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Abstract: - The concept of Lorentz space has been generalized to the grand Lorentz space. In this paper, a new
generalization of Lorentz spaces is defined as LZ’q) (X,Z, ,u) with 6 >0 by using the maximal function of a

measurable function. Besides an explicit proof of being Banach function space with a rearrangement invariant
norm seemed to be missing in the literature. Therefore, the authors provided such proof which can serve as a
reference for the next studies and literature and as a fundamental reference for subsequent results.
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1 Introduction and Preliminaries

Iwaniec and Sbordone generalized the concept of
Lebesgue spaces and introduced a new space of
measurable, almost everywhere equal integrable
function classes, which they called grand Lebesgue
spaces. Now, let X be a locally compact Hausdorff

space and suppose that (X,Z, ,u) is a finite measure

space. According to [10], grand Lebesgue spaces are
the collection of equivalence classes of functions
obtained according to almost everywhere relation of

all x—measurable functions defined on (X,Z, ,u)

and denoted by L forl< p<oo. For anyvel”,
the functional

1

1

||V||p) = sup &™* [I|V(X)|pgd ,u] ”
X

O<e<p-1

defines a norm on L"” and makes them Banach
function spaces with rearrangement invariant norm.
Also LP c L” c L”* if0< e < p—1. New results on
grand Lebesgue spaces can be observed in current
studies, [3], [6], [7], [9], [11], [12], [15]. Presented
in terms of the Jacobian integrability problem, these
works have proven useful in various applications of
partial ~differential equations and variational
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problems, where they are used in the study of
maximum functions, extrapolation theory, etc. The
harmonic analysis of these spaces, and the related
small Lebesgue spaces, has been intensively
developed in recent years and continues to attract
the attention of researchers due to wvarious
applications.

There have been several generalizations of
the grand Lebesgue spaces in recent years. One such

generalization denoted by Lp)’H(X) is defined as
() L"* in [8].

O<e<p-1

the set all functions belong to

According to [1], [8], L”? ( X) is a rearrangement-
invariant space, i.e. Banach function space
generated with the rearrangement-invariant norm

1
4

M, = sup &> | [V “du|
P).0 O<e<p-1 X
g

= sup &°°
O<e<p-1

J

p-¢

for all ve Lp)‘g(X) where 1<p<oo and@20.
LP?(X) reduces to classical Lebesgue spaces

L’ ( X) when 6 =0 and reduces to grand Lebesgue
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spaces Lp)(X) when 0 =1, [3], [8]. Also, we have
L (X)c Lp)’e(X)c L"*(X) for 0<e<p-1 and
LP(X)c L?* (X)) LP%(X) for 0<6, <86, [1],

[8]. It is important to remember that the subspaces
of simple functions S and the subspace of test

functions C;(X) is not dense in Lp)’g(X). If we

call the closure of C;'(X) in LP(X) asE™?(X),
then

£—0"

0
Ep)’g(X)={Ve L7 (X): lim e |v]| _, =0}

and L% (X)cEP?(X) for 0<6,<6,, [8]. The
Marcinkiewicz class, denoted by weak—L°(X) or
LP (X ) , consists of all measurable functions

f:X = C such that supA°D; (A1) <o where the
>0

distribution function of f is

D, (l):y{xex:|f(x)|>/1}, A20.

Then L™ (X )<= L??(X). It is commonly known

that in the sense of [2], the grand and small
Lebesgue spaces are Banach Function Spaces. An
explicit proof of these facts seemed to be missing in
the literature. In [1], the author provided such a
proof, which can serve as a reference for the next
studies and literature and as a fundamental reference
for subsequent results. The proofs in [1], show that
the grand Lebesgue spaces content all the axioms
which are necessary to be Banach Function Spaces,
including the Fatou property. These results are
important because they establish the grand Lebesgue
spaces as a well-behaved class of function spaces
that can be used to study various problems in
analysis and partial differential equations. Overall,
the results in [1], fill an important gap in the
literature and provide a solid foundation for further
research in this area.

Throughout this paper X =(X,Z, u) will
show a o —finite measure space, and the collection
of all extended scalar-valued (real or complex) u—
measurable functions on X will be shown byM .
Also, M, will stand for the class of functions in M
which are finite-valued z—a.e. The function y,

will be employed for the characteristic function of
any subset U .
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The distribution function of a complex-
valued, measurable function f defined on the

measure space X is
/1f(y)=y{XEX:|f(x)|>y}, y>0.

The nonnegative rearrangement function f*(-) of

f is given by
£ (t)=inf{y>0: 2, (y)<t}
=sup{y>0:/1f(y)>t},t20

where we assume that inf @ =0 andsup@@=0.
Likewise, the (average) maximal function £ ( ) of

f which is defined on (0,00) is given by
" Lt -
f (t):ﬂof (s)ds.

Note that 2,(-), f°(-) and (‘) are right

continuous and non-increasing functions.

The generalization of ordinary Lebesgue
spaces are Lorentz spaces L(p,q) which are the

collection of all classes of the functions f such that

||f||’;’q<oo,where

q 3c%—1 « q é

6jot [f°(t)]"dt| .0<p.g<oo
1

suptgf*(t),

t>0

It

(1

*
p.q

0<p<oo, g=co.

In general, however, ||||pq is not a norm if not
1<g<p<ow or p=Q=o since the Minkowski
inequality may fail. But by replacing f*(-) with
f**(-) in (1), we get that L( p,q) is a normed
space, with the functional ||||pq defined by

q = %‘] - q é
Bjot [£7(t)] dt | .0<p.g<o
1

suptP f " (1),

t>0

This functional defined in (2) is sub-additive and
equivalent to (1) if 1< p<o and1<q <o, thatis

11,0 = 2)

0<p<oo, q=00.
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Here the (left) first inequality is coming from the
fact that f'(-)< f"(-) and the second (right) is an

immediate consequence of Hardy inequality. For
detailed knowledge of Lorentz spaces, we can refer
to [3], [4], [5], [13], [14], and references therein.

2 Main Results

In [14], the grand Lorentz space L*? is defined as
the collection of all the complex-valued, measurable
functions which are defined on (0,1) such that the

quasi-norm || f ||’;,q) < oo where

1

. sup (—gftp [f t)] dt]“,

1<p,g<o

0<e<q-1

suptgf**(t), 1< p<ow,q=w 3)

O<t<1

forany f e L)?.

Using the maximal function f (), instead of

the nonnegative rearrangement f*(-) used in the

definition of grand Lorentz space defined in [14],
we generalized the grand Lorentz spaces as follows.

Definition 1 The grand Lorentz space L)® is

classes of all the complex-valued, measurable
functions which are defined on the measure space

(0,,u(X )) such that || f ”i o

[p j o [f**(t)] dtj d<pg<o

1
sup t“f**(t),

O<t<u(X)

< oo where

sup
0<s<q-1

4
11, =
p.q)

l<p<oo,q=0o0

4

for any f e L)'¥. In particular, if 1< p<w and

1<g<w; p=gq=1 orp=q=c, then the normed
space (LZ"” ,||||z q)) is a Banach space.

Proposition 1 For any f e L)®, the inequality

pq)‘” "pq) pq)

E-ISSN: 2224-2880 350

liker Eryilmaz, Gokhan Isik

exists, i.e. the quasi-norm | and ||f||

p.q) p.q)

equivalent.
Proof. Since f*(')ﬁ f**(') , for any f e L2?, we

have
1

_ Ao e T gt |
oizfl[pg o o]
1
- a2
< t
G
=[fl5q-
On the other side, if one uses, [3], then
1

q_ a2
)tpl[f**(t) q dt]

1
q [t 9-¢  \g-e
g [lj f*(s)ds} dtJ
O<e<q-1 p 0 tO

= sup
q o pHX) Lega| &, o e
= sup | —¢ IO tP If (s)ds| dt

0.

(x
I, = s [ Lo

0<e<q-1

0<e<q-1 p

q-¢
< sup 35‘9(—”_ pe j
0<e<g-1 p pq - q — pg
q

L
[ () d]

= Su

p(g—¢
o [ (a-2) ]
0<e<g-1\_Pq —Q — P&

1
[%8"15‘“)(%))“ dj

PQ)

can be found.

Definition 2 Let X be a measure space and M *
be the cone of M . A mapping p:M* —[0,00] is
if, for all
for all constants

named as Banach function norm
uv,u, (n =123,..),inM",
A >0, and for all g —measurable subsets U of X,
the following properties hold:

(P1) p(u)=0
(P2) p(u)=0 <u=0ae.in X
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(P3) p(Au)=Ap(u)

(P4) p(u+v)<p(u)+p(v)

(PS) if [V <|u| a.e. in X, then p(V)< p(u)
(P6)if 0<u, Tu in X, then p(u,)T p(u)
(P7)if u(U) <o, then p(x, )<

(P8) if u1(U) <o, then [Vdu<Cyp(v)

for some constant ¢, depending on U and p but
independent of v, [2].
Lemma 1 Ifx,y >0, r>1 and « E(O,l) are real
numbers, then

(x+y) <" X +(1-a)

1-

'y
. . X y
The equality holds if and only if —=——.
a l-a
Proof. Ifr >1, then qo(X) =X" is strictly convex.
Therefore (¢a + (1-a)b) <aa’" +(1-a)b". Setting
x=qa and Yy =(1—a)b , we get the result
immediately.
Theorem 1 If 1< p<ow and 1<q<w; p=q=1 or

p = g = o, then the normed space (Lg’q>,|| . ||(;q)) isa

rearrangement-invariant Banach function space.
Proof. The first three (P1-P3) properties of being
Banach function norm come from the identical
properties true for Lorentz spaces.

Proof of P4.

Forany f,g e L)?, we have

1

I+l = s (% ”f"( v [(f +9)" (t)]H dthE

0<e<q-1

1

Sui}irq)u(c:) ‘gjy( )tp [f (t +q (t)] ]E

by the property of maximal function, [3]. If we use
Lemma 1, then we get

If+al, <

g o) p . q-¢ 4-e
soiligl[p 2 [f )+g” (1)] dt}

q o /‘(X " 1[ Iqie g a-¢
Soiligl[p I a (f (t)) +

1

(1-a) (g** (t))q—s:|dt)q—g
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because g — £ > 1. Finally with <1,
gq-—-¢
I+l
< sup a ‘QJW t%_1 [al’q“ ( £ (t))qia +
0<e<q-1 p 0

(1-a)~(g" (t))‘H ] dt)“l“

= sup [g 9'[0”( t al'q”(f** (t))q_g dt+

0<e<q-1

i

a ”j tp (1 ) (g (t))”dt}q_

&

p

1

a Vs
< sup ge;‘gj‘:(x)t”I(le’q”(f**(t))q dtj +

0<e<g-1| | P

1-q+¢ E—l

= sup |a ©° [%gej'ou(x)tp (f**(t))q_g dtjq_ .

0<e<q-1

-0+ {q g

can be written. If we take the supremum of
I-q+¢ 1-q+¢

a (l-a)%*
that

overO0<e<q-—1, then we get

[+l <Nl +19l0 -

Proof of P5.
Let |g|<|f| a.e. inX. By [3], it is known that
g()<f 1f|g|<|f| Then

jg s)ds <~ jf = £7(t)

and so the result comes from the definition of the
norm in (4).

Proof of P6.

Let 0<f Tf inX. Then f (t)<f’(t) for
n=1,2,3,... by [3]. At the
u(x)| <

same time, if

un(x)| for all xe X u—a.e., then

n—oo

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.41

D, (4)< liminf D, (/L) for any1>0, where

u
nN—o0

(un)ne[ is a sequence of measurable functions in
f (t)>f'(t) fort>0. Since
f()<f7(t), we get f7(t)—>f7(t) for all

t>0 by Monotone Convergence Theorem.
Therefore

"f ”pq _>5up||f "pq)

M and so

n 0<e<qg-1

L
q ( ) ﬂ_l Hk —€ 4-e
=sup sup [ 0 '[0 tP (fn (t))q dtj

[ ] dthE

= sup sup(ﬂg I o )t"i

0<e<g-1 n | P

= sup [q QL tgi (f“(t))qu'{Jq‘g

0<e<qg-1 p
4
=|f| .-
[l

Proof of P7.
Let EeX be a measurable subset of X with

y(E) <oo. Then
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L

_ 4 e S0 g e S (B
= sup[p j o dt+p L(E)tp (T dt

0<e<qg-1

1

B q.0P &g g pax) %—1 u(E) s \ge
= sup(pg q,u(E)p+ pg L(E)t (—t dt

1
1 I 1g+e q-¢
~(a-1)’ u(E)e + sup (Eeyu(E)”f;(;)tp a dt]

0<e<g-1\ P
1 q o Y
:q—lg,uEp+sup( ')y —
( ) ( ) 0<e<q-1\_ P ( ) q—p—-qp+ pe

1

) e ||

a,

(-1 wE) [ w00 - (E))

1-p

can be found if g < oo . Otherwise

1 15

sup tp;(E()— sup tP+ sup tP u(E)

O<t< 1( ) 0<l<y(E) y(E)<t<;[(X)

=2,u(E)lp

|, =

when ¢ = . As a result, ||;(E ||i’q) is finite.

Proof of P8.
Let E€X be a measurable subset of X with
,u(E)<oo. By using Hardy-Littlewood inequality,

one can write that

0

JItlds =[]t 0]z () I

Now fix O<e<q-1. If one uses Holder’s

inequality in the preceding inequality, then
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A(E) u(E) _a-p p—q
I|f|dﬂ£ J. f**(t)dt: J- tp(q%)f**(t)tp(qﬂe)dt
E o o

WE) b0 ae Yo
J. tp(q_g)q_g_ldt
0

ge” p
u(E) __p-q q;;]
[ e Tat
0
<P
- q p.a)
[ pq-ps—p K- Jqqil
—/u(E)qupafp
Pq-pe—q

BLICERN "
_T" "p,q)

gq-&-1
sup [—pq e p] T u(E) W
0<e<q-1 pg—-pe—q
p(q—l)fg o p-l
=T||f||p,q>ﬂ(5) P
is found.
References:
[1] G. Anatriello, Iterated grand and small

Lebesgue spaces, Collect. Math. 65, 2014,
273-284.

C. Bennett, R.C. Sharpley. Interpolation of
operators. Academic Press, 1988.

R.E. Castillo, H. Rafeiro, An introductory
course in Lebesgue spaces, CMS Books in
Mathematics/Ouvrages de Mathematiques de
la SMC. Springer, [Cham], 2016. xii+461 pp.
C. Duyar and A.T. Giirkanli, Multipliers and
Relative completion in weighted Lorentz
spaces, Acta Math.Sci., 4, 2003, 467-476.

I. Ery1llmaz, G. Isik, Some Basic Properties of
Grand Lorentz spaces, preprint.

A. Fiorenza, Duality and reflexivity in grand
Lebesgue spaces, Collect. Math., 51(2), 2000,
131-148.

A. Fiorenza, G.E. Karadzhov, Grand and
small Lebesgue spaces and their analogs, Z.
Anal. Anwendungen, 23(4), 2008, 657--681.

(2]
(3]

E-ISSN: 2224-2880

353

liker Eryilmaz, Gokhan Isik

[8] L. Greco, T. Iwaniec and C. Sbordone,
Inverting the p-harmonic operator,
Manuscripta Mathematica, 92, 1997, no. 1,
249-258.

A.T. Giirkanli, Multipliers of grand and small
Lebesgue
spaces,https://arxiv.org/abs/1903.06743v1.

T. Iwaniec, C. Sbordone, On the integrability
of the Jacobian under minimal hypotheses,
Arch. Rational Mech. Anal., 119(2), 1992,
129-143.

A. Meskhi, Weighted criteria for the Hardy

transform under the B, condition in grand

Lebesgue spaces and some applications, J.
Math. Sci., 178(6), 2011, 622-636.

A. Meskhi, Criteria for the boundedness of
potential operators in grand Lebesgue spaces,
Proc. A. Razmadze Math. Inst. 169, 2015,
119-132.

O. Ogur, Grand Lorentz sequence space and
its multiplication operator, Communications
Faculty of Sciences University of Ankara
Series A1 Mathematics and Statistics, 69 (1),
2020, 771-781.

J. Pankaj, S. Kumari, On grand Lorentz
spaces and the maximal operator, Georgian
Math. J., 19(2), 2012, 235-246.

S.G. Samko, S.M. Umarkhadzhiev, On
Iwaniec-Sbordone spaces on sets which may
have infinite measure, Azerb. J. Math., 1(1),
2011, 67-84.

(9]

[10]

[11]

[12]

[13]

[14]

[15]

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

The authors equally contributed in the present
research, at all stages from the formulation of the
problem to the final findings and solution.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself
No funding was received for conducting this study.

Conflict of Interest
The authors have no conflicts of interest to declare.

Creative Commons Attribution License 4.0

(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the

Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
US

Volume 22, 2023





