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Abstract: - In this paper, we are interested in the singular positive solutions of the inhomogeneous radial equation

(' P=2) () +

-1
S PR )+ () 4+ ) =0, 7> 0,

where N > 1,p > 2, ¢ > 1 and f is a continuous radial and strictly positive function on (0, +00).
More precisely, we study the solutions u that cannot be extended by continuity at zero, that is, lir% u(r) = 4o0.
r—r

We give existence and nonexistence results and we describe the behavior of entire solutions near infinity. The
study needs some assumptions on p, ¢, N and explicit conditions on the inhomogeneous term f.
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1 Introduction

The purpose of this paper is to study the following
equation

N —1
(| [P~ 20" + ——— |/ [P 2 +ul+ f(r) = 0, 7 > 0,
r
(1)
where N > 1,p > 2, ¢ > 1 and f is a continuous
radial and strictly positive function on (0, +00).

We are interested in the singular positive solutions
of that satisfy lim u(r) +oo. The study
r—0

is a continuation of the work carried out by [6],
where the authors proved the existence of a maxi-
mal solution u defined on |0, 74| such that u €

CO(10, Tmazl) N C(10, Fmas[) and (Ju'[P~2)" €
C1(]0, Tmaz[) Where 0 < 7pqe < +oo and satisfy-
ing

®) {ﬂu'p—?u')' N2 4 f = 0, >
=0

lim u(r) = +o0,  lim pN =1/ =Dy/ (1)
r—0 r—0

where N > 1,p > 2, ¢ > 1 and f is a strictly pos-
itive, continuous radial function on (0, +oc0). They
presented also the behavior of singular solutions near
the origin. In this work, we give the existence of en-
tire solutions of problem (P), present their behavior
near infinity, and prove the nonexistence results.
Equation (1)) can be considered as a natural gener-
alization of pure Laplacian case p = 2 studied in the
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papers, [2]], [3]]. It is presented as follows

N -1

1
u’(r)+ "

' (r)+ul(r)+f(r) =0, r>0, (2)
where p > 1, N > 3 and f is a strictly positive, con-
tinuous radial function on (0, +00). Equation (2)) ap-
peared in probability theory in the study of stochas-
tic processes. It plays a central role in establish-
ing some limit theorems for super-Brownian motion,
[15]. Therefore, it has been extensively studied in
much literature. [3]], studied the existence and nonex-
istence of solutions of equation (2)). He proved that
orif q >

ifg < N_2andfzcr% for
some constant C' > 0, equation (2)) does not have any

solution. But when ¢ > and f is dominated by

N -2

a function of the form C'/(1+1) "7 for C' > 0 suffi-
ciently small, equation (2)) has a solution. [2]], studied
the existence of global positive solutions of equation
(2), and in the paper, [1]], presented the asymptotic
behavior near the origin and infinity of positive radial
solutions. We also refer the readers to see, [[14]], [8]],
[17]] for more details about the equation and the
references therein.

When f = 0, equation becomes the classic
Emden-Fowler equation. In [9], [10]], [11], Emden-
Fowler gave the existence results and a classification
of global radial solutions on R" and R\ {0}. In the
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d N+2
N_2 N
appear. [12]], presented local and global results in the

N +2
non-radial case when ¢ < N + 5" [[7]], have just ex-
N +2

tended them to the critical case g = ———.

case N > 2, two critical values

The motivation to study the equati?m grew
from earlier work of [[16], in case f = O and p > 2
for the equation

N -1
T|u'|p*2ul +ui(r) =0, r>0.
3)

They have shown the existence of two critical val-
ues M and M [[13]], studied
N—p N —
the existence of global solutions and asymptotic be-
havior near the origin of radial solutions when ¢ <
N(p—1)
N-p

In this paper, we shall further extend the analysis
of the equation (3) by adding an inhomogeneous sin-
gular term f which has an impact on the existence and
the asymptotic behavior of solutions of equation (IJ).
We show under some assumptions that if the term f

behaves like 777/ (4+1-P) pear infinity, then the solu-

tion u of problem (P) behaves like r—?/(4+1-P) pear
infinity. In particular, we have the following results

(Iu'fP=2u) +

. The non-radial case was proved by [55]].

N(p—1
in the case N > pand ¢ > M,
N—-p
(1) If
_qt+1-—p
f(?")— p—l X
_1\ 4/(a+1-p)
) ) )
q q+1-=p/ \g+1-p

p—Pa/(a+1-p)

then problem (P) possesses a positive explicit solu-
tion given by

uw)_<p;1(N—

T*p/(qulfp) )

pq

4)
(i) If f(r) o 1r~P4/(a+1=P) for some I such that

q+1—p><
p—1

—1
p <N
q
then there exists a solution u of problem (P) such that
u(r) s br—P/(a+1=P) for some b > 0.
oo

0<i<

pq

E-ISSN: 2224-2880
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X
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(i14) If f(r) I 1r—P4/(4+1-P) for some [ such that

1—
l>ux

p—1
pq

B p—1\ 9/(a+1-p)
) () ’
q qg+1—-p/\qg+1-—p

then problem (P) does not possess any entire solu-
tion.

The rest of the paper is divided in three sections.
In section 2, we give the existence of entire solutions
of problem (P). In section 3, we present the asymp-
totic behavior of solutions near infinity in the cases

N(p—-1)+p N(p—-1)+p

q# N and ¢ = N_p . The last
section is devoted to the nonexistence results.

2 Existence of Entire Solutions

In this section, we study the existence of entire so-

lutions of problem (P) while recalling that the exis-

tence of maximal solutions of problem (P) defined

on (0, rmaz), 0 < Tmaz < +00 has been established

if N >pandqg > M in the paper, [0].
N—p

Theorem 2.1. Assume that N > p and q >

N(p—1)
N—p

lution w.

. Then problem (P) possesses an entire so-

Proof. Let u be a maximal solution of problem (P)
defined on (0, rpaz), Where 0 < Tpper < +00. We
will proceed in four steps to prove that u is entire.
Step 1. v/ < 0 on the set {r € (0,7maz) : u(r) >
0}.

First, we prove that v is strictly decreasing near 0. We
argue by contradiction. Suppose that there exists a
small r such that «/(r) = 0, then by equation (I), we
have (|u[P=2u’)’ (r) = —u?(r) — f(r) < 0 (because
f > 0and v > 0 near 0). Therefore v/ # 0 near
0. Moreover, since li_r% u(r) = 400, then u must be

T

decreasing near 0. If there exists a first zero ro €
(0, "maz) of u’ such that u'(rg) = 0 and u(rg) >
0, then (|u|P_2u’)/ (ro) > 0, but by equation (1)) we
have (Ju'[P~2u’)’ (rg) = —u9(ro) — f(ro) < 0. We
deduce thatu’ < O ontheset {r € (0, 7maz) : u(r) >
0}.

Step 2. u > 0and v’ < 0 on (0, 7p4z)-

Let 7y € (0,7rmas) the first zero of w. Since u >
0 on (0, 74z ), then necessarily u/(r1) = 0. Using
equation (I)), we have

(TN_l\u’]p_Qu’)/ (r) = —TN_luq(r) — 'rN_lf(r).

&)
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We integrate (5) on (r,71) for € (0,71) and since
(u?+ f) > 0on (0,r;) and v/(r1) = 0, we obtain
u'(r) > 0 on (0,71). This contradicts the first step.
Consequently u > 0 on (0, 7,4, ) and by the first step
u' < 0on (0, 7maz).

Step 3. u(r) =0 (r‘wf—p) for any r € (0, Tmaq).-

Since f is positive, then by equation (3], we have for
any r € (0, "maz)

(P PR) () < N () (6)
Integrating this last inequality on (g,r> for r €

(0, 7maz) and using the fact that «'(r) < 0 on

(0, Trmaz ), We obtain for any r € (0, 742)

Hp—2,1 2N —1 q
|u' [P (r) < — NaN ) Tu (r).

Since u > 0 and v/ < 0 on (0, 7,4z ), then for any
r € (0, rmaz) We have

) 2N -1 1/(p—1) . 1
W (P90 () < — <N2N> 1/(o-1)

Np-1)

N-—p
(0, 7mae ) We have

(u@—l—q)/(p—l))’ (r)

Since ¢ > > p — 1, then for any r €

p—1 N 2N

1/ -1).

Integrating this last inequality on (0,7) for r €

r
(0, 7maq ) and using the fact that lin(l) u(r) = +oo and
r—

q > p — 1, we obtain

0 < u(r) < Mr~P/@H1=P) forany r € (0,7maz),

(7

where

N p—1\ Y/ (a+1=p)
M= ( Nz ( P > > . ®)
2N —1\g+1l—p

Step 4. 710 = +00.
Suppose by contradiction that r,,,, < +o00. Then
lim wu(r) = 4+o00. But by letting  — 7,45 in (7)),

T >Tmazx
we get a contradiction. Consequently the solution u
is entire. O

3 Asymptotic Behavior Near Infinity

In this section, we investigate the asymptotic be-
havior near the infinity of solutions of problem (P).

E-ISSN: 2224-2880
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Under some additional assumptions on f, we prove
that any solution of (P) must behave like -7/ (a+1-7)
at infinity. The study requires some ideas from [4]].

First, let us define for any ¢ # 0 the following
function
(reu(r)) = r* Ee(r), ©)

where
E.(r) = cu(r) + ru/(r). (10)

By equation (1)), for any r > 0 such that u/(r) # 0

we have
/|p—2 / . N-—p
o=l OB == 1) (= TP
/[P (r) — rut(r)
—rf(r). (11)

Therefore, if E.(rg) = 0 for some ry > 0, equation
(1) implies that

(0~ 1) [l P () El(ro) = —(p — 1) ( -2

[e[P~2eul ™ (ro) — rgu(ro)

— g f(ro)

We start with the following preliminary results.

(12)

Proposition 3.1. Let u be a solution of problem (P).
Then

w(ir) >0 and 4/'(r) <0, foranyr >0, (13)

Moreover, if ¢ > p — 1, then

0 <u(r) < My—P/IH=D), (14)

where M is given by (3).

Proof. We follow the same reasoning of the first three
steps of the proof of Theorem 2.1| by taking 7,4 =
+00. 0

Proposition 3.2. Assume that N > p. Let u be a
solution of problem (P). Then E(n_p)/p—1)(r) > 0
for large .

N-—p

1 in , we see that
p J—

EZN_p)/(p_l)(r) < 0 for any r > 0. Therefore,
E(n—p)/@p—1)(1) # 0 for large r. Suppose by contra-
diction that E(n_p)/p—1)(r) < 0 for large r. Then,
ngqoo E(n_p)/(p—1)(1) € [-00,0[. We distinguish
two cases.

Case 1.

Proof. Taking c

Jm By ) /p1)(r) = —oo.
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Using Proposition[3.1} we have u(r) > 0 and v/(r) <
0 on (0,400), which implies that lirf u(r) exists
r— =400

and is finite. Now, by relation (10 we have necessar-

ily lim ru/(r) = —oo, which is impossible since u
r—+00

is positive.
Case 2. —oo < lim E(N—p)/(p—l) (T’) < 0.

r——+00
Then ru/(r) converges necessarily to 0 when r —
+oo. This implies that lil}rl u(r) < 0 (because
T—r1T00

N > p). Which is impossible.
We conclude that Ey_p/p—1)(r) > 0 for large
r. O

Proposition 3.3. Assume that N > pandq>p— 1.
Let u be a solution of problem (P). Then the function

rP/(aH1=P) 1! (1) is bounded for large r.

Proof. Using Propositions [3.1]and [3.2] we have v is
strictly decreasing and E( ) /(,—1) > 0, for large r.
This implies that

N__ipu(r) (15)

Recall by Proposition that P/ (@+1=Ply(r) is
bounded for any r > 0. Therefore, by (I3)), we easily
get that 77/ (4T1-P)+1y/ (1) is bounded for large r. [

0<rju(r)] <

for large 7.

Now, to prove the next Theorems, we introduce
the following change of variable which will be very

useful. So let us define the function
v(t) = rerru(r) where ¢t = Inr.

(16)

So v satisfies the following equation

v+ (N = L) g0+ 0100 +30) o
(17)
where e
j(t) = e f(eh), (18)
y(t) = [k[P72k(t), (19)
o . p
k(t) = /(1) g e _pv(t). (20)
It’s easy to see that
k(t) = ravis T (7). 1)

Proposition 3.4. Assume that N > p and q >
N(p—1)
N—p
pose that P9/ (@1=P) (1) and P/ 1Py (1) con-
verge when  — 400. Then rP/@+1=P)+1y/ (1) con-

verges also when r — +o00 and

. Let u be a solution of problem (P). Sup-

im P/ () =

lim 7P/ =Py, (22)

qg+1—protoo

E-ISSN: 2224-2880
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Proof. According to Proposition [3.1] and logarithmic
change (16), we have v is bounded for large t, which
gives by Proposition[3.3]that & is bounded for large ¢.
Therefore by expression (19)), we have y is bounded
for large t. We show that y is monotone for large
t. Suppose by contradiction that there exist two se-
quences {~; } and { p; } going to +o00 as i — +o0 such
that {~;} and {p;} are respectively local minimum
and local maximum of y, satisfying v; < p; < Yi+1
and

-0 < imjafy(®)

lim y(v)

i——+00

< limsup y(t)

t——+00

(23)

lim_y(p;) < 0.
1—>+00

Using equation and the fact that ¢/(v;) =
y'(pi) = 0, we obtain

(N = =) + w1(00) + ) =
(N = =)o)+ 0"(p0) + 3(pi) =0,

Since v(t) and j(¢) converge when ¢ tends to +oc and
pq . .

N > ——— then | ) = 1 ;

> T 1op e lim o) = fim (e

which contradicts the estimate (23). Therefore k(t)

converges when ¢ — +oo. So, by (20), v/(t)

converges necessarily to 0 when ¢ — 4o00. Con-

sequently, 77/(a+1=P)*1y/ (1) converges when r —
+o0 and is satisfied. O

Proposition 3.5. Assume that N > p and q >
N(p-1)
N—p
pose that lim P9/ @+1=P) £y = | > 0.

r—+00

If lim 7P/@H1=P)y(r) = b. Then b is one of the two

r—+00
roots \1 and Ao of the equation

p—1
si— (N — P4 p Pl =0
g+1—0p g+1—p ’

(24)
such that 0 < A1 < Ao.
In particular, if

. Let u be a solution of problem (P). Sup-

_atl-p_
p—1

(25 (v

l

pq

=) ()
qg+1—p q+1—p

(25)
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then

b:
pq

<p;1 (N_ q+1—]0> <q+]13—p>p_1>

Proof. Using logarithmic change (16)), we have v(t)
converges to b > 0 when ¢t — -+oo. Hence,
combining with Proposition k(t) converges also
-p

(26)

and lim k(t) = ————0b. Therefore, by
t——+00 q+1—p
. P p-1 1 .
li t_lgglooy(t) = — <q+1—p bP~*. Since

lim j(t) = [, then by equation li y'(t) converges

t—-+o0
necessarily to 0. Therefore, by letting ¢ — 400 in the
same equation, we obtain

1/(g+1-p)

b1 — APl L = — (b)) =0,  (27)
where
p—1 1/(g+1-p)
(-7 ) |
g+1-p/ \g+1-p
(28)
and
U(s) = AIHIPgP=l g1 o>, (29)

A simple study gives

_ 1/(g+1—p)
()" -se

/(a+1-p)
<p_1>q q+1-p v
q

max (s) = ¥

s>0
where

_qg+1-p
=1
_atl-p
p—1

(p_1<N
q
(31)

Since [ > 0, we can easily see that the equation
[ —1(s) = 0 has two roots A\; and A2 such that 0 <
A1 < Xg. Then, by 27),b = A1 > 0orb = Az > 0.
Moreover if | = L, this last equation has only one ex-

p— 1 1/(g+1-p)
plicit root, that is, Ay = Ao = <)
q

L

pq

A.

E-ISSN: 2224-2880
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Hence by and (30)), we have explicitly

_ 1/(g+1-p)
b:<pv A

_ p—1< Pq
q
(32)
O

Proposition 3.6. Assume that N > p and q >
N(p—1)
N—p
pose that lim P9/ @F1=P) £(1) = | > 0. Then

r—-+00

. Let u be a solution of problem (P). Sup-

lim inf 7P/ @+ 1=P)y () > 0 (33)
r——+00
and
lim sup rP/(4H1=P)+ 1/ (1) < 0. (34)
r—+00
Proof. The proof will be done in two steps.
Step 1. lim inf7?/(4+1=Ply(r) > 0.
r—+00
Assume by contradiction that
liminfr?/(@1=P)y(r) = 0. This means that

r—-+00

liminfu(t) = 0. Since v(t) is bounded for large ¢,

t—+o00
we distinguish two cases.

e v(t) is monotone for large ¢.
Then . 1ir+n v(t) = 0. Since u/(r) < 0 forany r > 0
—+00

and E(n_p) /(p—1)(r) > 0 for large r (by Proposition
3.2)), then we have for large ¢,

0 < [k(t)] < ]]\j__lpv(t).

(35)

0 and by relation

It follows that lim k(t)
t——+o0

, t_l)l_tgl@y(t) = 0. Therefore, by equation ,

lim 3'(t) = —I < 0. But this is a contradiction
t—+o00

with lim y(¢) = 0.

t—+o00
e v(t) is oscillating for large ¢.
Then there exists a sequence {u;} going to +oo
as ¢ — 400 such that v has a local minimum
in p;. Therefore using our hypotheses, we have
lim v(p;) =0, v'(p;) = 0and v”(u;) > 0 (V" ex-

i—+00
ists because v/ < 0). Which gives lim k(u;) =0
1——+00

and k'(u;) > 0 and so 'li+m y(pi) = 0 and
1—>+00

/(i) > 0. Therefore, by equation (17), we have
lim o'(y;) = —1 < 0. This is a contradiction.

1——+00
It follows from both cases that

Volume 22, 2023
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lim inf 7P/ (4+1=P)y () > 0.
r—+00

Step 2. lim sup 7P/ (@F1=P)+1y/ (1) < 0.

r—+00
Since v/ < 0, we assume by contradiction that
limsup 7/ (@F1=P)+1y/ (1) = (. This means that
r—-+00

limsup k() = 0. In the same way as the first step,
t—+o00

since k(t) is bounded for large ¢ (by Proposition3.3)),
we distinguish two cases.
e /(t) is monotone for large ¢.

Then  lim k(t) = 0. That s,
t—+o0
lim ¢P/(@H1=P)F/() = 0. This yields by

r—-+00

L’Hopital’s rule that

lim 7P/(@+1=P)y(r) = 0. But
T—>+00

this contradicts the fact that lim inf 77/ (T+1=P)y () >

r—+00
0 by the first step.
e k(t) oscillates for large ¢.
Then there exists a sequence {p;} going to +oo as
i — —oo such that k£ has a local maximum in p;.
Therefore, _l:gl k(vi) = 0 and k() 0 and
7 o0

so lim y(y) = 0 and y/'(v;) = 0. Therefore, by
1—>-+00

equation ll we have lim v?(y;) = —1 < 0. This
1—+00
is impossible since v is positive.

We deduce that lim sup r?/(@T1=P)F1y/(1) < 0. The
r—+00
proof is complete. O

The following theorem gives a sufficient condition
to obtain explicitly lim inf P/ (+1=P)y (1),
r——+00

Theorem 3.7. Assume that N > p and q >

N({p-—-1
]E;D—p)' Let u be a solution of problem (P). Sup-
pose that
lim 7P/ (aH1=P) f () = atl-p Py
r——+00 p—1
—1\ ?/(a+1-p)
-1 p—1\1?
p ( N_ P > < p ) ‘
q qg+1l-p/\qg+1-p
(36)
Then
lim inf 7P/ (4H1=P)y (1) =
r—+00

pq

-1
p ( N
q
Proof. Note that if v converges, we obtain the result
directly by using Proposition[3.3] Otherwise, since v

is bounded, it must oscillate. Then there exists a se-
quence {u;} going to +00 as i — +oo such that v

E-ISSN: 2224-2880
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has a local minimum in y;. Therefore v/(p;) = 0 and
v”(;) > 0. Hence, using (20), we have k()

ﬁv(’”) and &'(p;) = v"(p;) > 0. This
yields
p—1
N (P bt
o) =~ (2=) o)
and
Y () = (p— 1) k() P2 K (3) > 0.

Using equation with ¢ = ~;, we obtain

0 <o/ (i) = A PoP () — 09 () — 3 (1e)
= (v(ps)) — J (i)
< L — j(pi),

where 1 and L are respectively given by and
. Since t_l)l_lglooj(t) = L, then i_l)lﬂloo@[} (v(p;)) =

,

_ 1/(g+1-p)
)
q

lim j(u;) = L. Hence, according to
1—>+00

) = i) =

where A is given by (28). This completes the proof.
O

Now, we study the convergence of 72/ (4+1=P)y(r)
at infinity to improve the previous result which gives

only lim inf7?/@+1=P)y(r). For this, we assume that
r—+00

f is differentiable and satisfies the following condi-
tions:

400 4
) [ () dr <
1 r

+oo _
(K>) / (P9 1) " dr < v,
1 T
The study depends on the comparison of ¢ with

N(p-—1 N(p-—1
(p—1) and (p—1) —l—p' We start with the case
N —p N—p
N(p-1) %N(p—l)ﬂ?
N — q N—p
Theorem 3.8. Assume that N > p and q >
N(p-1
]80). Let u be a solution of problem (P). Sup-
-p
pose that l}rf rpq/(qﬂfp)f(r) =1> 0and f sat-
isfies
N(p-—1
(@) (K)o g > TEZDED,
y Np-1) _ _Np-1)+p
.. . b—= -
K _— _
(i) (K2) if N, 1SN,
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Then
lS wx
p—1
_ /(g+1—-p)
1 p—1\ 1
P <N» Pq >< p )
q qg+1—p) \qg+1-p

(37)

and lig_n P/ @F1=P)y(r) = b where b is one of the
400

two roots \1 or \o of equation such that 0 <
A1 < .

To demonstrate Theorem|3.8] we need the classic
result of [[12]], of which we recall the proof.

Lemma 3.9. Let g be a positive differentiable func-
tion satisfying

+oo
(1) / g(t)dt < +oo for large to.
to

(13) ¢'(t) is bounded for large t.
Then t_l)lJr:loog(t) = 0.
Proof. We argue by contradiction and we suppose

that lim ¢(¢) # 0. Then there exist ¢ > 0 and a
t——+00

sequence {t;} going to +00 as i — +oo satisfying
g(t;) > 2e. Since ¢'(t) is bounded for large ¢, then
there exists a constant C' > 0 such that |¢(¢)| < C for
large ¢t. By the mean value Theorem for g, we have

5
g(t) > efor |t —t;| < Yok
Choose a subsequence ¢, such that t{; > ¢o and ¢, >

2
ti 4+ g ty fori > 1. Therefore

n t; n t;_1+e/C
Z/ o(®) dt>Z/ o(t) dt
=17t

io1 i=1 Yt
2

€
zan—%i-oo as n — +oo.

This implies that

+oo
/ g(t) dt = +o0.
to
This contradiction completes the proof. O
Now, we can prove Theorem [3.8]

Proof. Define the following energy function associ-
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ated with equation (17),

1= KOF + —F— y(t)o(0)
A Pt
<_p<Q+f—p> )
1
+U;++(1t ) o), (38)
where
g AN —p) —(N(p—1) +p) (39)

q+1-—p

Note that the energy function I plays a central role
in the study of the convergence of 7P/(4+1=P)y(r).
First, using Proposition [3.3] we have k(¢) is bounded
for large ¢, which yields that y(t) is bounded for large
t. Hence I(t) is bounded for large ¢.

The rest of the proof will be done in three steps.
Step 1. The function I(¢) converges when ¢t — 400.
A simple computation gives

I'(t)=—AZ(t) — (j(t) = DV'(t),  (40)

where

20 = Il - (2 )" )

q+1—p
p
[EOEr—t]! @)
Integrating on (T,t) for large T', we get
KﬂZC@)AR@WﬁlWW+/j%W$M&
T @
where
CT) =1(T)+ (G(T) - Ho(T)  43)
and .
R(t) = /T Z(s)ds (44)

Since the function s — sP~! is monotone, then
Z(t) > 0, which in turn implies that the function
R(t) is positive and increasing. By our hypotheses,
we have A # 0, then relation can be expressed
as follows:

sz—fﬁ—;m04ww+iéf@wﬁw
+Cfn (45)
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Using the fact that v(¢) and I(¢) are bounded for large
Lodim () = - () < 7)< (/(s)

+o0o
and / (§'(s)) " ds < 400 from (K;)if A > 0
T

—+00

or (j’(s))_ ds < +oo from (K3)if A < 0,

T
we obtain R(t) is bounded for large t. Consequently,

R(t) converges when ¢ — 400, which yields that
“+o0o

Z(s) ds exists. By letting t — +o0 in , we

deduce that I(¢) converges to a real number noted d
when t — +o00.
Step 2. lim v’(t) =0.

t——+00

By expressions (41) and (20) and the fact that k(

t)
0 for large t, we have just to prove that lim Z(t)
t—+o0

<

“+o00

0. Since Z(s)ds < 400, then by Lemma|3.9

T
it suffices to prove that Z'(¢) is bounded for large ¢.
Using expression (41, Z(t) can be written as follows:

Z(t) =y P/ + —L o)y (r)

qg+1—p
p Pt
- Pl (b)), (4
+(q+1_p) FH (). (46)
Therefore

p , p
k()Y () + ————
p— )y'(t) P —

P )+ (1) (p

qg+1-p qg+1-—

Z'(t) y(t)'(t)

VP20 (8) + (q - .

(47)

Since v(t), k(t) and j(t) are bounded for large t,
then combining with (20)) and (17 ., t) and 3/ (t) are
bounded also for large t. Hence, it remams to prove
that v”(t) is bounded for large ¢. According to (20),
we have

K+ —2

V().
P — (t)

(48)

Then, it suffices to prove that k’(¢) is bounded for
large t.
Since k(t) < 0 for large ¢, we have by

K(t) =

SRR 0. @)

According to Proposition , we have limsup k(t) <
t—+00
0. Therefore, there exists a constant A/ > 0 such that
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k(t) < —M for large t. Which implies that, |k(t)|>~P

is bounded for large ¢. Therefore £'(¢) is bounded

for large ¢ and by relations and (47), Z'(t) is

bounded for large ¢. Hence, by Lemma [3.9] we get
lim Z(t) = 0 and therefore t_l}igloo V'(t) = 0.

t—4o00

Step 3. v(t) converges when ¢ — +o0.

Suppose by contradiction that v(¢) is oscillating for
large ¢. Then there exist two sequences {y; } and {v;}
tend to +oo when ¢ — 400 such that {u;} and {v;}
are respectively local minimum and local maximum
of v, satisfying p; < v; < pi+1 and

0 < liminfo(t) = lim v(y;) =«

t——+4o0 1——400
<limsupv(t) = lim v(y;) = < +oo. (50)
t—+o0 i—+00

Since v/(11;) = v'(v;) = 0, then by relations ,

(50), and (20), we obtain

lim I(u;) = p(a) and lim I(y;) = ¢(B),

i——400 i—+00
(51)
where
( ) ; Ag+1-p » gat+1 ; /sw( )d
S) =1s— s” + =1ls— r)ar,
i P q+1 0
(52)
for any s > 0 and ¢ is given by (29). Since
lim I(t) = d by the first step, then
t—4o00
pla) = ¢(B) =d. (53)

(,ul-, Vi) such
thatv(a:z) =0, ¢/(6) = 0and p(9) 7é d. On the other
hand, using step 2, we have 1131 v (m ) = 0, so by
1——+00
(20), we obtain lim k(x;) =
i—+o00 q-—+ 1 —

fore 4liﬂr}1 I(x;) = ¢(6) = d. Which gives a con-
1—+00

0. There-

tradiction. Hence v(¢) converges when ¢ — +oo.

Let tﬁlxl?oo v(t) = b. So, by Prop0s1t10 b is one
24

of the two roots \; and )\, of equation (24]) such that
0 < A1 < Ag. Finally, by , [ =1(b) < L where

L is given by (31). The proof is complete. O
Now we give the following result which deals with
N{p-1
the critical case ¢ = M
N—p

Theorem 3.10. Assume that N > p and q =
Np-1)+p
N—p
Suppose that lim P/ TP g = | > 0 and f

r—+00

satisfies (K1) or (K2). Then u satisfies one of the fol-
lowing cases:

. Let u be a solution of problem (P).
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(1) BIJP PP/ @H1=P)y(r) = X or Ay given in The-

orem

(i3) rP/\aH1=P)y(r) is oscillating and

AL < o = liminfr?/ (H1 Py (r) < Ay

r—+00
< f = limsup rp/(Q+1_p)u(r) <T, (54)
T—+00
where I' #£ A1 is the root of the equation
e+l Agtl-p
T+ — re
q+1 P
_p_1<N_p>p)\p N(p_1)+p)\NP/(N—P)
= 1~ N M :
p p Np
(55)

Moreover, o and 3 satisfy the following estimates
l_l <N—p)pﬁp—ap
p\ P f—a

_N-p BNP/(N=p) _ o Np/(N—p)

N 5 (56)
and
pp /BP — ap
N(N — p)p-1 < BNp/(N=p) — qNp/(N=p)
p _
1 < P > Np-1)+p 57)
p—1\N-—p N

In both cases, we have the estimate (37).

Proof. According to the notations in the proof of The-

orem [3.8] we have A = 0, where A is given by (39).

Using the fact that v(t) is bounded, tligl jt) =1,
—+00

§'(s) < (4'(s))" for (K1) and j'(s) > —(5'(s))”

for (K3), we deduce that the energy function I con-

verges when t — +o0.

Since v(t) is bounded, we have two possibilities:

e v(t) converges when t — oo, then similarly

to Theorem , lim v(t) = A or A9, where \;
t—+o0

and A9 are two roots of the equation such that
0 < A1 < )Xg. Moreover, the estimate 1S satis-
fied.

e v(t) oscillates, then there exist two sequences {1; }
and {v; } tend to +oo when ¢ — +oo such that {y;}
and {v;} are respectively local minimum and local
maximum of v, satisfying p; < v; < p4+1 and re-
lation (50). Therefore &'(p;) = v”(p;) > 0 and
K (v;) = v”(r;) < 0 and so by equation (17), we
have

¥ (v(pi)) — (i)

0< 9 (1) (58)

and

0>y (vi) = (v(i)) — j(), (59)
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where ¢ is given by (29). On the other hand, accord-
ing to the proof of Theorem we have

Jim I(t) = p(a) = ¢(8),
N(p-1
where ¢ is given by . Since ¢ = W
-p

and o < 3, then

AIHI=P gP _ P 1 patl _ qatl

l

P B—a q+1 b —«
L (Nory o
p\ P f—a
N —p gNp/(N=p) _ o Np/(N-p)
~ Np 68—«
This proves . Now, a simple study of the func-
tion ¢ gives ¢’ (A1) = ¢'(\2) = 0, ¢(s) > 0

for 0 < s < A1, ¢'(s) < 0for Ay < 5 < Ao,
¢'(s) > 0 fors > Ay and liT ¢(s) = 4o0. There-
S—r+00

fore, there exists I' > Ao such that p(I") = ¢ (\1).

. Np—1)+
Since w(Al):landq:W,then
p—1(N-p\" , Np—1)+p Np/(v-p)
(T =< ) UL 2
( ) P p 1 Np 1

(60)
which gives (53). To prove estimate (54)), we let i —
+00 in and (59)), we obtain

Y(B) <1< yP(a), (61)

that is by

¢'(a) <0< (B). (62)
Combining this with the study of ¢ and the fact that
o(a) ©(B), we deduce that Ay < a < A\ <
B. Moreover, we have 5 < T, otherwise ¢(3) >
o) = p(A1) > ¢(a), which contradicts ¢(«)
©(B). Consequently, (54) is satisfied. Concerning
(57), we use the fact that [ > 0 and to obtain

the left inequality. To prove the right inequality of
(57), we have 8 > a > 0, then by (61)), we have

; AdF+1-p . ﬁq—l—l
< = —_
BU(B) <18 = olB) + .
and
Ad+1-p adtl
> la = _ 7
() 2 loc = pla) + = —aP — T
which in turn implies that
Ad+1-p pat+l
BU(B) = =B+ oy < 0(8) = pl) <
Ad+1-p adtl
ap(a) — . of + p—y
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With the expression of ¢, we get

p;lAq-H—pﬁp — Lﬁq-ﬂ

g+1
< p— 1Aq+1fpap _ 4 adtl
P g+1
The right inequality of can be easily obtained
N(p—-1
since ¢ = W The proof'is complete. [

4 Nonexistence Results

This section concerns the nonexistence theorems of
entire solutions of problem (P). The study depends
on the parameters IV, p, ¢ and the comparison of f(r)
with r—Pa/(a+1-p)

Theorem 4.1. Assume that N < p or N > p and

N{p-1
p—1<qg< ]Ef)or]\f >pandq < p—1. Then

problem (P) does not possess any entire solution.

Proof. Let u be a solution of problem (P). We dis-
tinguish five cases.

Casel. N <p.

It’s easy to see by Proposition and equation
that the function r — N =1|u/[P~22/(r) is de-
creasing and strictly negative on (0,4o00). Then

exists a constant M > 0 such that

N7 P72 () < — M, (63)

for large r. So
! (r)] > A4g/@_l)r(LfNjﬂp71%

for large r. We get a contradiction by integrating
this last inequality for large r and using the fact that
N <np.

Case2. N >pandg=p—1.

Recall, by Proposition|3.2} that En_p)/(,—1)(r) > 0
for large . Then estimation is satistied. Combin-
ing this with equation () and the fact that ¢ = p — 1,
we obtain

(]u'\p_gu’)/ (r) <uP~1(r)x

[ (322)" )

for large r. In particular, we get (|u'|P~2u/)’ (r) < 0

for large . Since u/(r) < 0, then
lim |[o/|P7%d/(r) €  [—o0,0]. Therefore
r—+00
lim wu(r) = —oo, which is impossible.
r—+00
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N({p-1
Case3. N >pandp—1<g< L
N —p
. , N —
In this case we have necessarily f <
p—
L, which  implies by lh that
qg+1l-p
lim r»tu(r) = 0. But this contradicts the
r—+00

N—
fact that 7 v u(r) is positive and strictly increasing
by relation (9)) and Proposition

Np—-1
Case 4. N>pandq:]80).

p
Using relations and (), then for large r we
obtain

. —q

(erllu/‘prU/)/ (7”) <_ <N 1p> rNJrqfl‘u/’q.
p J—

(64)

Which can be written as

—¢'(r) < — (f:f)q r1e? PN () for larger,
(65)

where
o(r) = rM P (66)

Integrating relation on (R, r) for large R and us-
ing the fact that ¢ > p — 1, we obtain for large r,

¢(p717q)/(p71)(r) < d)(pflfQ)/(pfl)(R)

(3=7) m(3).

(67)

p—1—gq
+ =

By letting » — 400 in the last inequality, we get a
contradiction with the fact that ¢ is positive.

CaseS5. N >pandg<p-—1.

Since f is positive, then by equation (3]), we have

(rN*1|u'\p*2u/)/ (r) < —erluq(r) for any r > 0.
(68)

Integrating this last inequality on (g, r) forr > 0

and using the fact that «/(r) < 0 on (0,+00), we

obtain

2V —1

N 2N

[u' [P~ (r) < — ( > rud(r) forany r > 0.

Since v > 0 and v’ < 0 on (0, +00), then for any
r>0

1 2N -1 1/(p—1) ) .
W (P90 () < — ( e ) /(1)
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Integrating this last inequality on (R, r) for large R
and using the fact that ¢ < p — 1, we obtain

wP=1=0/ =1 () < o (P=1=0)/(P=D)(R)
_p_l_q 2N_1 1/(p_1)x

P N 2N
(Tp/@—l) _ Rp/(p_1>) '

(69)

By letting »r — +oc in the last inequality, we get a
contradiction with the fact that v is positive.

we deduce that problem (P) does not possess any en-
tire solution in all cases.

Theorem 4.2. Assume that N > p and q >

N({p-1
M. Suppose that
N —p

1—
>7Q+ px

lim inf P4/ (a+1-p)
iminfr f(r) ]

r—+00

-1
p <N
q
Then problem (P) does not possess any entire solu-
tion.

Pq

Proof. Let u be a solution of problem (P). First
we show that r?/(4+1=P)y(r) is strictly monotone
for large r. This amounts to proving by (9) that

Ep)(g+1-p)(r) # 0 for large T.
Suppose that there exists a large r such that

_ P ‘,
qg+1—p

and multiplying by rPa/(a+1-p)=1 e obtain

Ey(g+1-p)(r) = 0. Taking ¢ =

(p—1) ppa/tati=p) =1 }u/‘p% ;/(qﬂfp) (r) =
AP pp(P=D/(aH1=p) =1 () _ ppa/(@+1=P)ga ()
— P/ (aH1=P) £ (), (70)

where A is given in relation (28]).
Using the change of variable (L6]), we see that the re-
lation is equivalent to

(p _ 1) rpq/(q+1—p)—1 ‘ul‘P—Q (T)E;)/(q_t,_l_p) (T‘)
= ¥(v(t)) —4(),

(71)
where ¢ is given respectively by (29). Since

lim inf 779/ (@H1=P) £ (1) > L, then there exists ¢ > 0
r—+00

such that
j(t) > L+¢e forlarge t. (72)
Recall, by , that max (s) = L, where L is given
s>0

by .Then by j Ezlz/(q+1—p) (r) < 0 and so
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Ey/(g+1-p)(r) # 0 for large 7.
Now, we have v(t) is strictly monotone for large ¢
and bounded by Proposition[3.1} then v(¢) converges
when ¢t — +o0. Lett ligl v(t)=b>0.

—+00

We distinguish two cases according to the monotonic-
ity of v/(¢) for large ¢.

Case 1. v/(t) is monotone for large ¢.

Since k(t) is bounded for large ¢ by Proposition
then v/(t) is bounded for large ¢. Therefore v'(t) con-
verges and necessarily t—lj-IPOO v'(t) = 0 (because v is

bounded). Therefore lim k(t) = P pand
t——+o00 qg+1—p
p !
SO tl}fp@y(t) = — m bp_l. Accord-

ing to equation ((17)) and estimate (72]), we have

1) < — N—L — vt = [ —
R e e LA R
for large ¢. But

. pq

1 - N— ——— —vi(t)— L —
dim (- (v w0 - 1)

:w(b)_L_ES_Ev

Hence there exists a constant A/ > 0 such thaty/(t) <

—M for large t. Integrating this last inequality on

(T, t) for large T, we get . liin y(t) = —oo. Which
—+00

gives a contradiction.

Case 2. v'(t) is not monotone for large ¢.

Since v(t) is strictly monotone for large ¢, then we
have two possibilities.

e V/'(t) > 0 for large t. Then %ﬁiminfv'(t) = 0.

—+00
Otherwise, there exits C' > 0 such that v/'(t) > C
for large ¢, then integrating this last inequality near
+00, we obtain t_l}igloov(t) = +o0, which is im-

possible. Hence there exists (; tends to 400 when
i — oo such that ¢; is a local minimum of v’ sat-

isfying lim ©v'(¢;) = 0. Consequently, we have
1—+00
. p P 1
z—lgfl—nooy(g) = - <q+1—p bP~*. On the other

hand, by deriving relation (20) and taking account
that v”(¢;) = 0, we get lim k'(¢;) = 0. There-
1——+00

fore lim 3'(¢;) = 0. Taking t = (; in equation
1—+00

(17) and tending i — +o0, we obtain lim j((;) =

1—+00
Y(b) < L = m>aé<z/z(s). But this contradicts the fact
5>

that lim inf j(¢) > L.
t—+o00

e v'(t) < 0 forlarge t. In the same way, using the fact

that v is bounded, we deduce that . 1iJ131 supv'(t) =

—+00

0. Then there exists 7; tends to +o0o when i —
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+00 such that 7; is a local minimum of v’ satisfy-

ing lim o'(r;) = 0 and v”(r;) = 0. Therefore
1——+00

lim y/(r;) = Oand lim j(n) = 9(b) < L.

i—+o00 1—+00

Which is impossible like the previous case.
We conclude that problem (P) does not possess any
entire solution. O

5 Conclusion

In this paper, we have studied the existence, the
nonexistence and the asymptotic behavior near
infinity of global singular solutions of problem (P).
The difficulty of this work lies in the influence of
the inhomogeneous term f which is positive and is
equivalent to the function 7~?4/(@+1-P) near infinity.
Under some conditions, we prove that the singular
solution of problem (P) is equivalent to the function
r—P/(¢+1=P) pear infinity. The cases where f is
not positive or negligible in front to the function
r~P4/(@+1=P) pear infinity are not yet treated and will
be the subject of a future study.
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