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Abstract: -The purpose of this work is to introduce the concepts of generalized multivalued almost type Z-
contraction along with C-class functions and generalized Suzuki multivalued almost type Z-contraction along
with C-class functions for a pair of mappings, as well as to show that common fixed point theorems for such
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point findings in the literature. We derive several corollaries from our core results and offer examples to support
our results.
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1 Introduction Berinde [9] extended the Zamfirescu fixed point
theorem [[10] to almost contractions, a class of con-
tractive type mappings, for 6 € [0,1) and £ > 0 such
that

The origins of fixed point theory can be traced back
to the last quarter of the nineteenth century, when
repeated approximations were used to establish the
existence and uniqueness of solutions to differential
equations. It is worth noting that the Banach contrac-
tion principle, which was developed by Banach []1f].
This solution has been expanded for single and mul-
tivalued cases on a metric space in a variety of ways.
Nadler [2] developed the concept of multivalued con-
traction mapping in 1969 and established that it had
a fixed point in the entire metric space. Several fixed
point theorems were then established by various writ-
ers as a generalization of Nadler’s theory (see [3], [4],

d(Qw, Qp) < dd(w, p)+Ld(w,Qp) forall w,p e Y.
1)
Khojasteh et al. [[11]] defined Z-contraction with
respect to ¢, which generalizes the Banach contrac-
tion principle and integrates various kinds of contrac-
tion. Olgun et al. [[12] achieved fixed point solutions
for generalized Z-contractions.
Later, Chandok et al. [13] expanded the conclu-
sions of [[11]], [12] by combining the concept of sim-

(51, 161, 171, [8D). ulatiOI} functions wi‘Fh C-class funqtions aqd proving
Let (T, d) be a metric space and CI3(T) denote the the existence and uniqueness of point of commdepce.
collection of all nonempty closed and bounded subset ) Motlvated. gmd inspired by ) almost contractions
of T. Forw € T and A, B € CB(Y), we have in (), De_ﬁmtlon R.3, Deﬁpltlon .4 and work qf
[13], we introduce the notion of extended multi-

d(A, B) = inf{d(a,b) : p € A and p € B}, valued almost type Z-contraction with C-class func-

tions and extended multivalued Suzuki almost type
Z-contraction with C-class functions for metric space
mapping pair.

D(w, A) = inf{d(w,p) : p € A}

and

H(A, B) = max { sup D(w, B), sup D(p, A)

2 Preliminaries
weA pEB

Definition 2.1. [[I1] Let ¢ : [0,00) x [0,00) — R be
a mapping. Then ( is called a simulation function if

The function H is a Hausdorff metric induced by the it satisfies the following conditions:

metric d. It is a metric on CB(Y). ) — 0
Let (T,d) be a complete metric space and 2 : (G): ¢(0,0) =0;
T — CB(T) be a contraction mapping such that (€2): C(v,u) < u—wvforallu,v>0;
H(Qw, Qp) < dd(w, p) (C2): if {vn},{un} are sequence in (0,00) such
that lim v, = lim w, > 0, then
forallw, p € T and for some § € [0,1)]. It’s a typical nro0 oo

lim sup ¢ (vy,, up) < 0.

Banach contraction, [[1]. N300
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Argoubi et al. [[14] applying innovative the sim-
ulation function definition by omitting the condition

(¢1)-

Definition 2.2. [[14] 4 simulation function is a map-
ping ¢ : [0,00) x [0, 00) — R satisfying the following
conditions:

(€2): C(v,u) <u—wv, u,v > 0;

(G3): if {vn}, {un} are sequence in (0,00) such that

lim v, = lim w, > 0, and v, < u, then
n—oo n—oo

limsup,,_, . ¢(vp, uy) < 0.

Definition 2.3. [[12] Let (Y, d) be a metric space, € :
T — Y a mapping and ( € Z. Then () is called a
generalized Z-contraction with respect to ( if

C(d(Quw, ), 0(w,p) >0 forall w,p€ T,
where

O(w, p) = max {d(w, p), d(w, %), d(p, 2p),
d(w,Qp) + d(p, Qw) }
! |

Padcharoen et al. [[15] on the other hand de-
fined generalized Suzuki type Z-contraction on met-
ric spaces as follows.

Definition 2.4. [[15] Let (T, d) be a metric space, S :
T — Y a mapping and ( € Z. Then () is called a
generalized Suzuki type Z-contraction with respect to

Cif

2

for all distinct w, p € Y, where

O(w, p) = max {d(w, p), d(w, %), d(p, ),

d(w, Qp) + d(p, Qw)}
5 :

Definition 2.5. [[16] 4 mapping G : [0,0)? — R has
the property Cg, if there exists Cg > 0 such that

(G1): G(u,v) > Cg implies u > v;

(G2): G(u,v) < Cg forallv € [0, 00).
Definition 2.6. [[17] A Cg simulation function is a
mapping G : [0,00) x [0,00) — R satisfying the fol-

lowing conditions:

(i): ¢(v,u) < G(u,v) for all vyu > 0, where G :
[0,00)[0,00) x [0, 00) — Ris a C-class function;

E-ISSN: 2224-2880
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(ii): if {vn},{un} are sequence in (0,00) such that

lim v, = lim u, > 0, and v, < u,, then
T{—)OO n—oo

lim sup ¢ (vy, uy,) < Cg.

n—oo

Lemma 2.7. [18] Let (Y, d) be a metric space and let
{wn} be a sequence in Y such that

nlglgo d(w2n’ w2n+1) = 0.

If {x,} is not a Cauchy sequence in Y, then there ex-
ists € > 0 and two sequence wy,(r) and wy, () of pos-
itive integers such that w,(x) > wy,) > k and the
following sequence tend to € when k — o0:

A(Wrn(k)> Wn(k)) > AWm(k)s Dn(k)+1)s AWm(k)—1> Wn(k))»
AW (k)—1> Wn(k)41)s A Wi (k) +1) Wn(k)+1)-

For anon-empty set T, let P(T") denotes the power
set of Y. If (T, d) is a metric space, then let

N(T) = P(T) — {0},
CB(YT)={A € N(T) : Ais closed and bounded},
K(Y)={A e N(T): Ais compact}.
Definition 2.8. [|19] Let T be a non empty set, () :
T - N(Y)anda: T x T — [0,00) be two map-

pings. Then §) is said to be an a-admissible whenever
foreachw € Y and p € Qu,

a(w,p) > 1= alp,n) >1 forall n € Qp.

Definition 2.9. [20] Let T be a nonempty set, () :
T — N(Y)and o : T x T — [0,00) be two map-
pings. Then () is said to be triangular a-admissible if
Q is a-admissible and

a(w,p) 21 and a(p,n) =21
= a(w,n) >1 forall n € Qp.

Lemma 2.10. [20] Let Q : Y — N(Y) be a triangu-
lar a-admissible mapping. Assume that there exists
wo € T and wy € Quwy such that o(wp,w1) > 1.
Then for a sequence {wy, } such that w,+1 € Qwy,, we
have a(wp,wp,) > 1 for allm,n € N withn < m.

Definition 2.11. [21] Let (Y, d) be a metric space,  :
TxY — [0,00)and Q2 : ¥ — K(Y) mappings. Then
Q) is said to be an a-continuous multivalued mapping
on (X(Y),H), if for all sequences {wy} with w, —
w € YTasn — oo, and a(wp,wnt1) > 1 for all
n € N, we have Qw,, — Qw as n — oo, that is,

li_>m d(wp,w) =0 and a(wp,wpi1)>1

foralln € N = 1i_{n H(Quwn, Qw) = 0.

Definition 2.12. [22] Let (Y, d) be a metric space,
a: YT x T —[0,00). The metric space (Y,d) is said
to be a-complete if and only if every Cauchy sequence
{wn } with a(wy,,wn41) > 1 for all n € N converges
inT.
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3 Main Result

Now we state our main results.

Definition 3.1. Let (Y,d) be a metric space and
QA: T 5> KX)anda : T xYT — [0,1) be a
function. We say Q) is Z, gy multivalued almost type
contraction with respect to ( such that

((a(w, p)H(Qw, Ap), B(¥)¥) = Cg  (2)
forallw,p € T withw # pand L > 0, where
W = O(w,p) + LU(w, p)
with
O(w, p) = max {d(w, p), D(w, 2w). D(p, Ap),

D(w,Ap) + D(p, Qw)}
2

and
U(w, p) = min {D(w, Qw), D(p, Ap),
D(w, Ap), D(p, ) }.

Definition 3.2. Let (Y,d) be a metric space and
QAT > XKY)and o : T x T — [0,1) be a
Sunction. We say Q) is Zq,g) Suzuki multivalued al-
most type contraction with respect to  if

1
5 min{D(w, Qw), D(p,Ap)} < d(w, p)
= ((£, B(W)W) > Cg
forall w, p € T with Qw # Ap and L > 0, where

£= a(w, p)H(Qw, Ap),
W =0(w,p) + LY (w, p)

3)

with

O(w, p) = max {d(w, p), D(w, W), D(p, Ap),

D(w, Ap) + D(p, Qw)}
2

and
U(w, p) = min {D(w, Quw), D(p, Ap),
D(w, Ap), D(p, ) }.
Theorem 3.3. Let (Y, d) be a metric space and 2, A :

T — K(Y) be Z,,g) Suzuki almost type multivalued
contraction satisfying:

(i) (Y, d) is an a-complete metric space;

E-ISSN: 2224-2880

Chuanpit Mungkala, Pheerachate Bunpatcharacharoen

(i) Q, A are triangular a-admissible;
(ii1) Q, A are an a-continuous multivalued mapping.
Then Q and A have a common fixed point.

Proof. Let wg € T. Choose w1 € Qwyp. Then by the
definition of Hausdorff metric there exists wy € Aw;
such that

0< d(wl,WQ)
— D(wl, Awl) (4)
< a(wp, w1 )H(Qwo, Awr).

Assume that D(wg, Qwp) > 0 and D(wq,Aw;) > 0
then

1
5 min {D(WO, QWO), D(wl, Aw1)} < d(wo, wl).
Therefore from (B)), we have

%min{D(wo,Qwo),D(wl,Awl)} < d(wo,wl)
= ((£o, B(Wo)Wo) = Cg,

where £9 = a(wo,w1)H(Qwo, Aw) and Wy =
O(wo, w1) + LY (wg, wy).
Consider
Cg < ((£0, B(Wo)Wo)
< G(B(W0)Wo, £).

Consequently, we get

d(wy,w2) < £9 < B(Wo)Wo, (6)

®)

where
O(wop,w1)
= max {d(w, w1), D(wo, Qwo), D(w1, Awy),

D(wo, Awl) + D(wl, Qwo) }
2

< max {d(wo,wl) d(wo,w1), d(w,ws),

d(wo,WQ +dw1,w1 }

densa)|

:max{d(wo,wl),d(wl,wg), 5

Because

d(WO,WQ) d(wo,wl) +d(w2,w1)
2 2
< max {d(wo, wl), d(wl, w2)} .

IN

Thus,

@(wo,wl) < max{d(wo, wl), d(wl,WQ)}
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and
WU (wo,w1)
= min{ D (wp, Qwyp), D(w1, Awr),
D(wo, Awy), D(w1, Quwo) }
= min{d(wo,wl), d(wl, WQ), d(wo,(.L)Q),
d(w,w1)}
=0.
If max {d(wo,w1),d(w1,w2)} = d(wi,w2) and

U (wp,w1) = 0, then (f]) becomes

d(wr,w2) < a(wo,wr)H(Quwo, Awr)
< Bldwnw))dwrw), D
obtain that
d(wi,w2) < a(wy,wr)H(Quwo, Awr) < d(w1,ws),
which is a contradiction. Thus we conclude that
max {d(wo,w1), d(w1,w2)} = d(wo, w1).
By (6) we get
d(wi,w2) < d(wo,wr).
Similarly, for we € Aw; and w3 € Qws we have
d(we,ws3) < a(w,ws)H(Awr, Qws) < d(w1,ws).
This implies
d(wa,ws) < d(wy,w2).

By continuing in this manner, we construct a sequence
{wp} in Y such that wo,+1 € Qwey, and wo, o €
Awopy1,m =0,1,2, ... such that

0 < d(w241,w2n42)
= D(wan+1, Awany1)
< a(wan, Wan+1) H(Qwan, Awap 1)

and
1 .
5 min {D(wan, Qwan), D(wont1, Awani1)}
< d(wan, Wan41)-

Hence from (B)), we have

1 .
5 min {D(wan, Qwan), D(wan+1, Awany1)}

< d(wan, want1) = ((£2n, B(Wapn)Way) > Cg,

where £2n = a(wgn,anH)H(ngn,Aw2n+1) and
W, = O(wan, want1) + LY (won, want1)-
Consider

Cg < C(£2n7/8(w2n)w2n)

< g(ﬁ(WQn)w2n7£2n)- (8)

E-ISSN: 2224-2880
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Consequently, we get

d(wWon+1,want2) < £25, < B(Woan) Wan, ©
where

O(wan, Wan+1)

= max {d(wzn, wan+1), D(wan, Qway,),

D(wan+1, Awani1),

D(wan, Awapt+1) + D(wan+1, Qwap) }
2

< max { d(wapn, Wan+1), d(Wan, Woan+1),

d(Want1,Wan+2),

d(wan, want2) + d(wan41, Wan+1) }
2

= d(wan, wan+1), d(Wan+1, Wan+2),

d(wan, Wont2) w2n+2) }

Because

d(wan, Wan42)
2
d(wan, wan+1) + d(wWan+2, Woan+1)
2
< max {d(wan, Wan+1), d(Want1, wani2)} -

<

Thus,

O (wan, Wan+1)
< max {d(wan, Wan+1), d(Wan+1, wani2) }

and
U (wap, Won+1)
= min {D(an, Quway), D(wan+1, Awap+1),
D(wa2n, Awany1), D(w2nt1, szn)}
= min {d(wzn, Wan+1)s A(Wan41,Wan+2),
d(wan, wan+2), d(Wan+1, w2n+1)}
=0.
If  max {d(w2n, won+1), d(Want1,Wan+2)} =

d(wan+1,want2) and V(wap,wony1) = 0, then
(9) becomes

d(wan+1, wan+2)
< a(w2n7w2n+1)H(QW2n7Aw2n+1) (10)
< Bd(wan+1, wan+2))d(Wan+1, want2),
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obtain that
d(wan+1, wan+2) < owan, Wan41) H(Qwan, Awani1)
< d(wan+1, Wan+2),

which is a contradiction. Thus we conclude that

max {d(wap, won+1), d(Wan+1,wan+2)}

= d(w2n, wan+1)-
By ([L0) we get

d(wan+1,wan+2) < d(wan, Wan+1)-
Then from ([L0) we have
d(won+2, Won+3)

< a(wont1, want2) H(Qwant1, Awania)
< d(wan+1,wan+2)-

This implies
(11)

Thus d(wp+1,wn+2) < d(wy, wp41) for all n. Hence
{d(wn,wn+1)} is a strictly decreasing sequence of
non-negative real numbers. Thus there exists Z > 0
such that

d(wan+t2, wan+3) < d(wan41,wWan+2)-

lim d(wp,wnt+1) = Z.

Assume that Z ”:Bo So by inequality () we obtain,
nlgrgo £o, =27 (12)
and
nll)rgo B (W, ) W, = Z. (13)
Using () and (G2) of Definition .3, get
Cg < h:gSOIiP C(£2n, B(Wan ) W)
= ligsolip C(£2n, Bd(wan, want1))d(wWan, Wont1))
< Cg,
which is a contradiction and nence z = 0, i.e.,
lim d(wp,wn+1) = 0. (14)

n—oo

We now show that {w, } is a Cauchy sequence. As-

sume, however, that it is not a Cauchy sequence. We

suppose that e > 0 exists, as well as two sequences of

positive integers, {n(k)} and {m(k)} such that
n(k) >m(k) >k, d(wp k), W) = €
d(wn(k)fbwm(k)) < €.

(15)

We obtain using the triangular inequality

€< d(wn(k)a Wm(k))
< d(Wn(k)s Win(k)—1) + AWn (k) =15 Wm(k))
< d(Wn (ks Wn(k)—1) + €.

E-ISSN: 2224-2880
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Taking the limit as k& — oo and applying (14), we get

that .
lim d(wn(k),wm(k)) =€ (16)

k—o0

Using the triangle inequlity, we have
€< d(wn(k) ) wm(k))
< d(wn(k) ) wm(k)—l—l) + d(wn(k)—l-l’ wm(k))
and

A(Wn (ks Wn(k)+1)
< d(Wn(k)s Wink)) + AWm(k)s Wm(k)+1)-

Again, by taking the limit as k& — oo and using ([L1)),
([é) and ([13)), we get

li =e.
Jim A(Wn (k) W (k)+1) = € (17)
Similarly, we obtain

lim d(wn(k)—l-l’wm(k)) =€ (18)

Also, we observe that
d(wn(k)+1a wm(k)-l—l)
< d(Wn(k) 115 Wm(k)) T AWy Wn(k)+1)
and

d(wn(k)+17 wm(k)—i—l)
< d(wn(k)—i—l? wm(k)+l) + d(wm(k)awm(k))'

By taking the limit & — oo and using (12), (13), (14)
and ([16), we get

Jim d(wn (k)15 Wmk) 1) = €

(19)

From ([[4) and ([19) we can choose a positive integer
ng > 1 such that

1 €
5 {D(wn(k)v an(k))) D(wm(k)a Awm(k))} < 5
< d(Wn(k)y, W (k))

and consequently,

MO (Wi (), Wn(r)) = €.

(20)

Since a(wp, Qwp) > 1 and Q, A are a-admissile, we
get

a(wg,wr) = a(wp, Qwy) > 1.

By triangular a-admissile, we get

a(Quwo, Aw1) = a(wy,we) > 1
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and

a(AQuwo, QAwr) = a(w2,ws3) > 1

By proceeding the above process, we conclude that
a(wn,wn+1) = 1 for all n Now, we prove that
a(wn,wnt+1) > 1, for all myn € N with n < m.

Since
Q(wnvwn+1) > 17
a(Wnt1,wni2) > 1,

then, we have
a(wnawnJrQ) > 1.

Again, since

{ a(wn,wnt2) > 1,
a(wn42,wn+3) > 1,
we deduce that
a(wp,wpt+3) > 1.
By proceeding this process, we have
(W, wm) > 1

forall m,n € Nwithm > n. Let w = wy,x),p =
Wy (k- from above we obtain a(wy,,wy,) > 1. Then
by&],

Cg < C(Emry B¥nk)) W)

where £, = a(Win(k), Wn (k) H(Qm 1) Awn(ry)
and W, 1y = O(Win(k), Wn(k)) + LY (W) Wn(k))-
Here @(wm(k)>wn(k)) = d(wm(k)7wn(l€))7 by (gl)v
we get

AW (k)> Wn(k))

< £k

< BWon (k) W) 1)

< Wm(k)

= d(Wm (k) Wn(k)) T LY Win(k)s Wnik))-

Using (): () and lim;, o0 l:[J(("Jm(k) ) wn(k)) =0in
(1), we get

M (k) W) ) H (k) Aonry)) = €,

and . W W
M B 1) ¥ ) = €,

where W, () = O (W (k) Wn(k)) _+

LY (W (k> Wn(k))- Therefore using  (B.1)
and ((2) of Definition R.2, putting Engk) =

E-ISSN: 2224-2880
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(Win(k)> Wn (k) ) H(Qm (k) Awnry) and W,y =
(Win(k)s Wn(k)) + LY (Win(k)s Wn(k))> WE get

which is a contradiction. As a result, {w,} is a
Cauchy sequence. Because T is complete, we can
guarantee that {w,} convergence to some w* € T,
1e.,

@R

nll)ngo d(wp,w") =0
and so
lim d(wp,w”) = lim d(wap,w™)
= ll)m d(WQn+1,W ): 0.

We now assert that

1

3 min { D (wy,, Qwy,), D(w*, Aw*)} < d(wp,w™)
or

1 . * *
5 min {D(w y Qw )7 D(wnJrlv AwnJrl)} (23)

< d(w*,wnt1)

for all n € N. Suppose that it is not the case. Then
there exist m € N such that

%min {D(wm, Qwm), D(w*, Aw*)} > d(wp,, w")

(24)
and

1
5 min {D(w*, Qw™), D(wm+1, Awm+1) }

> d(w*, wmt1)-

(25)

Therefore
2d (W, w™)
< min {D(wy,, Qwn,), D(w*, Aw*)}
< min {d(wp,w") + D(w*, Qwy,), D(w*, Aw*)}
< d(wm,w") + D(w*, Quwp,)
< (o ™) + (" W t1),

which implies that
d(wpm,w™) < d(w*, dwm+1). (26)
From (23) and (24)
d(wm,w")

< d(merla W*) (27)

1
< 3 min {D(w*, Qw*), D(wm+1, Awm+1)} -
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Since 1 min {D(wyy,, Qwp,), D(w*, Aw*)} <
d(Wrny Wiy 1), from (2)) we have

CQ < C(£m,ﬁ(wm)wm)
< G(B(Wn )W, £m),

where £,, = a(wm,wWm+1)H(Qwnm, Awn,41) and
W, = @(Wma Wm—H) + qu(wm7wm+1)'
Consequently, we get

d(wm+1vwm+2) <£, < /B(wm)wm < Wm, (28)
where
Q(Wm, wm+1)
= max {d(wm, Wint1) D (Wi, Qi)

D(wm+1, A1),
D(wm, Awmt1) + D(wm+1, Qwm) }
2

< max {d(wma Werl)a d(wn% Wm+1)v

d(Wm+1, Wm+2),

d(wma wm+2) + d(wm—Ha Wm—H) }
2

max {d(wmy wm-i—l)a d(wm-i-l) Wm—i—Z)a

d(wma;m+2) }

Since

d(wma Wint2) d(wma Wint1) + d(wm—i-la Wm+2)
2 2

IN

< max {d(wmu Wm—‘rl)y d(wm+17 Wm-‘,—?)} .

Thus,

@(wma wm-‘,—l) < max {d(wma wm-l—l)? d<wm+17 wm+2)} .

Also,
U (wyn, Wimt1) = 0.

Suppose that max {d(wm, Wm+1), A(Wm+1, Wmt2)} =
d(Wm+1, Wm+t2), then from (28) we have

d(Wmnt1,Wmt2) < d(Wmt1,Wmi2),

which is a contradiction. Thus we conclude that

max {d(wma wm+1)7 d(wm-l—lv wm+2)} = d(wrm wm—i—l)'

From (R6) we get that

A(Wimt1,Wm+2) < AWy Win+1)- (29)
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From (27), (8) and (R9), we get

d(Wm+1, Wm+2)
< d(wm Wm+1)
S d(wmu W*) + d(w*u wm-‘rl)

1
< 5 min {D(w*, Qw™), D(wm+1, Awm1)}

1
+3 min {D(w*, Qw™), D(wm+1, Awm+1)}

= min {D(w*, Qw*), D(wm+1, Awm+1)}
< d(Wm+1, wm2),

which is a contradiction. Hence (23) holds, i.e., for
every n > 2

%min{D(wn,an),D(w*,Aw*) < d(wn, ")}

holds. Hence from ()

< G(B(Wn)Wy, £),

where £, = o(wp,w*)H(Qwy, Aw*) and W, =
O(wn, w*) + LY (wy,, w*).
Consequently, we get

(30)

D(wni1, Aw*) < £, < W, (1)
where

O (wn, w*)

= rnax{d(wm,w*)D(wn,an),D(w*,Aw*),

D(wp, Aw*) + D(w*,an)}
2
< max {d(wn,w*), d(wn,wnt1), D(W*, Aw™),
D(wp, Aw*) + d(w*, wp41) }
2

and
U (wy,, w™)
= min{ D (wy, Quwy,), D(w*, Aw™),
D(wp, Aw™), D(w™, Quwy,) }
= min{d(wn, wp+1), D(W*, Aw*),
D(wp, Aw™), D(w*, Quwy)}.

Letting n — oo and by using ([14) and (22)), we obtain
lim O(wy,,w") = D(w*, Aw"),

n—oo
lim ¥(wy,,w") =0.

n—o0

(32)

Now we show that w* € Aw*. Suppose, on the other
hand, that D(w*, Aw*) > 0. By allowing n — oo in
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(B1)), we obtain
D(w*, Aw™)
li_)m D(wny1, Aw™)

< lim a(wn, w*)H(Qwy,, Aw™)

n—oo
< lim O(wp,w”) + L lim ¥(w,,w")
= D(w*, Aw"),

which is a contradiction. Therefore w* € Aw*.

Chuanpit Mungkala, Pheerachate Bunpatcharacharoen

-

H(Q3,A0) = H({O, ;} {0}) = % < 29(3,0).

H(Q0,A3) = H({0}, {

ol w

6
< -06(0,3).
< 26(0.3)

ot W

Case (ii) forw = 3,p = 0;

Case (iii) forw =0,p = 5;

H(Q0,A5) = H{0},{1}) =1 < g@(o, 5).

Similarly, we can show that w* € Qw*. Thus 2 and Case (iv) forw =5, p = 0;

A have a common fixed point. O

Corollary 3.4. Let (Y, d) be a complete metric space
and Q) : Y — CB(Y) be a generalized multivalued
Suzuki type Z-contraction with respect to (, i.e.,

% min{ D (w, Qw), D(p, Ap)} < d(w, p)

=)

H(Q5, A0) = ’H({i} {0}) = g <So6.0).

Case (v) for w =3, p = b;

H(Q3,A5) = H({O, ;} ) =1< 29(3,5).

= ((H(Qw, Ap),O(w,p)) >0 forall w,pe X, Case(v) forw=>5,p=3;

where

O(w, p) = max {d(w, p), D(w, ), D(p, Ap),

D(w, Ap) + D(p, Qw)}
5 :

Then Q and A have a common fixed point.

Proof. The proof follows from Theorem .3 by taking
a(w,p) =1, B(v) =vand ¥(w, p) = 0. O

Example 3.5. Let Y = {0, 3,5} be endowed with the
usual metric. Let Q, A : ¥ — CB(Y) be defined by
if we{0,5}

=il S5

and Aw = {%}forallw ev.

We now define ¢ : [0,00) x [0,00) — R by ((v,u) =
Su—wv forallu,v € [0,00)]. We can now confirm the
inequality (B)) for all w,p € Y with Qw # Ap. Note
that for all w,p € Y with Qw # Ap the inequality

2 min {D(w, Qw), D(w, Aw)} < d(w, p) gives

(w,p) €{(0,3),(3,0),(0,5),(5,0),(3,5),(5,3)} -
Then from (B), we have

C(H(w, Ap), O(w, p) = 2O(w, p) — H(Qw, Ap) >

7
That implies that

6
H(Qwa Ap) < §@(OJ, p)

Case (i) forw =0,p=3;
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H(Q5,A3) = ’H({?} , {2}) - % < 29(5,3).

That all of the hypotheses in Corollary 3.4 are met. As
a result, 0 is a common fixed point owned by () and
A

Corollary 3.6. Let (Y, d) be a complete metric space
and Q : Y — CB(Y) be a generalized multivalued
Suzuki type Z-contraction with respect to (, i.e.,

1
§D(w, Qw) < d(w, p)

= ((H(Qw,Qp), B(w, p)) = 0,
forall w,p € Y with w # p, where

(33)

O(w, p) = max {d(w, p), D(w, W), D(p, ),
D(w,Qp) + D(p, Qw)}
! .

Then Q has a fixed point w* € Y and for w € Y the
sequence {Q"w} convergences to w*.

Proof. The proof follows from Theorem B.3 by taking
Q=A. O]

4 Conclusion

Despite its novel applications, the search for fixed
point theorems involving contraction type conditions
has received much interest in recent decades. In this
context, we analyzed convergence point results for
such mappings and illustrative for support theorem
based on the new idea of Suzuki type Z-contraction
mappings obeying an admissibility type condition
in generalized metric spaces via the concept of C-
functions.
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