
This has led to the establishment of a theory and
methodology for formal stoichiometric reaction
balancing. Numerical algorithms for formal reaction
balancing have been implemented in MATLAB for
automatically solving any complex reaction
balancing problems in chemistry.
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