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Abstract: The observation of a-convergence is done in many publications in different contexts and tools.
Recently, we defined the da.-convergence in metric space and we emphasized that in every case d -converge or
so-called locally uniform convergence opens new ways for studying relationships in different spaces. In this
paper, we extend the convergence of sequences to the net's convergence and arrived to relativize some known

propositions.
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1- Exhaustive Functions
We now introduce a new notion of exhaustiveness
close to the idea of equicontinuity, [1].

Definition 1.1 Let (X, d), (Y, p) be metric spaces,
x € X, and @ be a family of functions from X to Y.
Let f,: X = Y, n € N be the functional sequence.

(1) If @ is infinite, we call this family exhaustive at
xe X if for each € > 0 there exists 6> 0 and any finite
set A as a subset of @ such that: for each y €S (X, d)
and for each f e®\A we have that p(f (%), f(y)) <

&

(2) In the case where @ is finite we define that ® is
exhaustive at x if each member of @, is a continuous
function at X.

(3) @ is called exhaustive if @ is exhaustive at every
xeX.

(4) The sequence (f,)nen is called exhaustive at x if
for all &> 0 there exist 6 >0 and no €N, such that for
every yeS(x,8) and every n>n, we have

that p ( £u(3), fu(x)) < &.

(5) The sequence (f;,)neni S called exhaustive if it is
exhaustive at every x € X, [1].
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Notice that in the most interesting case
where(f,)nen 1S @ sequence of functions such that
for m=n we have f =f , for which, then the family
@ is exhaustive at some point x, if and only if the
sequence is (f;,)nen IS exhaustive at point x.

Part of this paper will be a special convergence
commonly called a- convergence.

It was originally called continuous convergence and
has been known since the beginning of the 20th
century. This concept, from the literature, written in
the 1950 year we knew that [2] and [5], bring some
facts about it, and by them, it is possible to
characterize this type of convergence, [2], [5].

Expressed  non-rigorously, oa-convergence is
characterized by two convergences. If x , =X, then f
(x n)—>f(x). It is understood that when function f
maps two spaces, f: (X, d)—(Y, p), this means that

d
when x,, = x then

ful) D £ ().

Definition 1.2 Let us have the functions

fu f: X, d) - (Y,p).

(1)A sequence of functions (f;,)nen, all having the
same domain X andcodomain Y is said
to converge pointwise at point xeXto a given
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pw
function f (often written as f, — f ) if and only if,

for every >0, there exists natural number p(g, X)
eN, such that for every n>p(e,x) we have, that

p(fu(0), f(X)) < &.
(2) Let (X, d), (Y, p) be two metric spaces, xeX and

fn f: X0V,

It is said that the sequence (f,(x)) _ . is locally

uniformly strongly convergent (or shortly .-
convergence) if for every ny(e,x) € N and §>0,
such that, for every n>no(g,x) and y €S(x,8) we have

p(f. (), £ (X)) <&, [3].

Proposition 1.3 Let f and f , be the functions that
map metric spaces (X, d) to (Y, p). If the sequence

(fa(x)), ., is a-convergent to the function f then

this sequence is also 8,- convergent to this function.

Proof. Let the sequence (f,(x)) _. be o-

convergent to f. That means that if x » —x on X,
then f (X n)—f(X) on Y. Since the sequence X n —X
then for every & there exists an no(x,8) that X n
€S(x,0). By the second convergence f , (X n)—>f(X)
we have that for n>ng(X,d) that
p(f,(x,), f(x))<e. That means that the

sequence(fn(x))nEN is 8a- convergent to the point

xeX if we substitute the x , with y in the definition
of da-convergence.

It shows that 8. —convergence is wider than a-
convergence.

Example 1.4 We denote by K, the Cantor
continuum in [0,1], and from the construction of the
Cantor function, we know that its values are of the

2k -1

form f* = for k, neN, and k<n. We denote

f(x)=inf{f():t[0,\K}. Let yeK and
yeS(x,8) we have that | f*(y)— f(x)|—0, from

which it follows that the f* is 8, sequent to f.
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Proposition 1.5 Let be (X, d), (Y, p) two metric
spaces and the function f: X—Y. If the sequence of
functions f .. X—>Y for every xeX, is 8. —
convergent than

(a) The sequence of the functions (fa(X))nen is
exhaustive
(b) f(x) is continuous in every x eX.

Proof. (a) By the definition of 8,-convergence we
have that for every €>0 and &/2>0 for every xeX,
there exists the natural number ng(e,x)eN and 6>0
such that for n> no(g,x) and yeS(x,d), holds that

@ p(f,(y), f(X)) <§

We can write that
pP(f,(y), f,(x)) < p(f,(y), f,(x))+

£ &€
+p(f(x), f, (X)) <=+—==

PIF(, F, () <5+ =¢
F » are exhaustive for n> no(g,x) and yeS(x,0).

(b) In the inequation (1), if we take instead of
£>0, £/3>0 for every xeX there exist ni(e,x)eN and
8:>0 such that for every n> ni(g,x) and yeS(x,d)

we have that p(f, (y), f (x)) <

Also, there exist n, (g, x) € N and 82>0, such that
for every N>N,(&,X) we have

p(f, (y), f (X)) <§and p(f, (%), f (X)) <§.

The second inequation shows that from &.-
convergence derives the pointwise convergence.
This allows us to write that from every &/3>0, there
exists no(e,y), such that for every n>no(e,y) we have

that p(f, (y), f(y))<§.

Thus, for every xeX and yeS(x,8), where
d=min{01,82} if n*=max{no,n1,ns}, for every n>n*
p(f(x), £(y)) < p(f(x), f, (x)+

we take

+p(f, (%), £, (V) + p(f, (¥), F(y) <&

Definition 1.6 The net on metric(topologic) space
X is called a function that maps an ordered set of D
to X. The net is denoted (Xs:c€D) where X; is a
point of the space X defined by an element o of D.
In the case when D is a denumerable set, we use the
symbol{xi:iel} or (Xs)s<p. The ordered relation of D
is denoted < for two elements 1,6, from D that
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o102 when is o1 before o2 The point x from X is
called the limit of the net (Xo)sep if and only if for
every neighborhood U of the point x there exists an
ocoeD such that x,eU for every 6>co Then we can
say that the net (Xs)sep cCONverges to the point x.
Unlike the sequences of elements in metric space,
the net can converge to many points at the same
time.

2 Main Results

Definition 2.1, [1], Let X be a topological space,
(Y, p)be a metric space, a function f: X - Y and a
net (f;);e; of functions from X to Y. We say that the
net (f;);e; @ —converges to f, if for all x € X, and
all nets (xx)rex in X such that x, — x the net

(v(i, ) (e xdEfined by y(i k) =
fi(xp)converges to f(x)(inY),i.e., for all i el,
and k € K with iy <i and ko < k, we have that
p(fi(xx), f(x)) < &. As before we shall write f;

5 f in the case where (f;);e; @ —converges to f.

Definition 2.2 Let X be a topological space, be a
metric space, a function f: X = Y and a net (f;);e;
of functions from X to Y. We say that the net (f;);e;
6, —converges to f if for all x € X and every § > 0
and n > ny(¢g,x), we have that for y € S(x, §), the
net f;(y) convergesto f(x)(inY), i.e., forall e > 0
there exists i, € I, that for all i € I with iy < i, we

have that p(f; (y),f(x)) <e.

Proposition 2.3, [1], Let X and Y be metric
spaces and also let functions f,, f: X - Y. The
net (f,)nen @ —converges to f (in the sense of the
previous definition) if and only if (f)nen
a —converges to f as a sequence (i.e., in the sense of
definition 2.1).

Proposition 2.5 Let X and Y be two metric spaces
and also f,,f:X—=Y. The net (f,) is 6,4-
convergent to f if and only if (f)nen IS Og4-
convergent to f as a sequence according to definition
1.1.

Proof: It is evident that the &,-convergence of the
nets (f;);e; derives as a special case of the §,-
convergence of the sequence (f;,)nen -
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Let us suppose that the sequence(f)nen Oa-
converges to f and y be an element such that y €
S(x,8) we want to prove that the nets (f;)ie; 0q4-
converges to f(x).

Let’s consider the opposite assertion. The sequence
(fi)ier doesn’t converge to f(x). This means that
there exists an €>0 and xeX, such that for every
0<54<1 and n;> no, there exists ye S (X, 8) for which

p(f, (V). f(X))=¢,. By repeating the same
1
procedure 8<E and n.>n; will find an element y

suchthaty € S (x, %) to derive (fn2 (y),f(x)) > g

, and same for §;, < % , we will find y such that y €

S (x, %) to derive (fnk . f (x)) > &5, and proceed
in this way indefinitely.

By an appropriate recount, we mark m=n , when k
—o0 and mo=sup {n «} then for, m >m, there exists a
8 such that for y € S(x,6) it follows
(fm(y), f (x)) > gy that contradicts our assumption
of 3.-convergence of the sequence (f;)nen:

Theorem 2.6 Let f:X—>Y and the net of
functions (f;);e; such that map X to Y. The
following propositions are equivalent:

8a
Dfi=f:
pw . .
2) fi — f and the net (f;);e; is exhaustive.

Corollary 2.7 If the net (f;);¢; is exhaustive and f
is  J,-limit then the function f is a continuous
function.

Proof

The only issue that is not the same in this proof as
compared to that in Theorem 1, 3.3, [3], is the
implication (1) = (2).

We suppose that fi% f meanwhile, the net of
functions f; is not exhaustive to any point x, € X.
Then, for every ¢ > 0 we will have that for all the
open neighborhood V of the point x,and all
elements i € I, will find an element x € V, such
that for every k € I, such that for i < k, we have:
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P(fk(x)'fk(xo)) =& (*)

We mark with ngthe family of all the open

neighborhoods of point x,. For two open
neighborhoods U,,U, € S, WE define U; < U, if

and only if U,cU;.Thus the set Sxo is ordered. We

denote by M = {(k, V)elIx ng}, where there
exists x € V such that p(fi (x), fi (xo)) = &. The
set I % ngis partially ordered. Let’s prove that the

set M is ordered with respect to the relation(x).
Actually, for € I andforall V € Sy’ there exists

k € I suchthati < k and
(k,V)eM

By the axiom of choice, we can find a net
(k) geyyens 1M X such that

P (fk(X(k‘V)),fk(xO)) = &o and x(k,V) eV for all
(k,V) e M.

. . (kV)EM
It is obvious that for x( ) — x, and from the
hypothesis of §,-convergence of the net

(k,V)EIXM
fi(x(k,v)) — f( %)

This means that for x,, there exists V and k, such
that k < ko and x4,y € Sxo then

p (fk(x(k.v))Jfk(xo)) <e.

This contradicts the assumption and we proved that
the net (f;);e; 1s an exhaustive family.

It seems that the two concepts of a-convergence and
da-convergence are equivalent. Actually, the
concepts of a-convergence used in [4], in arrays in
topology, it has been shown that two convergences

Xn i xand f m(Xn) f) f(x) are very different.
Theorem 2.8 Let X be locally compact and (Y, p)
a metric space and the functions f;,f: X - Y,i €,

where | is an ordered set. The following
propositions are equivalent:

(1) The net (f;);e; is 84-convergent to the function
f.
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(2) Function f is continuous and for every compact
set K € X, the net of functions (f;);c; converges
uniformly to f in K.

From this Theorem derives that when X is a locally
compact space then §,-convergence in C(X,Y),
which is provided from the topology of the uniform
convergence in the compact sets. In the proof of the
theorem, we have to use regular spaces. If set | is
ordered and JC<I is cofinal in | then J is also ordered.
This means that when (x;);¢; is a net then for every
J we are in conditions of the subnet (xj)je]'

Proof.

(1) = (2) From the corollary (2.3), the function f is
continuous. Let K be a compact subset of X. If the
net (fi)ie; Will not converge uniformly to the
function f in K, then for every ¢ > 0 and for every
i € I, there exist an element j € J, such that

i <jandx € K, to have that p(fj(x),f(x)) >c.

We
I: that exists any element of x €

K such that p (fj (x), f(x)) >¢€ }

denote that ] = {j €

The set J is cofinal in I. According to the Axiom of
Choice, there exist the net (x;) _ in K such that
Jj€J

p (}j-(xj),f(xj)) > e forevery j €. (%)

Since K is a compact space, we find a subnet
(x- ) and x, € K such that
Tu UEM

UEM

Xj — Xo.As mentioned Sg —
u

convergence, is also applied even for subnets, so

we above,

8q L
we have f; —f which implies that f; (x;)
e f(x0). Regarding the continuity of the function
f, it follows the result f(x;,)“ f(xo). This
HEM i
means that p(fju (xju)’ f(xju))—>0 which
contradicts ().

(2) = (1) We consider the net (x#)#EMin X which

converges to the point x,.Since X is a locally
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compact space, there exists a neighborhood of a
point x,, which we mark with U,, for which its
closure U, is a compact space. We choose a py, €
M, such that for all u € M that yy, < u, we have
x, € M. We define L ={x,:po <} and K=L.
Then the space K is a closed subset of Uy, which is
compact. It follows from the hypothesis that the net
(f:)iesconverges uniformly in K. As we know f is a
continuous function, o) we have

p (fi(xﬂ),f(xo)) < efor x, € Uy and po < p that
proves that

8
fi=f-

Example 2.8.1

Let's show a case that o-convergence is different

from &,-convergence.

We get a sequence (X n) that tends to zero in a

special way

ne (I+k=-D@(+k-2)
2

go along the diagonals in the infinite table below.

For example, the third diagonal is

as1, azp, a1z the sum of the indices is 4. Thus, we

have constructed an order o: with the pair of indices

in this way: (i,k)< (k") if I+k<i+k'

+ i which is formed if we

If as a sequence (X n), in X we take x = %for
I+

the elements in a diagonal of the table below, for
example, i + k=4, we will have thatxs; = x,, =
Xx13. These terms x , can have the value 1/4 for
n=4,5,6.

Thus, the sequence x;1,X12, X321, X31, X2 IS NON-
decreasing monotone sequence
forn=i+k<i'"+k'.. Itis easy to prove that
n—>wsi—>wovK —o0,

In the case when n—o, then x —0. Let’s mark

f.(X,) =X, that goes to zero in order o.
Let's go back to the infinite table:

A, &, 8y
aZl a22 a23
a31 a32 a33

Now we can choose another order o». The sequence
sorting (x n), we do by taking the indices n
according to the "determinant rule”, which allows
d,-convergence.
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For example, we have a part of a net
Xu™ Xa = Xz = x> ... corresponding to
ranking o2, the values of the net are x;;, = % <

1 1 1
X1 === Xoy === X1, = —.
21 3 22 4 12 3

It is clear that in this case too
n—o<i—>owvk —obut
if we fix e= 9—19, we find one number,

e.g., ny=100=k+i=50+50, which corresponds to e.g.,
We see that for such n>100

1 <ibut the smallest
50+50 99

X50,50-

| fn(Xn)—0|= Xn =

term x, =
because

and x, > x,41

1
—<x =—
50+49 n+l ™ 50450

(i, k)= (i, k-1) = 50+49 < ng which defines the
definition of a-convergence.

3 Conclusion

We can substitute a-convergence with &,-
convergence even in the following statement, by
specifying some relations attributed to a-
convergence and &,-convergence and how it is
treated to the proof of [1].
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