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1 Introduction

The Banach contraction argument [1]] is a significant
development in fixed point theory. In a variety of
ways, it has already been generalized and expanded.
In the literature, we encountered several innovative
types of metric spaces, such as the one proposed by
Branciari [2] and demonstrated an analogue of the Ba-
nach contraction principle in a rectangle metric space
by replacing the triangle inequality with a weaker hy-
pothesis termed quadrilateral inequality. Many au-
thors then investigated fixed point outcomes in these
spaces. More information on fixed point theorems in
rectangular metric space is available here, see [3, 4, 5]

Samet et al. [6] developed the concept of a-)-
contractive mapping in 2012, which is important be-
cause, unlike the Banach contraction principle, it does
not require the contractive requirements to hold for
every pair of points in the domain. It also takes into
account the scenario of discontinuous mappings. As a
result of these factors, there has been a tremendous in-
crease in the literature dealing with fixed point prob-
lems using admissible mappings (see in [[7, 8, 9]).

Most recently, two different generalizations of ad-
missible mapping were given in which the author
Ansari [[7] used the idea of C-class functions, whereas
Budhia et al. []11] used a rectangular metric. In
this paper, we prove coincidence and common fixed
point theorems for two mappings in complete Haus-
dorff generalized metric spaces that meet a gener-
alized (¥,1)-weakly contractive condition. Many
known results in the literature are extended and gen-
eralized by the presented theorems.
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2 Preliminaries

Definition 2.1. [2] Let ® # () be a set. A generalized
metric (rectangular metric) is a function j : & x & —
[0, 00), where the following conditions are fulfilled for
all v, \, o, 6 € ® with a # § and o, § ¢ {v,\} :

(1) p(v,\) =0ifand only ifv = \;
(@) p(v, A) = p(A,v);

(i) p(v,A) < p(v, @) + (e, 8) + p(5, A) (quadri-
lateral inequality).

The pair (@, 1) is named as a generalized metric
space (a rectangular metric space)

Definition 2.2. [2] Let (P, j1) be a rectangular metric
space, and let {v,} be a sequence in P.

(2) If (vn,v) — 0 asn — oo, then {vy,} is called
rectangular metric space convergent to a limit v.

(ii) If for every € > 0, there exists n(e) € N such
that p(vi,v;) < € forall i > j > n(e), then
{vn} is called a rectangular metric space Cauchy
sequence in rectangular metric space.

(1i1) A rectangular metric space (P, n) is called com-
plete if every rectangular metric space Cauchy
sequence is rectangular metric space convergent.

Definition 2.3. [[]] 4 C-function F [0,00) X
[0,00) — R is a continuous function such that for
all v, \ € 0, 00):

(i) F(v,A) < v
(i) F(v, \) = v implies that either v = 0 or A = 0.
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The letter C will denote the class of all C-functions.

Definition 2.4. [8] Let w,x : ® X & — [0,00)
be two mappings. A map M : & — & is said to
be w-admissible with respect to k if w(Mv, MA) >
k(Mv, MN) whenever w(v,\) > k(v,\) for all
v, A € . If k(v,\) = 1 forallv,\ € ®, then M
is called an w-admissible mapping.

Definition 2.5. [[10] A nondecreasing continuous
Sunction ¥ : [0,00) — [0,00) is called an altering
distance function if 9(t) = 0 if and only if t = 0.

We denote by W the class of altering distance func-
tions.

Lemma 2.6. [[11]] Let (®,u) be a complete rect-
angular metric space and {v,} be a sequence
in ® such that lim,_oopt(Vn,vpy1) = 0 =
limy, 000 (t(Vn, Vnt2) and vy, # v, for all positive in-
tegers n # m. If {v,} is not a Cauchy sequence,
then there exist an € > 0 and sequences {my} and
{ni} in N with my, > ni > k with p(vpm,, vn,) >
€, 1W(Umy—1,Un,, ) < € S0 that the following hold:

(1) lim o0 f(Vmg—1,Vny41) = €

(43) limg o0 f1(Vmy s Vny) = €

(iid) Himp_yo0 (1(Vim,—1,Vn, ) = €

)
(iv) hmk—>oo H ’Umk,Unk—l) =6

(
(
(
(v) liMg—yo0 (Vmy+1, Vne+1) = €

Definition 2.7. [3] Let g and M be self~-mappings of
a nonempty set.

(i) A point & € ® is said to be a common fixed point
of gand M if § = g€ = M.

(1i) A point & € © is called a coincidence point of g
and M if g¢ = ME. And if n = g€ = ME, then
is said to be a point of coincidence of g and M.

(tit) The mappings g, M : ® — P are said to be
weakly compatible if they commute at their co-
incidence point that is, gME& = Mg& whenever

9§ = M¢.

Lemma 2.8. [3] Let ® be a nonempty set. Suppose
that the mappings g, M : ® — ® have a unique co-
incidence point o in ®. If g and M are weakly com-
patible, then g and M have a unique common fixed
point.

3 Main Result

Theorem 3.1. Let (P, 1) be a Hausdorff rectangular
metric space and M : ® — & be an w-admissible
mapping with respect to k and let g, M : & — ® be
two self maps such that M(®) C g(®) and (g, p) is
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a complete rectangular metric space. Suppose there
exist F € Cand ¥,y € U such that, for v, € P,

w(v,\) > k(v,\) =

(M, MA)) < FO(A @, A), (A, 1)),

where

A(v, \)

1(gv, M) + p(gA, MA)

= max {u(gv,g/\) 5 :

p(gv, Mv) + p(gA, Mv) - p(gA, MA)(1 + p(gv, Mv))

5 ,
p(gv, Mu)(1 + M(MM)\))}
1+ p(Muo, MN) ’

L+ p(gv, gA)

Assume that

(1) the pair (g, M) is w-admissible regarding to the
function k;

(ii) there exists vo € @ so that w(vo,gvg) >
K (vo, guo) and w(vo, Mvo) = (vo, Muo);

(7i1) g and M are continuous.

Then g and M have a unique coincidence point in .
Moreover, if g and M are weakly compatible, then g
and M have a unique common fixed point.

Proof. First, we shall show the existence of g and M
coincidence point. By induction we get
Consider vy is an arbitrary point. Since M(®) C

g(®), we create two iterative sequences in @, {v,}
and {\, }, as follows:

An = gUpy1 = Muv,, foralln=0,1,2,.... (2)
If Ay = M\p_q1 for some k € N, then gvp, = \p =
Ak_1 = Muyg, and g and M are have a point of coinci-
dence.

Assume additionally that A\, # A,_1 for every
n € N. By letting v = v,,, \ = v,,41 into ([J) and
condition (2), we get

W(Vn, Vnt1) > K(Vn, V1) 3)
and
79(”()‘717 /\n—i-l))
I(p(Mup, Mup1)) 4

< ?(Q(A(Un, Un+1))7 QZJ(A(Un, anrl))),
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where
A(Unavn-l—l)
= max {H(gvna gvn-‘r—l)v
1(gvn, Mup) + p(gvns1, Mon41)
2 bl
1(gvn, Mup) + p1(gvn+1, Moy
2 M
N(gvn—i-la Muvp 1) (1 + N(gvm MUN))
1+ 11(gn, gUny1)

p(gvn, Moy ) (1 + p(gvny1, Mup41)) }
1+ pu(Movy, Mup41)

9

M(An—ly )\n) + /L()\nv An—i—l)
2 )

— max { (-1, An),
,U/()\nfly )\n) + /L()\na )\n)
2 b
,U'()\ny )\n+1)(1 + M()\n_17 )\n))
1+ M()\n—h )\n)
,u()\n—ly )\n)(l + ,u()\ny )\n+1)) }
1+ M()\n7 )‘n—H)
= max{p(An—1, An); (A, Any1) }-

If A(vp, vnt1) = p(An, Any1) for some n € N, then
from (#),

V(A Ant1))

= J(u(Muvn, Mup1))

< T Any Ant1))s Y((Ans Ant1)))
< 0( (s Asa).

Using Definition 2.3, 9(u(An, \ni1)) = 0 or
w(u()\m)\n+1)) = 0. So ,u()‘m)\n+1) = 0, which
is a contradiction. Consequently, A(vy,vp4+1) =
p(An_1, A\n) for every n € N. From (H) we get

I(p(Ans Ant1))
9(19( ()‘n—ly)‘ ))aw(u(An—l,)\n))) (6)
D (Nn—1, An))-

)

<
<

Since ¢} is nondecreasing,

M(Aru )\n-l-l) < /i()\n—lv An) (7)

Thus, {x(An, Ant1)} is a nonincreasing sequence of
positive real numbers, so there exists ¢ > 0 such that
the limit

im Ay A1) = ¢.

n—oo

Also,
lim pu(A—1,\n) = ¢.

n—oo
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From &, 1 and 1 are continuous, we have

lim J(p(An; Ant1))

n—oo

< nlglgo FOAn—1,An))s Y((An—1,An)))
= g(nli)ngoﬁ(ﬂ()\nfla /\n))7 nll)ngo @D(M()\nq, An)))

Hence,

(@) < F(W(9), v (u(8))) < V().
Again, using Definition 2.3 we get ¢ = 0, that is,

Tim (O, Ans1) =0,

Now we will show whether 14(\y,, A y2) — Oasn —
0. Utilizing () we have

®)

Hence,

V(p(An, Ans2)) < I(A(vn, Un2))-

Since ¥ is an altering distance, we have

M(Ana An—i—2) < A(U’m vn+2)~
where

A(UTH UTL+2)
= max {:u(gvm ganr?)’

1(gvn, Mup) + pi(gnt2, Mop2)
2 )
,Lb(g’l)n, Mvn) + ,u(gvn+2, Mvn)
2 )
p(gvn+2, Mupg2) (1 + p(gon, Muy,))
L+ p(gvn, guni2)
p(gun, Mop) (1 + p(gun o, Mu,12)) }
T+ 4(Mtm, M r2)
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= max {N(An—h )\n—i-l)a
(An—1, An) + p(Ant1, Anto)
2 )
,U/()\n—lv )\n) + M(An—I—ly )\n)
2 )
:u()\n-i-la )\n+2)(1 + ,UJ()‘n—la )\n))
1 + ,U'()\n—ly )\n—‘rl)
(An—1, An) (1 + p(An1, Ant2)) }
1+ M(A'ﬂu A'IL-FQ)

< max {M(An—l, Ant1),

1(An—1,An) + 1(Ant1, Ant2),
) + M(An—l-l, )\n)a

H( n—1, A
N( n+1, n+2)(1+ﬂ()‘n—17)‘n))
01, M) (14 541, Ans2))

That will be seen limy,_ o0 A(vy,vpt2)
limy, o0 1(An_1, Any1). From [§ and taking n — oo,
we obtain

O im_1(An; Ant2))

< FO(im, 1(hnor M) (2ot M)

< O( lim (A1, Ant1))-
©)

Hence, the sequence {it( A, Ap42) } is non-increasing
and bounded below.  Therefore, the sequence
{1(An; Ant2)} converges to a number, @ > 0. Tak-
ing limit as n — oo in (§), we get

Hw) < FW(@), ¥(u(@))) < Hw).
Using Definition 2.3 we get = 0, that is,

lim (A, Ani2) = O.

(10)
n—oo

Assume that A, # A, for all m # n and demonstrate
that {\,, } is an rectangular metric spaces Cauchy se-
quence. If feasible, make {),} not a Cauchy se-
quence, according to Lemma 2.6, there exists ¢ > 0
such that we may identify the subsequences {\,, }
and {\,, } of {\,} with my > nj > k such that

Hm (A, Any) = M 1(ny -1, Ang1) = €.
k—o0 k—o0

(11)
We now substitute v = v,,, and A = v,, in ([l). Con-
sider

= N( Uny s Umk)) (12)
S 35(19( (Unkavmk)) ¢(A(Unk’ U””k)))’
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where

A(Unk’ Umk)
= max {u(gvnk,gvmk),
,U/(gvnk 9 M/U’nk) + ,U/(gvmk b Mvmk)
2 )
/"L(gvnk ) MU”A) + /"L(gvmk ) Mvnk)
2 )
/"L(gvmk ) Mvmk)(]‘ + :U’(gvnk ) Mvnk))
1+ p(gvn,, gUm,)

:U’(gvnk ) Mvnk)(]‘ + H(gvmk ) Mvmk)) }
1 + H(Mvnk ’ Mvmk)

= max {M()\nk—h Amy—1)5
M()\nk—la Ank) + /’L()\mk_17 )\mk)
9 )
/J'(Ank—la )\nk) + :u’()\mk—lv )\nk)
9 5
,Uf()‘mkflv )‘mk)(]- + lu’()\nk*h )\Unk))
,Uf()\nkfla )\nk)(l + H()‘mk*]-’ )\Umk)) }
1 + M()‘le’ )\mk) '

Y

)

Then

lim A(vp,,vm,) = €.
k—o0

(13)
From condition (2), we get

(14)

w(vnk ) Umk) Z K/(Unk ) Umk)'
Using (12) and ([12), we get
V(e) < F(d(e), () < I(e).

This implies that ¥(e) = 0 or ¥(¢)) = 0, thus, € = 0,

but this is a contradiction with the fact ¢ > 0. Thus,

{An} is a rectangular metric space Cauchy sequence.

Since (g(®), ®) is rectangular metric space complete,

there exists € g(®) such that \,, — nasn — oo.

Let £ € ® be such that g¢ = 7. Then
lim A\, = g¢&. (15)
n—oo

We shall prove that M& = g€. Applying the inequality
(18), with v = v,, and A = & we obtain

w(vn, &) > K(vn, ).
This implies that
()\n,Mf )
(Mo, ME))
F(I(A(vn, §)), ¥(A(vn, £))),

O (n
= (16)
<
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where

A(vn, §)

= max {u(gvn,gé“), K

M(gvna Mvn) + N(9€>Mvn)
5 :
(g€, ME)(1 + p(gvn, Muy,))
1+ p(gvn, g€)
11(gvn, Mup) (1 + p(g€, MS)) }
1+ p(Muy,, ME)
/i(/\n—lv )\n) + ,u(g§7 M{)
) 2 )

(gvn, Muy) + p(g€, M§)
2 b)

9

= max { (A1, 9)
/‘L()\nfl’ >\7’L) + ,u(gf, >\n)
2 )
(g€ ME) (L 4 p(An—1,An))
1+ M(An—hgf)
1+ p( A, ME)

)

Since ® is Hausdorff, {\,,} — n where n — oo, we
deduce that

lim A(vp, &) = p(g€, ME). (17)

n—oo

Taking limit as n — oo in ([L6),

(g€, ME))
F(I (g€, ME)), ¥ (1(g€, ME)))
(g€, ME).)

<
<

Consequently, we get J(u(g¢,ME)) = 0 or

¥ (g€, M) = 0 hence p(gs, M¢)) = 0, that is,
g& = M¢. Thus we proved that n = g€ = M¢ and so
7 is a point of coincidence of g and M.

Now, we show that if the coincidence point of g
and M exists, it is unique. Let 7; and 72 be the g and
M coincidence points. Thus, there exists some v, A €
® such that 73 = Mv = gv and 775 = MA = gA. We
can deduce from ({ll) that

w(v,A) > k(v,\) =
O, n2)) = 9(u(Mo, MA)) (18)
S FO(A (v, N), ¥(A(v,A))),
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where

A(v,\)

v, Mv) + A, MA
~ max {M(g%gA), 1y ) ' 1y ),
p(gv, M) + p(gh, Mo)

2 bl
p(gA, MA) (1 + p(gv, Mw))
L+ p(gv, g\)
p(gv, Mv)(1 + u(gA,MA))}

1+ p(Mo, M)

)

w1, m) + pn2, n2
= max {M(nhn?)a ( ) 9 ( )7

p(n,m) + plnz,m)  p(nz,n2) (1 + p(n,m))
2 ’ L+ p(n,m2)
w(n,m)(1 +M(n2ﬂ72))}
1+ p(m, m2)
= p(n,n2)-

As a result, we deduce that 1; = ny by ([L).

Recall that g and M are only weakly compatible.
By Lemma R.§, the point 7 is the unique common
fixed point of g and M since it is the unique coin-
cidence point of g and M. O

Corollary 3.2. Let (D, pu) be a Hausdorff rectangular
metric space and M : ® — & be an w-admissible
mapping with respect to k and let g, M : & — & be
two self maps such that M(®) C g(®) and (g, ) is
a complete rectangular metric space. Suppose there
exist F € Cand 9,1y € V such that, for v, A € ¥,

w(v,A) > k(v,\) =
19(/1(3\/[1},3\/[)\)) < ﬁ(A(’U, )‘)) - ¢(A(v7 )‘))v

where

A(v, \)
(gv, Mv) + p1(gA, MA)
2 )

"
= max {M(gv,g/\),

p(gv, Mv) + p(gA, Mo) - p(gA, MA) (1 + p(gv, Mv))

5 ,
p(gv, Mo)(1 + u(gA,MA))}
1+ p( Mo, MN) ’

1+ p(gv, gA)

Assume that

(1) the pair (g, M) is w-admissible regarding to the
function k;

(ii) there exists vo € @ so that w(vo,gvg) >
K (vo, guo) and w(vo, Mvo) = (vo, Muo);

(1i1) g and M are continuous.
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Then g and M have a unique coincidence point in ®.
Moreover, if g and M are weakly compatible, then g
and M have a unique common fixed point.

Proof. Let F(v,\) = v — X in Theorem B.1|, we have
following corollary 3.2, U

Corollary 3.3. Let (9, pu) be a Hausdorff rectangular
metric space and M : ® — ® be an w-admissible
mapping with respect to k and let g, M : & — ® be
two self maps such that M(®) C g(®) and (g, p) is
a complete rectangular metric space. Suppose ) € U
and v, X € ®, such that

w(v,A) > k(v,\) =
FL(MU’MA) < A(U7)‘) - T/J(A(UJ\))’

where

A(v, \)
p(gv, M) + p(gA, MA)
) 2 b

= max {u(gv,g/\)
p(gv, M) + p(gA, Mv)
2 )
p(gA, MA) (1 + p(gv, Mv))
L+ u(gv, gA)
(gv, Mo)(1 + p(gA, MA))
1+ p(Mo, MN)

9

3

Assume that

(i) the pair (g, M) is w-admissible regarding to the
function k;

>

(17) there exists vg € @ so that w(vg,gvo)
K(vo, gvo) and w(vo, Muvg) = k(vo, Muo);

(7i1) g and M are continuous.

Then g and M have a unique coincidence point in 9.
Moreover, if g and M are weakly compatible, then g
and M have a unique common fixed point.

Proof. Letd(t) = t in Corollary B.2, we have follow-
ing corollary 3.3 O

Corollary 3.4. Let (P, 1) be a Hausdorff rectangular
metric space and M : ® — & be an w-admissible
mapping with respect to k and let g, M : & — ® be
two self maps such that M(®) C g(®) and (g, p) is
a complete rectangular metric space. For all v, A €
® and 0 < k < 1 such that such that

w(v,\) > k(v,A) = p(Mo, M) < EA(v, \),
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where
A(v,\)
(gv, Mv) + p(gA, MA)
2 M

= max {u(gv,gk), a
p(gv, Mv) + pu(gA, Mo)
2 b
p(gA, M) (1 + p(gv, Mv))
1+ p(gv, gA)
p(gv, Mo)(1 4 (g, MN))
1+ p(Mov, M)

Assume that

3

(1) the pair (g, M) is w-admissible regarding to the
function k;

>

(i3) there exists vo € @ so that w(vy,guvo)
k(vo, gvo) and w(vo, Muvg) = k(vo, Muo);

(13i) g and M are continuous.

Then g and M have a unique coincidence point in ®.
Moreover, if g and M are weakly compatible, then g
and M have a unique common fixed point.

Proof. Lety(t) = (1—k)(t) for0 < k < 1in Corol-
lary B.3, we have following corollary B.4. O

4 Applications
Definition 4.1. Let Y be the class of functions x :
[0,00) — [0, 00) satisfying the following

(1) x is Lebesgue integrable function on each com-
pact subset of [0, 00);

(2) /E x(t)dt > 0 for any € > 0.
0

Theorem 4.2. Let (P, 1) be a Hausdorff rectangular
metric space and let g, M : ® — ® be two self maps
such that M(®) C g(®) and (9P, p) is a complete
rectangular metric space and that the following con-

dition holds:

(Mo, M) A(v,\) A(v,A)
/ x(t)dt < / X(t)dt—/ (t)dt
0 0 0

(19)
forallv,\ € ® and x,p € Y, such that g and M
satisfy inequality (ll), where

A(v, \)

v, Mv) + A, MA
— nax {M(gv’gA)’ (g ) ' (g )’
p(gv, Mv) + pu(gA, Mo)
2 )
p(gA, MA) (1 + p(gv, Mv))
1+ p(gv, gA)
p(gv, Mo) (1 + p(gA, MA))}
14+ p(Mo, MA)

9
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Then g and M have a unique coincidence point.

Proof. Let 9(t) /tX(T)dT and (t)
0
t

@(7)dr. Then, ¥, 1) € U. Thus, by Theorem B.1|,

0
g and M have a unique coincide fixed point. 0

Theorem 4.3. Let (P, 11) be a Hausdorff rectangular
metric space and let g, M : ® — ® be two self maps
such that M(®) C g(®) and (g, u) is a complete
rectangular metric space and that the following con-
dition holds:

(Mo, MX) A(v,\)
/ x(t)dt < /1/ x(t)dt  (20)
0 0

forallv,h € &, x € T and 0 < k < 1 such that g
and M satisfy inequality (), where

A(v, \)

v, Mv) + A, MA
— max {u(gv,gk), 1y ) ' 1y )’
p(gv, Mv) + (g, M)

2 )
p(gA, MA) (1 + p(gv, Mo))
1+ p(gv, gA)
p(gv, Mv)(1 + u(gA,MA))}

1+ (Mo, M)

9

Then g and M have a unique coincidence point.

Proof. Let f(t) = x(t) — kx(t) Thus, by Theorem
B.1l, g and M have a unique coincide fixed point. []
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