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Abstract: - This work considers the spatial-temporal multi-species competition model. A mathematical model is
described by a coupled system of nonlinear diffusion reaction equations. We use a finite volume approximation
with semi-implicit time approximation for the numerical solution of the model with corresponding boundary
and initial conditions. To understand the effect of the diffusion to solution in one and two-dimensional
formulations, we present numerical results for several cases of the parameters related to the survival scenarios.
We control all non-diffusion parameters, including reproductive growth rate, competition rate, and initial
condition of population density of competing species, and compare the dynamic and equilibrium under regular
diffusion rate and small diffusion rate; we found that competing species with small diffusion rate can reach a
higher equilibrium over the whole geographic domain, but requires more time steps. The random initial
conditions' effect on the time to reach equilibrium is investigated. We control other parameters and examine the
impact of the initial condition of the species population; we found that regardless of the values of initial
conditions in the system, competing species populations will arrive at an equilibrium point. The influence of
diffusion on the survival scenarios is presented. We control other parameters and examine the effect of
diffusion of species; we found that when the ratio of diffusion rates passes some thresholds, the survival status
will change. In real-world problems, values of the parameters are usually unknown yet vary in some range. To
evaluate the impact of parameters on the system stability, we simulate a spatial-temporal model with random
parameters and perform factor analysis for two and three-species competition models. From the perspective of
the numerical experiment, we release control for all parameters and perform factor analysis on simulation
results. We found that the initial population condition has a minimum effect on the final population, which
aligns with the outcome of our controlled numerical experiment on the initial condition. Diffusion is the
dominant factor when diffusion rates are on the same scale as other parameters. This dominant factor aligns
with our controlled numerical experiment on diffusion rate, where the change in diffusion rate leads to different
survival statuses of species. However, when diffusion rates are 1/10 on the scale of other parameters,
reproductive growth rates and competition rates become the dominant factors.
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1 Introduction competing for some shared resource. The LVC
Understanding the stability of ecosystems is of m_odel.has been apphgd mn many areas, 1nclud.1ng
fundamental importance to ecology, [1],[2].[3]. biological systems, industry, and economics,
Fundamental mathematical models of such systems [4].[5],[6],[7],[8]. For example, the model can
are described by a coupled system of ordinary simulate the marsh ecosystems for the wetlands at
differential equations (ODEs). The Lotka—Volterra the Nueces River rnouth,. [9]. o
Competition model (LVC) is a basic model that The' LVC model is based on the logistic
describes the dynamics of the species population population model :
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du

dt
where u is the size of the population at a given time

tandr > O is the per-capita growth rate.
For the general case of multi-species
competition, we have

du®
= rul(1 — u®) - Z MONO)
1%k
vk =1,.., M,
where u® is the population of the k-th species, 1
is the k -th population growth rate, ay; is the
interaction  coefficient due to competition
(u® compete with u®), and M is the number of
species (equations).

In such systems, a temporal dynamic model can
represent and describe the behaviors of the entire
system. However, real ecosystems interact in
different locations, and spatial structure is essential
and has an enormous impact on the final equilibrium
state, [10],[11]. Systems of the partial differential
equations (PDEs) are wused to describe
spatial-temporal systems. A mathematical model is
described by a coupled system of unsteady
nonlinear reaction-diffusion equations. For the
multi-species interaction, we have

u®
i (£, Vu®)

= ru (1 — u®) - z auu®,
1=k
where ¢, the diffusion coefficient. This model
incorporates spatial structure by adding diffusion
terms in equations and considering the system of
equations in the domain Q c R, where d is the
spatial dimension.

Previous research has put much effort into
modifying the Lotka—Volterra competition model
(LVC). The parameters ry, oy, and €, can be
modeled as functions instead of constants. Diffusion
€, more specifically, traveling waves, and their
minimal-speed selection mechanisms in the LV
model can be studied by applying the upper-lower
solution technique on the cooperative system, [12].
The crowding effect of diffusion &, can also be
modeled within the LVC model, [13]. Advection
rate can be introduced to the LVC model as a
supplement of diffusion to bring much richer
phenomena, [14],[15]. Carrying capacity can be
replaced by function instead of constant and can
vary between species; connection topology can be
modeled as a 'loop,' 'star,' 'chain,' or 'full' connection
when there are more than two species in the system,
[16]. In addition to making parameters endogenous,
some other efforts have also been made to modify

= ru(l —u),
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the LVC model to simulate real-world problems.
For example, simulation adding small immigration
into the prey or predator population can stabilize the
LV system, [17]. The random fluctuating
environment can also be modeled within the LV
model to show how switching between
environments can make survival harder, [18].
Stochastic noises can be introduced to the LV
population model and are presented to play an
essential role in the permanence and
characterization of the system, [19].

Multiple methods are used for solving the LVC
model, such as Haar wavelet (HW), Adams-
Bashforth-Moulton (ABM) methods, [20], and finite
element method. After simulation, multiple methods
have been used to analyze the simulated species
interaction data. Real-world data can be used to
evaluate the multi-species interaction model, [21].
For example, the population dynamics model of
individual reefs can be compared with data on coral
reefs in Pilbara, [22]. Numerical models and
machine learning can be combined to identify the
factors influencing Alexandrium catenella blooms,
[23].

In this work, we consider a spatial-temporal
multi- species competition model in one- and two-
dimensional formulations. For the numerical
solution of the model with corresponding boundary
and initial conditions, we construct a finite volume
approximation with a  semi-implicit time
approximation. When two or more species compete
for the same limited food source or in some way
influence each other's growth, one or several of the
species usually becomes extinct. To understand the
diffusion effect of the solution, we perform a
numerical investigation for several cases of the
parameters related to the survival scenarios. The
influence of the diffusion and initial conditions on
the survival scenarios is presented for two and three-
species competition models. It turns out that
equilibrium depends only on system parameters
(birth rate, competition, predation, etc.) and does not
depend on the initial conditions. The time it takes
for the system to be in the steady state depends on
how far initial populations of species are located
from the equilibrium point in the phase space of the
model. After understanding the effect of parameters
and initial conditions on the test problems, we
simulate the spatial-temporal model with random
input parameters, i.e., releasing the hold for all
parameters. Simulations with different combinations
of parameters and initial conditions support the
hypothesis that such systems reach equilibrium
sooner or later. At last, we apply factor analysis to
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evaluate the impact of parameters on the system
stability.

The main novelty of this work is in performing
factor analysis methods for PDE-based data sets.
For the PDE-based mathematical models, the
finding of an analytical solution is limited by special
cases and cannot be performed for the general
spatial-temporal model and consider complex
diffusion and domain structure and effect of the
various boundary conditions, [24],[25]. In this
paper, we construct a discrete system using the
Finite Volume Method with semi-implicit time
approximation. Simulation of the ecological system
with a PDE-based discrete system allows us to (1)
take into the spatial distribution of the species
concerning boundary conditions and (2) use the
limited information about ecosystem parameters by
a given estimated range instead of acquiring specific
value which is wusually unknown for the real
systems. The presented approach allows us to
identify which ecosystem parameters are dominant,
only given the range of each parameter. For this
purpose, we use a factor analysis for (a)
understanding the system and (b) predicting the
system. From the goal of understanding the system,
the factor analysis approach allows us to understand
the relative importance of parameters when
information about specific parameter values is
limited. For example, given ranges of parameters in
a food web containing multiple species, we can
identify ~what parameters (e.g., birth rate,
competition rate, or diffusion rate) or what species
is the" critical factor" that influences the final
solution of the population dynamics. It can be
applied not only to two and three-species competing
systems but also to systems corresponding to more
giant food web (state-of-the-art simulations in terms
of the number of species, [26],[27],[28] simulated
system of four species). Currently, in the ecology
and environmental field, factor analysis is applied
more to real-world data, [29],[30]. Still, we have
shown that it can also be used for PDE-based
simulation and can be applied to more complex
ecosystem simulation when computational power
increase. We can also apply this simulation
approach with the factor analysis method to study
catastrophic events in future works. The extinction
property has been studied analytically, [31],[32] and
numerically, [33],[34], and the presented method
can bring about a novel perspective to study the
topic numerically. From the goal of predicting the
system, the factor analysis approach can be used for
dimension reduction of input data of the predictive
model. We can remove less dominant factors to
speed up the prediction process or replace the input
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of the predictive model with the main components.
Some other feature selection methods can also serve
the purpose of dimension reduction [35]. Multiple
predictive models can be applied, afterward, such as
beta regression, [36], explainable prediction, [37],
and neural networks, [38]. In future works, we will
concentrate on the following directions: (1) a real-
world range of parameters for a given application;
(2) apply the result of factor analysis to build
machine learning predictive models, and predict
final population density, as well as time to reach
equilibrium; and (3) use the model to predict the
equilibrium population density and simulate future
catastrophic event (given the assumption that the
system is at equilibrium then catastrophe strokes).

The paper is organized as follows. Section 2 de-
scribes the mathematical model with fine-scale
approximation using the finite volume method and a
semi-implicit scheme for time approximation.
Section 3 presents numerical results for two and
three-species competition models in one and two-
dimensional formulations. In Section 4, we simulate
a spatial-temporal model with random parameters
and perform factor analysis to evaluate the impact of
parameters on the system stability. The paper ends
with a conclusion.

2 Mathematical Models with

Approximation by Space and Time

A mathematical model 1is the simplified
representation of the complex real-world objects or
systems used to understand the system's complex
interactions to predict possible outcomes of different
changes. In mathematical biology and ecology, the
fundamental =~ mathematical model is the
Lotka-Volterra model, which describes the temporal
dynamic of the species population in various
ecosystem models. However, real ecosystems
interact in different locations, and spatial structure is
essential and dramatically impacts the population.

In this work, we consider the spatial-temporal
multi-species competition problem in one and two-
dimensional domains. Let Q c R% be the
computational domain, where ford = 1, we have a
one- dimensional case, and for d = 2, we obtain
two- dimensional problem. The population of
species in Q is described by a coupled system of
nonlinear diffusion - reaction equation.

ou®
i (£, Vu®)

= (1 — u®) - z o u D,
£k
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x €EQ, t >0, (1)
where k = 1,..,M, where M is the number of
species (equations). Here u® is the population of
the k -th species, 71, is the k -th population
reproductive growth rate, ay; is the interaction
coefficient due to competition (u® compete with
u®) and g, is the diffusion coefficient, [39],[40].

The system of equations is considered with
initial conditions

u® =M xeq, t=0, (2)
and boundary conditions
u® =0, x€aq, t>0. (3)

In this work, we consider the following special
cases:
e Two-species competition

(1)
-V (e, u®)
= ru®(1 - u®) — auDu®,
(2)
agt -V (g,Vu®)

= u®(1 - u®@) = apuOu®,

e Three-species competition

u®
7V (e, Vu®) = ru® (1 — u®)
o auu® — Oy,
=V (2,Vu®@) = ru@(1 — u®)
o U@ — oy u®u®,
Fraie V- (e5Vu®) = rgu®(1 - u®)

— g uDu® — @y,

Analytical solution of such spatial-temporal
models is possible only for some simplified cases. A
numerical simulation of the model required the
construction of an accurate approximation for
spatial variation (diffusive operators) and time
approximation. Three common space approximation
techniques exist: The Finite Difference Method, the
Finite Element Method, and the Finite Volume
Method. The main advantage of the Finite Element
Method is the accurate representation of the solution
in the complex computational domains by
constructing unstructured grids. For simplified
geometries, the Finite Volume Method is the
common choice for space approximation because it
provides a conservative approximation.

Let O =[0,L]% (d = 1,2) be the computational
domain, where we have an interval for the one-
dimensional case and a square domain for the two-
dimensional problem. For the numerical solution of
the model (1) with boundary conditions (2) and
initial conditions (3), we construct a computational
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mesh and use a Finite Volume Method for
approximation.

Let 7, be the structured grid for domain )

Th =V, K,

where K; be the square cell and N, is the number
of cells, [41]. Here K; = [(i — 1)h,ih] for one-
dimensional case, where h = L/N. For the two-
dimensional case, we have K; = [(l — 1)h,lh] X
[G—1Dh,jh] with [,j=1,..,N and h = L/N,
where i = j* N + [is the global cell indexing and
N, = Ny, = N is the number of nodes in x and y
direction. Here we have N, =N for the one-
dimensional case and N, =N X N for the two-

dimensional case.
N, K i
.

‘ I I ¥ ,B
I‘ / <

i

-

v
ng

Fig. 1: Illustration of the computational grid for
one and two dimensional cases. Ki is the cell
and Eij is the interface between to cells Ki and
Kj

To write an approximation by space using the
Finite Volume Method, we integrate equation (1)
over the cell volume and obtain the following semi-
discrete form:

out
dx —f V- (g, Vu®)dx
Kj ot K;
=f (rku(k)(l —u®) —Zaklu(k) u(l)>dx,
Ki 1%k
(4)
In the Finite Volume Method}, we set
il
&) gar — o, (KD
utdx =u; ",
|Kl| K; '
where |K;| is cell volume and ui(k) is the cell

average value of the function u® on cell K;.
For the diffusion operator approximation, we use
a classic two-point flux approximation

—f V- (g, Vu®)dx =-f g, Vu®) - ndx
K; 0K;
K k
=~ ZTk’ij (uf ) _ u]( ))
j

Trij = €k |eij|/dij,

with
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where d;; is the distance between cell center points
x; and x;, |Eij| is the length of the interface
between two cells K; and K; . Note that, for a
h, |El]| =1
for the one-dimensional case and |Ei ]-| = h for the

two-dimensional problem.
Therefore, we have

structured uniform grid, we have d;; =

(k) (k)

J
= neuf® (1= u®) 1Kl = ) g ul 1K,

L#k
(5)

For the time derivative, we use a backward Euler

approximation
o 4y

Jat
where T is the time step size and U;
from the previous time layer.

To remove large time step restrictions regarding
the diffusion operator, we approximate the diffusion
part using the solution from the current time level.
However, we use an explicit approximation for the
nonlinear reaction part to linearize the problem.
Finally, we obtain the following discrete problem
using a semi-implicit time approximation scheme,

[42],[43],[44].
— Kl +ZTkU (k) ](k))

(k) (k)
~(k ~(k v (k l
= T‘kug )(1—ul( )) |Kl| - Z a’klul( )uf )lKll,
l+k

~
=~

i | is the solution

(6)

Note that we obtain an uncoupled system of
equations and can solve the equation for each
component separately. Algorithm:

e Set initial conditions for each species k:
uP =¥, vi=1,.,N, k=1.,M
where M is the number of species and N, is the

number of grid cells.

e Solve the linear system of equations on each
time layer till all species solutions converge
to the final equilibrium state

Aky () = pk,
where u®) = (u(k) u,(vk) ) is the vector of

solution with size N, and
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1 k k k
Ak = ;uf )lKll +2Tk,ij (ul( )—U} ))

ﬁ(k)
pk = (k) (1 gk)) |Ki|
Zamu(") (z)l Kil,
1£k
fork = 1,..,M.

Here we have the right-hand side vector b* that
depends on the solution from the previous time layer.
The matrix A¥ is the positive definite and symmetric.
Furthermore, we have a tridiagonal matrix for the
one-dimensional case and a five-diagonal matrix for
the two-dimension. Implementation is performed
using Python programming language using a
standard solver from the NumPy package, [45],[46].
In most results, we perform simulations till both
populations reach equilibrium, |ﬂ(") - ﬁ(k)| <e€
with € = 107> for each k.

3 Numerical Results
Before we make factor analysis for randomly
generated parameters, we consider some special
cases with parameters (growth rate "r", competition
efficiency "a", and diffusion rate "€") fixed as
constant and examine results such that either one
species survives, two species survive, or three
species survive.
Let
r ="y,
€= (&1, En))

0(11 0(12 O(lM

0(21 0(22 O(ZM
a =

O(Ml aMz O(MM

We present numerical results for multi-species
competition in domain Q0. We consider the following
domain and boundary conditions configurations:

e 1D: O =[0,1] with zero (fixed) boundary
conditions on d().

e 2D(a) : O=101]% with zero (fixed)
boundary conditions on 9().

e 2D(b) : O=1[01]? with zero (fixed)
boundary conditions on the left and right
boundaries and zero flux (free) boundary
conditions on the top and bottom boundaries

In simulations, we use a grid with 100 nodes for
the one-dimensional problem and a 25 X 25 grid
for the two-dimensional case. We simulate with T =

1 and set initial conditions u( ) = u(()z) = 0.5 for
two-species and u(l) = u(()z) (3) = 0.5 for three-
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species competition models. As for diffusion rate,
we consider cases with regular diffusion € = D
(between 0.01 and 0.1 and has the same scale as
other parameters) and small diffusion € = D/10.

To represent the result and compare the final
equilibrium state, we calculate the average solution
over computational domain () for each species

1
() = — f u®(x,t) dx,
Q] Jq

where || is the volume of domain Q. In most
results, we perform simulations till both
populations reach equilibrium, [7%-7u®| < €
with € = 107 for each k.

First, we present results for the two-species
interaction problem, where we simulate two sets of
parameters related to the species survival: Case 1
(one species survive) and Case 2 (both species
survive). We compare the dynamics of the average
solution and final state for three configurations: 1D,
2D(a), and 2D(b). Furthermore, the investigation
of the diffusion parameters scale to the final state is
presented. Next, we consider the three-species
competition model with three cases of the test
parameters: Case 1 (one species survive), Case 2
(two species survive), and Case 3 (all species
survive). Similar to the previous problems, we
investigate the final state and dynamic for 1D,
2D(a), and 2D (b) for small and regular diffusion.

After that, we present results for random
diffusion to investigate the effect of the species
diffusion coefficient on the final equilibrium state,
survival group, and time to reach an equilibrium
state. Next, we consider the influence of the initial
conditions on the equilibrium state and the time to
reach it.

3.1 Numerical Results for
Competition Model
We consider a two-species competition model and
simulate two cases of the parameters:
e (ase 1 (one species survive)
D = (0.035,0.014),
r = (0.074,0.084),
0.0 0.074)

*= (0.013 0.0
e (ase 2 (both species survive)

D = (0.016,0.014),
r = (0.083,0.081),
0.0 0.053)

“= (0049 00
As for diffusion rate, we set regular diffusion e = D

and ten times smaller diffusion e = D/10.
First, we present the population density at the
final equilibrium when all the parameters are fixed.

Two-Species
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In Fig. 2, we plot the solution for one and two-
dimensional formulations at the final time. Note that
for 2d, we plot the solution over the middle line
(y = 0.5). We observed that the effect of boundary
constraint (set at zero) is more severe in regular
diffusion groups, causing a lower final population
density than in small diffusion groups. With the
same survival status (one species survives, or both
species survive) and boundary conditions (1D,
2D(a), or 2D(b)), the regular diffusion group
always arrives at a lower population density
equilibrium, compared to the small diffusion group.
In other words, when the diffusion is smaller, the
species can reach a higher population density
equilibrium.

Second, we present the dynamic of average
population density over time steps when all the
parameters are fixed. In Fig. 3, we present the
dynamic of the solution average over time for two
species systems. We observed that the time to reach
equilibrium is different among different diffusion
conditions (regular diffusion D, or small diffusion
D /10), survival status (one species survives, or both
species survive), and boundary conditions (1D,
2D(a), or 2D(b)). In general, 1D and 2D (b) give
similar solutions, while 2D(a) gives a different
solution. In general, when the diffusion is small, it
usually takes more time to reach equilibrium.

Third, we present the population density over
2D(a) (imitation of the pond) and 2D (b) (imitation
of the river) at final equilibrium when all the
parameters are fixed. In Fig. 4 and Fig. 5, we
present the solution for 2d problems at the final time
in whole domain ) for regular diffusion € = D
and small diffusion € = D/10, respectively. Like
Fig. 2, the effect of boundary constraint (set at zero)
is more severe in regular diffusion groups. If the
diffusion is regular (Fig. 4), the final population is
only dense in the middle, and the area of zero
population density is wider at the boundaries. If the
diffusion is small (Fig. 5), the final population is
more spread across the whole spatial domain.

To sum up, in a two-species competing model,
when we compare solutions of final population
density from two fixed groups of parameters
(diffusion rates/ diffusion rates*(0.1 / growth rates/
competition rates) that leads to two survival status
(both species survive/ only one species survive), we
observed that species with diffusion rates that are 10
times smaller in scale than other parameters could
reach a higher equilibrium population density in the
whole spatial domain, and it usually takes the
species with small diffusion rates more time steps to
reach equilibrium.
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3.2 Numerical Results for Three-species For the three-species competition model, we
Competition Model consider three cases:
1D 2D(a) 2D (b)

Case 1 (one species survive)

Case 2 (two species survive)
Fig. 2: Solution at the final time for regular diffusion € = D (solid line) and small diffusion ¢ = D /10 (dashed
line).

1D 2D(a) 2D(b)

Case 1 (one species survive)

| -

Case 2 (two species survive)
Fig. 3: Dynamic of the average solution over the domain for regular diffusion € = D (solid line) and small
diffusion € = D /10 (dashed line).

E-ISSN: 2224-2880 737 Volume 21, 2022



WSEAS TRANSACTIONS on MATHEMATICS Maria Vasilyeva, Youwen Wang,
DOI: 10.37394/23206.2022.21.85 Sergei Stepanov, Alexey Sadovski

2D(a) 2D (b)

LL 0000
E s b
200023
ao
208020 ae
& ¢020 o
as L0003
as
= socore
oz 0z
% poc0as
20 x
a0 L atme ao
0 0 s ®» 1B 2 0 N ® 15 20

Case 1 (one species survive)

u v 5 L)
“ | ae
&M < s na
s . ) as
3 o \
o4
v2s ae
w w us w
8¢ p3 LR
: 03
72 18 (R 15 a2
810
01 ni a1
o m 2 0
203 09 oe a0
e 1 w 15 » 0 ’ 10 5 2 0 s 1 1= 0

Case 2 (two species survive)
Fig. 4: Solution at the final time for regular diffusion € = D. First picture: first species. Second picture: second
species
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Case 2 (two species survive)
Fig. 5: Solution at the final time for small diffusion € = D/10. First picture: first species. Second picture:
second species

D = (0.078,0.087,0.012), 0.051 0.0 0.019

r = (0.050,0.087,0.041), 0.058 0.085 0.0
( 0.0 0.048 0_067> e Case 3 (all three species survive)
o=

e C(Case 1 (one species survive) < 0.0 0.031 0.045)
o=

0.051 0.0 0.094 D = (0.031,0.027,0.026),

0.028 0.041 0.0 r = (0.0980.095,0.078),

e Case 2 (two species survive) 0.0 0.055 0.057
D = (0.022,0.021,0.063), a= <0.095 0.0 0.031)

r = (0.086,0.091,0.066), ) 0.070 0.022 0.0 /
First, we present the population density at the

final equilibrium when all the parameters are fixed
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under the three-species competing model. In Fig. 6,
we plot the solution for one and two-dimensional
formulations at the final time. Similar to the
previous results, we plot the solution over the
middle line (y = 0.5) for the 2d formulation. We
observe that the effect of boundary conditions is
generally more severe in regular diffusion groups
than in small diffusion groups. Like a two-species
competing system, in a three-species competing
system, when the diffusion rate is lower, species can
generally reach a higher final population density
both at the center of the spatial domain and near the
boundary. This shows that the boundary constraint
is lower for species with lower diffusion. More
investigation of the diffusion to the final state will
be presented in the next part of the results.

Then, we present the dynamic of average
population density over time steps when all the
parameters are fixed under a three-species
competing model. In Fig. 7, we present the dynamic
of the solution average over time for three species
system. Like a two-species competing system, in a
three-species competing system, generally, when the
diffusion is smaller, it usually takes more time to
reach equilibrium.

To sum up, in a three-species competing model,
when we compare solutions of final population
density from two fixed groups of parameters
(diffusion rates/ diffusion rates*0.1 / growth rates/
competition rates) that leads to two survival status
(both species survive/ only one species survive), we
observed that, similar to two-species competing
model, species with diffusion rates that are 10 times
smaller in scale than other parameters can reach a
higher equilibrium population density in whole
spatial domain with very few exceptions, and it
usually takes the species with small diffusion rates
more time steps to reach equilibrium.

3.3 Effect of the Diffusion

Next, we consider the influence of diffusion on the
equilibrium state. We set all other parameters
(growth rate "r" and competition efficiency "a") the
same and examine the diffusion rate. We perform

1000 simulations for each case with random
diffusion coefficients
0.01 <¢g <0.1.
We simulate with fixed initial conditions u(()k) =0.5
till both populations reach equilibrium, |7 —
ﬁ(k)| < € with € = 1075 for each k.
First, we consider two-species competition

models in one and two-dimensional formulations.
Groups are represented by which species survive. In
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the two-species competition model, we have the
following:

10 - first species survive,

01 - second species survived,

11 - both species survived and

00 - no one survived.

In Fig. 8 we plot scatter plots of the diffusion
rate of two species and colored survival status at the
final time for one and two-dimensional problems, as
well as corresponding time steps to reach
equilibrium. We observed that diffusion rate has a
huge impact on the final survival status of species
and the time step needed to reach equilibrium.

Different combination of diffusion rates of two
species leads to different final survival status. Under
1D or 2D (b) spatial boundary condition, when the
diffusion rates of both species are above 0.07, no
species will survive. When one of the species'
diffusion rates is smaller than 0.07, the species with
a larger diffusion rate will survive. However, if two
species have approximately the same diffusion rates
and are both less than 0.07, both species will
survive. In comparison, under 2D(a) spatial
boundary condition, the threshold is reduced from
0.07 to around 0.04.

Different combination of diffusion rates of two
species also leads to different time steps needed to
reach equilibrium. When the combination of both
species' diffusion rates is on the border of varying
survival groups, it takes more time steps to reach
equilibrium. In comparison, it takes fewer time steps
to reach equilibrium when the combination of
diffusion rates of both species lies inside the
survival group.

Next, we consider three-species competition
models, where we have eight groups:

100 - first species survive,

010 - second species survived,

001 - third species survived,

011 - second and third survived,

101 - first and third survived,

110 - first and second survived,

111 - all species survived and

000 - no one survived.

In Fig. 9 we plot scatter plot of the diffusion rate
of three species and colored survival status at the
final time for one and two-dimensional spatial
boundary conditions, as well as corresponding time
steps to reach equilibrium. When we expand from
two species to three species in the system, we
observed that 1D or 2D(b) spatial boundary
condition still gives similar results, while 2D(a)
gives a different result. In general, when the
diffusion rates of all three species are small, three
species can all survive. When all species have high
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diffusion rates, no species can survive. When not all
three species have low diffusion rates, the species
with higher diffusion rates can survive. Similarly,
the different combination of diffusion rates of the
three species also leads to different time steps
needed to reach equilibrium and maximum located
on the border of varying survival groups.

3.4 Effect of the Initial Conditions

Previously we set the initial condition for both
species to be 0.5 and then got a general sense of the
final equilibrium difference. Next, we remove the

control for the initial condition ( 0.01 < ugk) <
0.99) and examine how changes in the initial
population can impact the final equilibrium
population density and time to reach it. With the
birth rate, competition rate, and diffusion rate fixed,
we change the initial population density for both
species.

In Fig. 10 we show a scatter plot of the initial
population density of two species and use a blue line
to represent a dynamic from initial condition points
(green color) to final equilibrium points of each
simulation for one and two-dimensional spatial
boundary conditions, as well as corresponding time
steps to reach equilibrium. We observed that
disregarding the value of the initial population of
both species, the final equilibrium population will
rest at a point of focus. The farther the combination
point of initial population density is from the final
equilibrium combination point, the more time steps
it would take to reach the equilibrium. We also
observed that the farther the initial population
density point is from the final equilibrium
population density point, the more time steps it
needs to reach the equilibrium.

In Fig. 11, we plot scatter plots of the initial
population density of three species and use a blue
line to connect initial condition points to the final
equilibrium points of each simulation and
corresponding time steps to reach equilibrium.
When we expand from two species to three species
in the system, we observed that 1D or 2D (b) spatial
boundary condition still gives a similar result. In
contrast, 2D (a) gives a different result. In general,
regardless of the values of the initial condition of
population density of three species, the final
equilibrium of population density for all three
species in the system will rest at a final focus point.

The farther a combination of the initial condition of
population density is from the final equilibrium
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point, the more time steps it needs to take to reach
that equilibrium point.

4 Factor Analysis

Factor analysis method has long been applied to the
analysis of Population Dynamics, [47],[48] as well
as Ecosystem topics, [49],[50]. Finally, we present
factor analysis for the given model.

Previous literature about factor analysis suggests
that as sample size increases, the standard error in
factor loadings across repeated samples will
decrease, [51]. Therefore, we perform 10,000
simulations for each case with random parameters to
satisfy the sample size requirement.

We consider one and two-dimensional test
problems and simulate the system with random
coefficients €, 1, o with [ # k and initial
conditions u(()k) = const:
e Two-species:

_[,® @
€1,€5,042,0,1 and Uy = [uo JUg |-

e Three-species:

€1, €2, €3, U2, Ag3, Up1, Up3, 31, Az ANd Uy =

[0 u P

We perform 10,000 simulations for each case
with random parameters
0.01 < 7%, Dy, 0y, < 0.1,

and 0.01 < u(()k) < 0.99. Two cases of the diffusion
coefficient are considered: regular diffusion (g, =
D) and small diffusion (g, = D /10).

In the investigation, we use the influence of the
following parameters to the system solution: g, o,
and 1, for | #k and k=12 for two-species
competition and k =1,2,3 for three species
competition.
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1D 2D(a) 2D(b)

Case 1 (one species survive)

Case 2 (two species survive)

Case 3 (three species survive)
Fig. 6: Solution at the final time for regular diffusion € = D (solid line) and small diffusion € = D /10 (dashed
line). Red color: first species. Blue color: second species. Green color: third species

1D ..2D(a) __.2D(b)

Case 2 (two species survive)

7: i 1\{ : = T

Case 3”(thfee épecies shrvive)
Fig. 7: Solution at the final time for regular diffusion € = D (solid line) and small diffusion € = D /10 (dashed
line). Red color: first species. Blue color: second species. Green color: third species
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Case 2 (two species sﬁr\;iv-e.)
Fig. 8: Numerical results for random diffusion. Two-species model. First picture: 00 (grey), 01 (blue), 10 (red)
and 11 (green) groups. Second picture: number of time steps to reach the equilibrium

PR RERRE T

Case 1 (one species survive)

Case 3 (three species survive)
Fig. 9: Numerical results for random diffusion. Three-species model. First picture: 000 (light grey), 001 (grey),
010 (cyan), 011 (blue), 100 (salmon), 101 (red), 110 (lime) and 111 (green) groups. Second picture: number of
time steps to reach the equilibrium
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Case 2 ._(tv.ilo species survive)
Fig. 10: Numerical results for random initial conditions. Two-species model. First picture: the dynamic of the
solution average. Second picture: number of time steps to reach the equilibrium

2D(a)

MWae an ™o

Case 1 (one species survive)

o W

R

Case 3 (three species survive)
Fig. 11: Numerical results for random initial conditions. Three-species model. First picture: the dynamic of the
solution average. Second picture: number of time steps to reach the equilibrium
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4.1 Factor Analysis for
Competition Model

To sum up the factor analysis for the final
population and time steps in a two-species
competing system, we observed that diffusion is
more dominant only when diffusion rates are on the
same scale with other parameters when diffusion
rates are ten times small in scale than other
parameters, growth rates/ competition rate/ initial
population density becomes the dominant factor. A
possible explanation for the change of the dominant
factor when the diffusion rate changes is the
existence of the boundary conditions (set at zero).
The boundary effect is more severe when the
diffusion rate is larger, making it a more critical
factor.

Two-Species

4.1.1 Factor Analysis for Final Population
Density in Two-Species Competition Model
In Fig. 12, we present correlation matrices as well as
loading matrix for each factor analysis for all three
cases 1D, 2D(a) and 2D (b) with regular and small
diffusion, we only include all parameters and final
population density. From the correlation matrix, we
observed that under regular diffusion, final
population density is strongly correlated with both
diffusion rates and growth rates, while under small
Table 2, we present a summary for factor
analysis of the time steps until equilibrium in the
two-species competition model. We observed that
diffusion rates are essential factors only when
diffusion has the same scale as other parameters.
Under small diffusion, in which diffusion is ten
times smaller in scale than other parameters, the
dominant factors are growth rates or initial
population density.
4.2 Factor Analysis for
Competition Model
To sum up the factor analysis for the final
population and time steps in a three-species
competing system, we observed that these two-
factor analyses differ. For factor analysis for the
final population, we observed that diffusion is more
dominant only when diffusion rates are on the same
scale as other parameters. Growth rates are the
dominant factor when diffusion rates are ten times
smaller in scale than other parameters. For factor
analysis for time steps to reach equilibrium, we
observed that the importance of diffusion is similar,
disregarding the scale of diffusion rates. The
dominant factors are always competition rates/
growth rates/ initial population density.

Three-Species
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diffusion, final population density is mostly strongly
correlated with growth rates.
In
Table 1, we present a summary for factor
analysis of final population density in a two-species
competition model. We observed that under regular
diffusion, diffusion rates are the most dominant
factors, while under small diffusion, growth rates
and competition rates become the most dominant
factors.

4.1.2 Factor Analysis for Time Steps to Reach
Equilibrium in Two-Species Competition Model
In Fig. 13, we present the correlation matrix and
loading matrix when we only include all parameters
and the number of time steps to reach equilibrium.
We observed that under both regular and small
diffusion, the time steps to reach equilibrium do not
have much correlation with all parameters. Under
regular diffusion, we only observed weak
correlations (0.08 — 0.35) between time steps and
diffusion rates. Under small diffusion, we only
observed weak correlations (0.23 — 0.28) between
time steps and growth rates.

In

4.2.1 Factor Analysis for Final Population
Density in Three-Species Competition Model

In Fig. 14, we present three-species competition
system correlation matrices and a loading matrix for
each factor analysis for all three cases 1D, 2D(a)
and 2D (b) with regular and small diffusion. From
the correlation matrix, we observed that under
regular diffusion, final population density is
strongly correlated with both diffusion rates and
growth rates, while under small diffusion, final
population density is mostly strongly correlated with
growth rates and weakly correlated with diffusion
rates and competition rates.

In Table 3, we present a summary for factor
analysis of the final population in a three-species
competition model. When the diffusion rate is
regular, the dominant factors that cause variation are
diffusion rates; in contrast, when the diffusion rates
are low, the dominant factors become the growth
rates of the three species.

4.2.2 Factor Analysis for Time Steps to Reach
Equilibrium in  Three-Species Competition
Model

In Fig. 15, we present three-species competition
system correlation matrices and a loading matrix for
each factor analysis for all three cases 1D, 2D(a)
and 2D(b) with regular and small diffusion, we
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only include the number of time steps to reach
equilibrium and all other parameters. We observed
that under both regular and small diffusion, the time
steps to reach equilibrium correlate very little with
all parameters. Under regular diffusion, we only
observed weak correlations (0.23 — 0.25) between

1D 2D(a)

n
rnl

Maria Vasilyeva, Youwen Wang,
Sergei Stepanov, Alexey Sadovski

time steps and diffusion rates. Under small
diffusion, we only observed weak
correlations (0.10 — 0.13) between time steps and
growth rates.
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Fig. 12: Two-species competition model. The correlation matrix (first row) and loading (second row) only
include parameters and final population density

In

Table 4, we present a summary for factor analysis of the time steps to reach equilibrium in the three-species
competition model. We observed that the three-species competing system is different from the two-species
competing system in terms of dominant factors influencing time steps. In a two-species competing system,
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when diffusion is regular, it is the dominant factor, and diffusion rates are unimportant when diffusion is small.
However, In a three-species competing system, the importance of diffusion is similar, disregarding the scale of
diffusion rates. The dominant factors are always competition rates/ growth rates/ initial population density.
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Fig. 13 Two-species competition model. Correlation matrix (first row) and loading (second row) only including
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Table 1. Factor Analysis of the final population in two species system

Dimension 1D 2D(a) 2D(b) 1D 2D(a) 2D(b)
Diffusion Regular Regular Regular Small Small Small
Cum. Var. 66.83% 62.50% 66.43% 67.98% 68.33% 68.01%
Factor 1 Fin. Pop. 2 Diffusion 1 Fin. Pop. 2 Diffusion 1 Diffusion 2 Grow 1 Compete 2 Grow 1
Factor 2 Fin. Pop. 2 Diffusion 2 Fin. Pop. 2 Diffusion 2 Diffusion 1 Grow 2 Compete 1 Grow 2
Factor 3 Grow 2 Compete 2 Grow 2 Compete 1 Diffusion 2 Compete 1
Factor 4 Grow 1 Grow 1 Grow 1 Fin. Pop. Compete 2 Fin. Pop. Diffusion1  Fin. Pop. 2 Compete 2
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Factor 5 Compete 2 Fin. Pop. 2 Grow 2 Fin. Pop. Compete 1 Diffusion 1 Diffusion 1 Diffusion 1
Table 2. Factor Analysis of time steps in two species system
Dimension 1D 2D(a) 2D(b) 1D 2D(a) 2D(b)
Diffusion Regular Regular Regular Small Small Small
Cum. Var. 57.54% 61.85% 57.91% 60.21% 59.99% 60.77%
Factor 1 Diffusion 1 Diffusion1  Time step n Diffusion 2 Init. Pop. 1 Grow 1 Grow 1
Factor 2 Diffusion2  Time step n Diffusion 2 Compete 1 Grow 1 Time step n Grow 2 Init. Pop. 1
Factor 3 Compete 2 Grow 2 Time step n Grow 1 Time step n Grow 1 Compete 2 Compete 2
Factor 4 Init. Pop. 2 Compete 2 Init. Pop. 2 Grow 2 Init. Pop. 1~ Time step n Grow 2
Factor 5 Time step n Diffusion 2 Time step n Grow 1 Diffusion 1 Compete 2 Time step n Grow 2 Time step n Grow 2
Table 3. Factor Analysis of the final population in three species system
Dimension 1D 2D(a) 2D(b) 1D 2D(a) 2D(b)
Diffusion Regular Regular Regular Small Small Small
Cum. Var. 58.45% 60.40% 58.59% 59.10% 58.92% 59.10%
Factor 1 Init. Pop. 3 Diffusion 1 Compete 3 Grow 2 Grow 2 Init. Pop. 3
Factor 2 Grow 2 Compete 3 Init. Pop. 3 Compete 3 Init. Pop. 3 Compete 3
Factor 3 Init. Pop. 1 Init. Pop. 2 Grow 2 Diffusion 3 Compete 3 Init. Pop. 1
Factor 4 Compete 3 Grow 3 Init. Pop. 1 Init. Pop. 1 Init. Pop. 1 Time step n Grow 3
Factor 5 Diffusion 1 Diffusion 3 Diffusion 1 Time step n Grow 3 Time step n Grow 3 Grow 2
Factor 6 Time step n Diffusion 3 Diffusion2  Time step n Diffusion 3 Init. Pop. 3 Diffusion 3 Diffusion 3
Factor 7 Compete 2 Compete 2 Compete 2 Time step n Compete 2 Compete 1 Compete 1
Factor 8 Diffusion 2 Compete 2 Diffusion 2 Compete 1 Compete 2 Time step n Compete 2
Factor 9 Compete 1 Grow 2 Compete 1 Diffusion 2 Compete 1 Compete 1
Table 4. Factor Analysis of time steps in three species system
Dimension 1D 2D(a) 2D(b) 1D 2D(a) 2D(b)
Diffusion Regular Regular Regular Small Small Small
Cum. Var. 58.45% 60.40% 58.59% 59.10% 58.92% 59.10%
Factor 1 Init. Pop. 3 Diffusion 1 Compete 3 Grow 2 Grow 2 Grow 2
Factor 2 Grow 2 Compete 3 Init. Pop. 3 Init. Pop. 3 Init. Pop. 3 Init. Pop. 3
Factor 3 Init. Pop. 1 Diffusion 1 Grow 2 Compete 3 Compete 3 Compete 3
Factor 4 Compete 3 Init. Pop. 2 Init. Pop. 1 Diffusion 3 Init. Pop. 1 Init. Pop. 1
Factor 5 Diffusion 1 Grow 3 Diffusion 1 Init. Pop. 1~ Time step n Grow 3 Time step n Grow 3
Factor 6 Time step n Diffusion 3 Diffusion2  Time step n Diffusion 3 Time step n Grow 3 Diffusion 3 Diffusion 3
Factor 7 Compete 2 Compete 2 Compete 2 Time step n Compete 2 Compete 1 Time step n Compete 2
Factor 8 Diffusion 2 Compete 2 Diffusion 2 Compete 1 Compete 2 Compete 1
Factor 9 Compete 1 Grow 2 Compete 1 Diffusion 2 Compete 1 Compete 1
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Fig. 14: Three-species competition model. Correlation matrix (first row) and loading (second row) only
including all parameters and final population density
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Fig. 15: Three-species competition model. Correlation matrix (first row) and loading (second row) only
including all parameters and time steps to reach equilibrium
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4.3 Statistical Summary for Survival Status
in All Simulations
For a two-species competing system, we released
control for all variables, including diffusion rates,
growth and competition efficiency, and initial

Table 5. We observed that 1D and 2D (b) spatial
boundary conditions give the similar proportion of
survival groups, while 2D (a) gives more different
proportions.

When there is regular diffusion, for 1D and
2D(b) spatial boundary conditions, there is around
30% of simulations that result in either 00(no
species survives), 01 (species two survives), or 10
(species one survives). n comparison, only around
10% of simulations result in both species surviving
together.  or 2D(a) spatial boundary conditions,
68.88% of simulations result in 00 (both species go
extinct), while around 14.87% and 14.89% result in
01 (species two survives) or 10 (species one
survives), and very rare, about 1.36% of the
simulation result in 11 (both species survive). To
conclude, when there is regular diffusion, it's
generally harder to arrive at a final solution where
both species survive; it's even harder, almost
impossible, for both species to survive when we are
approximating a pond (2D (a) scenario).

When there is small diffusion, all three spatial
boundary conditions (1D, 2D (a), and 2D (b)) give a
similar proportion of survival status. t is most
likely that both species survive together (around
50% of simulations). However, it is almost
impossible that both species will go extinct.
Furthermore, it is equally likely that only one
species survives (the proportions of simulation are
both around 20 — 25%)).

For the three-species competing system, we
released control for all variables, including diffusion
rates, growth and competition efficiency, and initial
population density, ran 10,000 simulations for all
1D, 2D(a), and 2D (b) spatial boundary conditions,
and summarized the proportion of different survival
status groups, as is in X@dipa! To apysio
TPOELEVONG TS OvVUPOpPag oev Ppédnke.. we
observed that 1D and 2D(b) spatial boundary
conditions give the similar proportion of survival
groups, while 2D(a) shows more different
proportion. ~ When there is regular diffusion, the
probability of one species surviving (001, 010, and
100) is similar to one another (around 10% for 1D
or 2D(b) scenario, and approximately 12% for
2D(a) scenario), while the probability of two
species survive (011, 110 and 101) is similar to one
another(around 12% for 1D or 2D (b) scenario, and

E-ISSN: 2224-2880

750

Maria Vasilyeva, Youwen Wang,
Sergei Stepanov, Alexey Sadovski

population density, and ran 10,000 simulations for
all 1D, 2D(a), and 2D (b) spatial boundary
conditions, and summarized the proportion of
different survival status groups, as is in

about 1% for 2D (a) scenario). In general, when
there are three species, it is almost impossible for all
three species to survive together, and no species go
extinct; what's worse, for 2D(a) scenario, which
approximates the lake, around 58% of the
simulation result in 000 (no species survive). When
there is small diffusion, all three spatial boundary
conditions (1D, 2D(a), and 2D (b)) give a similar
proportion of survival status. It's equally likely that
two or all species survive (the proportion for
survival group 011/110/101/111 are all around
20%). It's equally likely that only one species
survives (the proportion for survival group
001/010/100 are all around 6 — 8%), and it's almost
impossible that all three species will go extinct.

5 Discussion

e Numerical results with fixed values of
parameters that cause different survival
status

Species with small diffusion rates (10 times smaller
in scale than other parameters) can reach a higher
equilibrium population density in the whole spatial
domain with very few exceptions. It usually takes
the species with small diffusion rates more time
steps to reach equilibrium.

e Effect of diffusion examined
numerically releasing the control
diffusion rates

Different combinations of diffusion rates align with
varying statuses of survival. Groups of the
combination of diffusion rates in scatter plot overlap
with groups of varying survival statuses. This
overlap can be interpreted as diffusion rates strongly
affecting the survival status. In a two-species
competing system, under 1D or 2D(b) spatial
boundary condition, when the diffusions of both
species are above 0.07, no species will survive;
under 2D(a) spatial boundary condition, the
threshold is reduced from 0.07 to around 0.04. In
three-species competing species, we observed a
similar effect of diffusion on survival status as in a
two-species system. Furthermore, species with a
combination of diffusion rates on the border of
different survival groups take more time steps to
reach equilibrium than those whose combination is
inside the groups.

by
for
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e Effect of the initial condition examined by
numerically releasing the control for
initial population density

For both two-species competing model and the
three-species competing model, regardless of the
values of the initial condition of population density
of species, the final equilibrium of population

Maria Vasilyeva, Youwen Wang,
Sergei Stepanov, Alexey Sadovski

density for all three species in the system will rest at
a final focus point. The farther a combination of the
initial condition of population density is from the
final equilibrium point, the more time steps it takes
to reach that equilibrium point.

Table 5. Survival Status for two species system

| 00 01 10 11
Regular diffusion

1d 2796 3059 3064 1081
27.96% 30.59% 30.64% 10.81%

2d(a) | 6888 1487 1489 136
68.88% 14.87% 14.89% 1.36%

2d(b) | 3125 2904 3043 928
31.25% 29.04% 30.43% 9.28%

Small diffusion

1d 0 2251 2279 5470
0.00% 22.51% 22.79% 54.70%

2d(a) 26 2522 2533 4919
0.26% 25.22% 2533% 49.19%

2d(b) 0 2184 2192 5624
0.00% 21.84% 21.92% 56.24%

Table 6. Survival Status for three species system

Group | 000 001 010 100 011 110 101 111
Regular diffusion
1d 1442 2026 2031 1987 806 822 730 156
14.42% 20.26% 20.31% 19.87% 8.06%  8.22%  7.30% 1.56%
2d(a) 5800 1262 1319 1234 131 130 118 6
58.00% 12.62% 13.19% 12.34% 131% 1.30% 1.18%  0.06%
2d(b) 1754 2012 2034 1985 712 728 651 124
17.54% 20.12% 20.34% 19.85% 7.12% 7.28%  6.51% 1.24%
Small diffusion
1d 0 639 648 556 2031 2023 1943 2160
0.00% 6.39% 6.48% 5.56% 20.31% 20.23% 19.43% 21.60%
2d(a) 3 858 835 773 1957 2001 1863 1710
0.03%  8.58% 835% 7.73% 19.57% 20.01% 18.63% 17.10%
2d(b) 0 651 655 566 2030 2023 1941 2134
0.00% 6.51% 6.55%  5.66% 20.30% 20.23% 19.41% 21.34%

e Factor Analysis after releasing control for
all parameters

In a two-species competing model, diffusion rates
are the more dominant factor for both final
population density and time to reach equilibrium
only when diffusion rates are on the same scale as
other parameters. When diffusion rates are ten times
small in scale than other parameters, growth rates/
competition rate or initial population density
becomes the dominant factor. In a three-species
competing system, for factor analysis for the final
population, we observed that diffusion is more
dominant only when diffusion rates are in the same
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scale with other parameters, when diffusion rates are
ten times small in scale than other parameters,
growth rates are the dominant factor; As of factor
analysis for time steps to reach equilibrium, the
importance of diffusion is similar disregard the scale
of diffusion rates. The dominant factors are always
competition rates/ growth rates/ initial population
density.

6 Conclusion
A mathematical model of the spatial-temporal multi-
species competition is considered. A discrete system
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is constructed using a finite volume approximation
with a semi-implicit time approximation. The
numerical results for two- and three-species models
are presented for several exceptional cases of the
parameters related to the survival status. We
considered the one and two-dimensional model
problems with two cases of the boundary conditions
for the two-dimensional case. First, the effect of
diffusion is investigated numerically. In special
cases where parameters are fixed, we observed that
the impact of boundary constraint is more severe in
regular diffusion groups than in small diffusion
groups, causing a lower population density both in
the middle and near the boundary of the domain. We
also observed that the dynamic of 1D is similar to
2D (b), while 2D (a) gives different dynamic. This
suggests that we can use 1D to approximate 2D (b)
to save computation time. Furthermore, from
general cases where we release holds of diffusion
while keeping other parameters fixed, we observed
that different combinations of species' diffusion
rates in the system lead to different final survival
statuses of species. When the combination of both
species' diffusion rates is on the border of varying
survival groups, it takes more time for these groups
of species to reach equilibrium. Second, the effect of
the initial condition is investigated numerically. We
release holds of initial conditions while keeping
other parameters fixed. We observed similar
patterns for both two-species competing systems
and three-species competing systems. Take a two-
species competing system as an example; we
observed that disregarding the value of the initial
population of both species, the final equilibrium
population will rest at a point of focus. The farther
the combination point of initial population density is
from the final equilibrium combination point, the
more time steps it would take to reach the
equilibrium.

Finally, the impact of parameters on the system
stability is considered by simulating the spatial-
temporal model with random input parameters.
Factor analysis and statistical summary of the
survival status of species in the system were
performed. We observed that diffusion rates are the
dominant factor. When diffusion rates are regular
and on the same scale as other parameters. In
contrast, when diffusion rates are small, which are
ten times smaller in the scale of other parameters,
growth and competition rates become the dominant
factors. In a statistical summary of species survival
status, we observed a similar pattern for both two-
species competing systems and three-species
competing systems. For both systems, in each
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spatial boundary condition ( 1D, 2D(a), and
2D (b)), when the number of survived species is the
same in the system (001, 010, 100 survival group in
which only one species survive), the proportion of
simulation is similar. However, the proportion of
simulation for different survival groups varies when
the diffusion rate is in different scale, this is the case
for both competing systems. Take a two-species
competing system as an example. When there is
small diffusion, all three spatial boundary conditions
(1D, 2D(a), and 2D (b)) give a similar proportion
of survival status. It is most likely that both species
survive together (49% - 56% of simulation), it is
almost impossible that both species will go extinct
(0% - 0.26%), and it is equally likely that only one
species survives (both 01 and 10 survival groups
take 21% - 26% of simulation). In contrast, when
there is regular diffusion in two species competing
systems, we observed that 1D and 2D(b) spatial
boundary conditions give a different proportion of
simulation for survival groups from 2D(a). Take a
two-species competing system as an example; when
there is regular diffusion, it is generally harder to
arrive at a final solution where both species survive
(around 10% of simulation); it is even harder,
almost impossible (1.36% of simulation), for both
species to survive when we are approximating a
pond (2D (a) scenario).

In future works, we will concentrate on the
following directions: (1) a real-world range of
parameters for a given application; (2) apply the
result of factor analysis to build machine learning
predictive models, and predict final population
density, as well as time to reach equilibrium; and (3)
use the model to predict the equilibrium population
density and simulate future catastrophic event
(given the assumption that the system 1is at
equilibrium then catastrophe strokes).
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