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1 Introduction

Samet et al., [|I]], proposed a-1)-contractive type map-
ping and «-admissible mappings. Karapinar and
Samet, [2], take the concept further by introducing
generalized a-1)-contractive type mapping broaden
the Banach contraction principle, Khojastesh et al.,
[B], presented simulation function and the notion of
Z-contraction with respect to simulation function. Ar-
goubi et al., [4], extend the results of Joonaghany et
al., [9]. In this paper, we introduce Suzuki - type ra-
tional Z,,-contraction.

For more results in rational type contractions and
Z-contractions, we refer to the papers in, [6], [[7], [8],
[91, [10], [A1], [A2], [13], [I14], [15], and references
therein.

2 Preliminaries
Throughout this article, the term N refers to the set of
all nonnegative integers. Furthermore, R represents
real numbers, and R = [0, c0).

Samet et al., [[1], defined the class of - acceptable
mappings in 2012.

Definition 2.1. [[I] A mapping G : Q0 — Q is called
a-admissible if for all 0,8 € ) we have

a(o,0) >1 a(Go,Go) > 1,
where o : Q x Q0 — [0, 00) is a given function.

Definition 2.2. []l|] Let €2 be a nonempty set, G, H :
Q — Qand a,p : Q x Q — [0,00). The two
mappings (G, H) is called a pair of (v, 3)-admissible
mappings, if

a(o,0)>1 and p(o,0)>1

implies
a(Go,H0) > 1 and B(Ho,G§) > 1 and

B(Go,HS) > landa(Ho,G6) > 1forallo,d € Q.

implies
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Khojasteh et al., [3], introduced the simulation
function class in 2015. Furthermore, Argoubi et al.,
[4], modified the simulation function definition and
defined it as follows.

Definition 2.3. [4] A simulation function is a function
¢ : [0,00) x [0,00) — R that satisfies the following
conditions

() ¢(6,0) < o—6forallo,5 >0,

(i) if {0,,} and {0, } are sequences in (0, 0) such
that lim ¢, = lim o, =1 € (0,00), then

n—,oo n—oo

lim sup ¢(4,,, 0,,) < 0.

n—oo

Joonaghany et al., [§], proposed a new concept
of the ¢-simulation function, and with it, the Z -
contraction in the standard metric space. The con-
cept of the Z,,-contraction encompasses several dis-
tinct types of contraction, including the Z-contraction
defined in, [3].

Denote that ¥ = {1y : RT — R™ |4 is continuous
and nondecreasing, and ¢)(s) = 0 < s = 0}.

Definition 2.4. [3] Wesay that { : R" x RT™ — Risa
W-simulation function, if there exists v € W such that

(€1) €(0,0) <¢(o) —4(6) forall 7,6 > 0,

(&) if {0,,} and {o,} are the sequences in (0, 00)
such that lim 6,, = lim o, > 0 then
n—,oo n—oo

lim sup ¢(d,,,0,,) < 0.

n—oo
Let Z,, is a collection of all )-simulation func-
tions. Take note that “simulation” becomes “simu-

lation function” in sentence, [3].
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Example 2.5. [J] Let ) € ¥

(1) Cl((sa U) = k¢(0> - ¢(5)f0’” all 0,6 € [0700)7
where k € [0,1).

(ii) (6, 0) = p(1(0)) =1(0) forall o, 6 € [0, 00),
where ¢ : [0, 00) — [0, 00) so that p(0) = 0 and
Joreach o >0, p(0) < o,

limsup p(6) < o.

d—o

(i) G4(3,0) = (o) — p(0) — $(0) for all 0,6 €
[0,00), where ¢ : [0, 00) — [0, 00) is a mapping
such that, for each o > 0,

lim inf ¢(§) > 0.

=0
It is clear that (1, Gy, G5 € Z,,.

Lemma 2.6. [16] Let (2, d) be a metric space, and
let {0, } be a sequence in ) such that

nhjg(j d<0n7 Un-i—l) =0.

If {05, } numbers is not a Cauchy sequence. Then,
there exists an € > (0 and monotone increasing se-
quences of natural {m } and {n; } such thatn; > m,
and d(0y,,,, , 09, ) > € and

(1) nhjgo d<0-2m,€’0-2nk> =6

(i1) 7}13;0 d(02mk71’02nk+1> =g
(iii) nhj& d(Om, s Oop, +1) = €,
(iv) nh_>nolo d(Uzmk—hUznk) =¢&.

Motivated by the all above results, we develop the
concept of Suzuki-type rational Z, -contraction and
demonstrate several typical fixed point results in met-
ric spaces. We also provide an example that supports
our primary theorem.

3 Main Result

Now we state our main results.

Definition 3.1. Let (£2,d) be a metric space. Let
G,H : Q — Q be two mappings. we call the pair
(G, H) is Suzuki - type rational Z,,-contraction if for
all 0,6 € Qand L > 0 such that

%min{d(a, Go),d(0,Hd)} < d(o,9)
((a(o,Go)N(o,06), M(c,0)) >0,

implies

(1)
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where ¢ € Z,,
N(o,8) = B(6, H8)d(Go, Hd)
and
M(o, §) = max {d(a, 8),d(c, Go),d(5, Hd),

A(o,6) + B(o,6) A(o,6) + B(o,6) }
14+ d(c,Go) +d(6,HS)’ 1+ d(o,H) +d(5,Go)
+ Lmin{d(o,Go),d (6, Hd),d(o, HS),d(5,Go)},

which

A(o,6) =d(o,Go)d(o, H))
and

B(, ) = d(8, H8)d(5, Go).

Theorem 3.2. Let (2, d) be a complete metric space,
and let G, H : Q — Q be two mappings and o, 5 :
Q x Q — [0,00). Suppose that the following condi-
tions are satisfied

(1) (G, H) is pair of («, B)- admissible mappings,

(ii) there exists oy € 2 such that o(oy, Goy) > 1
and B(oy, Hoy) > 1,

(iii) the pair'(G, H) is Suzuki - type rational Z,-
contraction,

(iv) either, G and H are continuous or for every se-
quence {c,,} in Qsuchthato(o,,,0,,.,) > land

B(0p,0pi1) =1 foralln € NU{0} and 0,, —
p, we have o(o,Go) > 1 and 5(o, Ho) > 1.

Then G and H have a unique common fixed point in
Q.

Proof. By condition (ii), there exists o, € €2 such that
a0y, Goy) > 1. Define the sequence {o,,} in {2 by
letting oy € €2 such that

01 - Go-o, 0-2 - HUl, 03 - GUQ, 0-4 - HU3
continuing in this manner, we obtain
Go,=o0,,, and Ho, | =0,,,.

From (G, H) is a pair of («, 3)-admissible, we have

a(og, Gog) = a(oy,0q) > 1,
a(Goy, Hoy) = afoy,05) > 1,
Oé(HO'l,GO'2> = 05(0'2,0'3) >1

and

continuing this process, we get
a(o,,0,.1)>1 foralln>0.
In the same way, we get

B(o,,0,,1) =1 forall n > 0.
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If o, = 0,,, forsomen € N, thenp = o, isa
common fixed point for G or H. Consequently, we
assume that 0,, # o, ; foralln € N.

Because

1 .
) mm{d(o—%, GUQn)a d<02n+1a H02n+1>}
< d<02n502n+1)

from ([l}), we have

C(a(02n7G02n)N(02n702n+1)?M(02n702n+1>) >0
and

P(M (09, 02n+1>) —Y(a(oy,, Gog, )N (0g,, 02n+1)>

> 0.

So,

V(M (09, 09n41)) > (09, GOy, )N (095 01 )-

Because 1 is strictly increasing, we have

M (09, 09,11) > a0y, Gog, )N(0a,,, 09y 1)s

2

where

N(oy,, 02n+1) = 5(02n+1a H02n+1)d(02n+17 J2n+2))a

3)

and

M(O-Qrm 02n+1)
= max {d(02m U2n+1)7 d(0gy, J2n+1)>

d(02p41, Tonta)s
A(09ns Tani1) T B(0ay, 09041)

L+ d(09,,,09541) + d(02p 415 Topi0) “)
A9, 09n41) + B(02,:095011) }

1+ d(09p, 00n42) + d(02p41, 090 41)

+ L min{d<a2n7 U2n+1>’ d(a2n+1’ 02n+2)7
A(020, 02pp12)s A2 415 O 1)}

which

A(02n702n+1) = d(“zna02n+1)d(02n702n+2> )

and

B(og,, U2n+1) = d(02n+17 02n+2)d<02n+1a J2n+1)

(6)
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From (), (B) and (d), we obtain

M(J2n702n+1>
= Imax {d(%m 02n+1)7 d(02n+17 02n+2>=
d(Uzm U2n+1)d(02n7 U2n+2>

1+ d<02n7 02n+1> + d(02n+17 o-2n+2) ’

d(0gp, 02n+1)d(02m 02n+2> }
1+ d(oy,, J2n+2)

+ Lmin{d(oy,, 02n+1)7 d(02n+17 G2n+2)>

d(02n7 U2n+2)7 O}

= Imax {d(%m U2n+1)7 d(02n+17 02n+2>}-

If M<U2n7 U2n+1)
becomes

- d(a2n+1a U2n+2>7 then by ()

d(Copi1sOonya) < A(02,1 1,02, 19),

which is a contradiction. Thus we conclude that
M(UQn’02n+1) = d(Uzmaan)- @)
By (@), we get

d(0opn 415 Oony2) < d(0g,,09,41)-

As a result, we can conclude that the sequence
{d(0,,,0,,1)} is nonnegative and nonincreasing.
Therefore, there exists > 0 such that

nlggo d(an7 Un+1) =T

We assert that » = 0. Assume, on the other hand, that
r > 0.

lim d(0,,0,,.) = lim M(0,,0,.1) =7 ()

For each n > 0 we have

1 .
) mln{d(a%, Goyy,), d(02n+17 H02n+1)}
< d(g2n702n+1)

from ([Il), we have

((a(0gy,, Gogy, )N (0, J2n+1>7 M(oy,, U2n+1>) >0,

where

N(%m G2n+1) = ﬁ(aznﬂa H02n+1)d(GU2n7 HU2n+1>

and hence

lim sup C<a<02n7 G02n>N(U2n7 J2n+1>7 M<U2n7 J2n+1>)

n—oo

> 0.
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By condition ((,) of Definition .4, we have

lim sSup C(Q(UQTH G02n>N<02n7 02n+1>>
n—oo

M(03,,,09,11)) <0,

which is a contradiction. Thus we conclude that

lim d(0n70n+1> = n]g{)lo M(Un70n+1> =0. 9)

n—oo

Now we will demonstrate that {o,,} is a Cauchy
sequence. Assume, on the other hand, that {o,}
is not a Cauchy sequence. Then, there exists an
€9 > 0 and monotone increasing sequences of nat-
ural numbers {m,, } and {n, } such that n;, > m,, and
d(02y, 02y, ) = 0 and

(1) nlggo d<0-2mk’ 0-2nk> = €0>

(i) nhjgo d<‘72mk—1702nk+1> = €0s

(iii) nh_{go d<0-2mk7 02nk+1) =<0

(IV) nh_{fglo d<a2mk717 02nk) =&p-

As a result of the definition of M (o, ), we have

lim

e (02nk7 0-2mk—1>

= lim
n—oo

(max {d<02nk702mk71)7d(a2nk’a2nk+1)7
d(a2mk—1702mk>7
A(Uznkv%mk—l) +B(O-2nk70-2mk—1)
1+d(0g,, ,09,,21) + Ao, 152, )
A<U2nk702mk—l) + B<U2nk702mk—l)) }
14 d(02n,,09m,) + A(02pm, —1:02p, +1)

+ Lmin{d(0y,,, ; 02n,+1): A0, 1, T2m, )

d<0—2nkﬂ Uka>7 d(Jkafh 0—2nk+1>}> )

(10)
which
A(U2nk7 Uzm,fl) = d<g2nk? Uan+1)d(02nk7U2mk)
(11
and
B(oy, ;09 _
(0g o T2m, 1) (12)
= d(02mk—17 02mk>d<02mk—17 02nk+1)’
From ([L0), ([L1]) and (12), we obtain
T}gglo M(Uznkagzmkq)
= max{e,,0,0,0,0} + Lmin{0,0,¢,,,} (13)

:50
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and hence
lim d(o o = lim M(o o
oo ( 2n,,0 2nk+1> b ( 2n,,0 kafl)

By condition (,) of Definition .4, we have
klgglo d(aznk,%nkﬂ) = klggo M<U2nk702mk—1)

(14)
In contrast, we assert that for sufficiently large k € N,
if n;, > my, > k, then

L.
5mln{d(gnk?Go-nk)vd(o-mkflﬂHo-mkfl)} (15)

> d(ank,amk_l).

When we let as & — oo in ([L3), we get the gy <0,
contradiction. Therefore,

1 .
5 mln{d(gnkv Gank>7 d(a-mkflv Ho_mkfl)}
< d<o-nk70-mk—1)

and from ([l]), we have

C(a(o-anﬂGO—an)N(O-anao-anfl)’ M(Uan,UQm,fﬁ)
2 0,

where

N(02nk7 0'27%*1>
= B<U2mkfl7 HUzmkA)d(GUznka H0-2mk71>'

Therefore,

limsup ((a(0y,,, , Gos,, )N (09, 5 0oy, 1)
n—oo

(16)
M(O'an70'2mk71)) 2 Oa

which contradicts (14). This contradiction proves that
{o,,} is a Cauchy sequence, and since 2 is complete,
there exists p € € such that {o,} — pasn — co.
We assert that p is a fixed point shared by G and H.
Because G and H are continuous, we can conclude

that i O
= 111m o = 11m g
P noyon 2n+1 T 2n

=G (Jim, o20) = o
and

= lim o = lim Ho
P oo 2n42 T U 2n+1

= H (Jim o31) = Hp

Hence, Gp = Hp = p, that is, p is a common fixed
point of G and H. From (iv), we have for every se-
quence {0, } in £ such that o(c,,,0,,,;) > 1 and
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B(o,,0,,1) > 1foralln € NU{0} and o,, — p as
n — oo, thisimplies o5, 1 — pando,, o — pas
k — oo. Now we show that Gp = Hp = p. Assume
p # Hp. Now we assert that, for each n > 1, at least
one of the following statements is true.

1

§d(ank—1’ Unk) < d<0-nk—17 ,0)

or
1

§d(o-nk70-nk+1> < d(o-nkno)
Assume, on the other hand,
1

id(ankfb O—nk) > d(ankfb p)

and )
§d(0nk>ank+1> > d(o-nknO)
For some n > 1, we have

d<ank71? Unk) < d(a—nk,flv p) + d(P; Jnk>

1
< i[d(ank—h Unk> + d(ank7ank+l)]
< d(ankfh Unk>7

which is a contradiction, and thus the claim is true.
From ({ll), we have

L.

5 Inln{d(Uan, GUan)7 d(p, Hp)} < d(02nk7p>
implies
0 < C(Oé(0'2nk, GUan)N(Uan ) p)’ M<02nk7p))

<P(M(0gy, 5 0)) = P02y, , Gogy, )N (03, ,))-

So,
V(M (og, p)) > (09, Gogy)N(0a,,, p))-
Because 1 is strictly increasing, we have
M(oy,, ,p) > aloy, ,Goy, )N (09, ,p), (17)
where
N(ogn,,p) = B(p, Hp)d(Goy,, ,Hp)  (18)
and
M<U2nk7p)
= max {d(0y,,,p), d(03,,, Gz, ), dlp, Hp),
A(U2nk7p) + B<02nk7p)
1 +d(0y,, ,Goy,, ) +d(p, Hp)’
Aoy, ,p) + Blog,, , p) }
1 +d(oy,, , Hp) + d(p,Goy, )
+Lmin{d(02nk,G02nk),d(p, Hp)ad(aznk,Hp),
d(p, Gogp, )}

(19)
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which
A(Uznkap) = d(0—2nk7G02nk)d<a2nkaHp) (20)
and
B(O'an,p) :d(p’Hp)d(vao-an)' (21)
Letting & — oo in ([19), we obtain
lim M (oo, p) = dlp, Hp).
—00
From ([L7), we have
d(Goy,, . Hp)
< a<02nk7GJ2nk)N<02nk’p) (22)
< M(Uan’ p)v
where
N(o3,,.p) = Blp, Hp)d(Goy,, , Hp).
Letting k — oo in (22), we obtain

d(p, Hp) < d(p, Hp),

which is a contradiction. Therefore, p = Hp. In the
same way, we can find that p = Gp. Therefore, the
pair (G, H) has a common fixed point p = Gp =
Hp.

We claim G and H have a unique common fixed
points p, p* € Q. Therefore Gp = Hp = p, Gp* =
Hp* = p*and d(p, p*) > 0. Therefore,

1 : * *

5 min{d(p, Gp). d(p", Hp")}
1

=3 min{0, 0}

<d(p,p")
and from ([[}), we have
0 < ((alp, Gp)N(p, p*), M(p, p"))
<P(M(p, p*)) — b(alp,Gp)N(p, p*))-
Because ¢ is strictly increasing,
d(p, p*) < alp,Gp)N(p,p*) < M(p,p*), (23)

where
N(p,p*) = B(p*, Hp")d(Gp, Hp")
and
M(p, p*)
= max {d(p, p*),d(p,Gp),d(p*, Hp"),
Alp, p*) + B(p, p")
L+d(p,Gp) +d(p*, Hp*)’ (24)
Alp,p*) + B(p,p") }
L+d(p, Hp*) + d(p*,Gp)
+ Lmin{d(p, Gp*),d(p*, Hp"),d(p, Hp"),
d(p*,Gp)},
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which

Alp,p*) = d(p,Gp)d(p, Hp") (25)
and
B(p,p*) = d(p*, Hp")d(p*,Gp).  (26)
From (24), (23) and (R6), we obtain
M(p, p*) = d(p,p*) > 0. (27)
From (23) and (27), we have

d(p, p*) < alp,Gp)B(p*, Hp*)d(p, p*)
< M(p,p")
=d(p,p"),
which is a contradiction. Therefore, G and H have a

unique common fixed point.
O

Corollary 3.3. Let (X2, d) be a complete metric space,
and let G : Q) — Q be a mapping and o, 3 : §) X
Q — [0,00). Assume that the following conditions
are satisfied

(i) if forall 0,6 € Q,

1
—min{d(o,Go),d(6,Gd)} < d(o,0) implies

2
((a(e,Go)N(c,6), M(c,0)) >0

(28)
where ( € Z¢,

N(0,8) = B(6, H8)d(Go, Hd)
and

M(c,9)

— max {d(a, 5),d(a,Go),d(5,G),

d(o,Go)d(o,G6) + d(8,Gd)d(d, Go)
1+ d(o,Go) +d(d,G9)

d(o,Go)d(o,Gd) + d(d, Gd)d(d, GU)}
1+d(o,Gd) +d(6,Go)

I

+ Lmin{d(c,Go),d(d,G)),d(o,Gd),d(d,Go)},

(ii) G is («, B) admissible mapping,
(iii) there exists o € Q2 such that oo, Goy) > 1,

(iv) either, G and H are continuous or for every se-
quence {0, } in Qsuch thato(o,,0,,,) > 1and
B(0p,0n.1) = 1 foralln € NU{0} and o,, —
p, we have a(o,Go) > 1 and B(o,Go) > 1.

Then G has a unique fixed point in ).
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Proof. The proof follows from Theorem .2 by taking
H=aG. O

Example 3.4. Let Q2 = [0, 00
[0, 00) be defined by

o= {2

),and let d : Q x Q —

We define G, H : Q — Q by G(o) = § and H(0) =
£ forall p € ). Let G and H are continuous self-
mappings on QL and «, 5 : Q x  — [0, 00) are two
mappings defined by

a(a,5)—{1 if o0,0€]0,1],

0 otherwise,

and
(1 if o,6€]0,1],
Bla9) _{ 0 otherwise.

We now defne ¢ : [0,00) x [0,00) — [0,00) by
C(0,0) = Lp(o) —(0), for all 0,6 € [0,00) and
Y(6) = 4. Now

%min{d(c,Ga),d(é,H&)} < d(o,0) implies

((afo,Go)p(d,HO)d(Go,H), M(0,0))

_ %Qb(M(a, 5)) — blalo, Go)B(S, Ho)d(Go, H6))
1

— LM (0.) -
1

id(Ga, H¢)) >0,

¥(d(Go, Ho))
< gM(O’, 5) —
where ¢ € Z,, and

M(o,9)
— max {d(a, 8),d(o,Go),d(5, HJ),

d(o,Go)d(o, H) + d(§, H0)d(d,Go)
1+d(o,Go) +d(d, HO)

d(o,Go)d(c, H) + d(d, Hd)d (6, GJ)}
1+d(o,Ho)+d(d,Go)

+ L min{d(o,Go),d(5, Hd),d(o, HJ),d(5,Go)}.

)

Therefore, for 0,6 € [0, 1] and L > 0 the pair (G, H)
is a Suzuki - type rational Z,, contraction. In either
case a(o,0) = 0 and $(0,0) = 0 then pair (G, H)
is a Suzuki - type rational Z,, contraction.

As a result, the presumptzons of Theorem B.3 are

all met, and G and H have a common fixed point in
Q.
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