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Abstract: - Presently, the problem of parameter estimation is addressed for a more general nonlinear model. In 
this respect, the proposed nonlinear system is composed of the parallel connection of linear and nonlinear 
blocks. The interconnected structure of linear and nonlinear blocks systems leads to a highly nonlinear problem 
involving several unknown parameters and inaccessible internal signals. In this parameter estimation method, 
the linear and nonlinear block parameters are estimated in one stage by using simple a sine signal or multi-
cosine wave.  
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1 Introduction 
The problem of nonlinear system parameter 
estimation has been given a great deal of interest, 
[1], [2], [3], [4], [5], [6]. Most available parameter 
estimation approaches are focused on the cascading 
link of linear and nonlinear subsystems (Wiener and 
Hammerstein systems), [7], [8], [9], [10], [11], [12]. 
The latter are obtained using the series connection 
of linear and nonlinear subsystems. The Wiener and 
Hammerstein nonlinear systems are very popular 
models and can model several practical systems, 
[13], [14], [15], [16], [17]. 
There exist many parameter estimation methods in 
the literature to deal with the problem of nonlinear 
systems composed by the series connections of 
linear and nonlinear blocks, [18], [19], [20], [21], 
[22], [23]. 

To increase the modelling capacity, the parallel 
connection of linear and nonlinear subsystems can 
be very efficient, [24], [25]. The parallel connection 
of linear and nonlinear subsystems is more general 
than the series connection [26], [27].  

Presently, the parameter estimation of a 
nonlinear system composed of the parallel 
connection of linear and nonlinear subsystems is 
presented. This nonlinear system is shown in Fig. 1. 

Note that several real systems can be captured 
using the parallel connection of linear and nonlinear 
subsystems, [14], [28]. We propose a solution to 
estimate the parameters of linear subsystem  
 ሻ and those of nonlinear subsystemݏሺܩ
݂ሺ. ሻ. This approach is based on sine signals. In this 
respect, note that when linear and nonlinear systems 

are excited by sine signal, their output is thus 
periodic of the same frequency as the input, [29], 
[30], [31].  
This means that the output is also periodic but not 
necessarily a sine signal. 
Then, it is quite interesting to note that very few 
works have treated this problem. The most of 
existing parameter estimation problems concern the 
classical Wiener and Hammerstein systems. 

At this stage, it is worth emphasizing that this 
nonlinear system can describe several nonlinear 
structures. 
 

 
 
 
 
 

 
 
 
 
Fig. 1:  Nonlinear system composed by the parallel 
connection of linear and nonlinear subsystems 

 
For convenience, the rest of this paper is 

organized as follows. Firstly, the problem statement 
in this study is introduced in Section 2. Then, the 
parameter estimation method is described in Section 
3. Finally, the performances of the parameter 
estimation method are presented in Section 4. 

 

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2023.22.44 Hafid Oubouaddi, Fatima Ezzahra El Mansouri, Adil Brouri

E-ISSN: 2224-2880 373 Volume 22, 2023



2 Problem Statement  
This paper aims to estimate the parameters of the 
considered nonlinear system. The latter is obtained 
by the parallel link of linear and nonlinear 
subsystems (Fig. 1).  

Firstly, the nonlinear part can be described as 
follows: 

ሻݐሺݓ ൌ ݂൫ݑሺݐሻ൯ ൌ ∑ ݑߙ

ୀ             (1) 

 
where ݊ and ሺߙଵ, . . . ,  ሻ are the degree andߙ
coefficient vector of the nonlinearity ݂ሺ. ሻ.  

 
Then, the linear part is analytically described as 
follows: 

ሻݐሺݒ ൌ ሻݐሺݑ ∗ ݃ሺݐሻ            (2) 
 

The Equation (2) can be rewritten in the Laplace 
domain as: 

ܸሺݏሻ ൌ ܷሺݏሻܩሺݏሻ            (3) 
where ܷሺݏሻ and ܸሺݏሻ are the Laplace transforms of 
the input ݑሺݐሻ an output ݒሺݐሻ of the linear 
subsystem, respectively.  

 
Then, one immediately gets using Fig. 1 that:  

ሻݐሺݕ ൌ ሻݐሺݒ  ሻݐሺݓ   ሻ           (4)ݐሺߦ
 
Finally, it follows from (1)-(2) and (4) that the 
output of the nonlinear system can be expressed as:  

ሻݐሺݕ ൌ ሻݐሺݑ ∗ ݃ሺݐሻ  ∑ ݑߙ

ୀ   ሻ    (5)ݐሺߦ

 
For convenience, let us consider the signal ݔሺݐሻ 
defined as:  

ሻݐሺݔ ൌ ሻݐሺݒ   ሻ     (6)ݐሺݓ
 
Then, the signal ݔሺݐሻ can be rewritten as follows:  

ሻݐሺݔ ൌ ሻݐሺݑ ∗ ݃ሺݐሻ  ∑ ݑߙ

ୀ      (7) 

 
In this study, we propose an input of the form:   

ሻݐሺݑ ൌ ܷ  ሻ     (8)ݐሺ߱݊݅ݏ
 
where ߱ ∈ ሼ߱ଵ,  . . ,  ߱ሽ is any arbitrarily chosen 
set. It follows (8) that the signal ݑሺݐሻ is of period 
ܶ ൌ  . Then, it is shown that the output of a߱/ߨ2

linear subsystem is of period ܶ ൌ  , (e.g., see߱/ߨ2
[1]).  
In this respect, it is also shown that the output of a 
nonlinear subsystem is not necessarily a sine signal, 
but of period ܶ ൌ  . (e.g., see, [1], [24])߱/ߨ2
Specifically, using (8) the signal ݓሺݐሻ in Fig. 1 can 
be expressed as follows:  

ሻݐሺݓ ൌ ݂ሺܷ ሻሻݐሺ߱݊݅ݏ ൌ ∑ ሻݐሺ߱݊݅ݏܷߙ

ୀ         

 (9) 
 
 

3 Determination of Linear and 
Nonlinear Parameters 
This section aims to present an estimation solution 

to give  ቀ|ܩሺ݆߱ሻ|, ,ߙሺ݆߱ሻ൯ቁ and ሺܩ൫݃ݎܣ . . . ,   .ሻߙ

Firstly, it is readily seen that the signal ࢜ሺݐሻ for 
ሻݐሺݑ ൌ ܷ  :ሻ can be expressed as followsݐሺ߱݊݅ݏ
 

ሻݐሺݒ ൌ |ሺ݆߱ሻܩ|ܷ ݊݅ݏ ቀ߱ݐ          ሺ݆߱ሻ൯ቁܩ൫݃ݎܣ

 (10) 
 

where the set ቀ|ܩሺ݆߱ሻ|,  ሺ݆߱ሻ൯ቁ are theܩ൫݃ݎܣ

parameters of the linear subsystem to be estimated.  
Then, using (9) one immediately gets that the signal 
 ,ሻ can be expressed as (for more details see, [1]ݐሺݓ
[24]):  

ሻݐሺݓ ൌ ∑ ,ሺܷܣ ,ߙ . . . , ሻߙ ݐሺ݇߱ݏܿ  ሻߠ

ୀ         

 (11) 
 
where ߠ, for ݇ ൌ 0. . . ݊, is known real constant, 
and the expression ܣሺ. ሻ according to the variables 
.ߙ . . .ሺܣ  is already determined, butߙ ሻ is not 
known. Finally, the output ݕሺݐሻ can be expressed as 
follows:  

ሻݐሺݕ ൌ |ሺ݆߱ሻܩ|ܷ ݊݅ݏ ቀ߱ݐ  ሺ݆߱ሻ൯ቁܩ൫݃ݎܣ 
∑ ,ሺܷܣ ,ߙ . . . , ሻߙ ݐሺ݇߱ݏܿ  ሻߠ

ୀ            ሻݐሺߦ

 (12) 
 
Accordingly, it is seen that the signal ࢞ሺݐሻ 

defined by (6) is related to the output by the 
expression:  

ሻݐሺݕ ൌ ሻݐሺݔ   ሻ     (13)ݐሺߦ
 
Furthermore, knowing that the signals ࢜ሺݐሻ and 
ሻ are of period ܶݐሺݓ ൌ  , using (6) we߱/ߨ2
conclude that the signal ࢞ሺݐሻ is of period ܶ ൌ
 . This result is very interesting, it allows to߱/ߨ2
filter the output ݕሺݐሻ. Specifically, the filtered 
output noted ݕሺݐሻ, can be given, for any large 
integer N, by:    

ሻݐሺݕ ൌ
ଵ

ே
∑ ݐሺݕ  ݇ ܶሻ
ேିଵ
ୀ   for  0  ݐ ൏ ܶ  

(14a) 
ሻݐሺݕ  ൌ ݐሺݕ െ ܶሻ  otherwise     (14b)          

 
It is readily seen that the filtered output ݕሺݐሻ 
converges to the signal ࢞ሺݐሻ, which is given by:  

ሻݐሺݔ ൌ |ሺ݆߱ሻܩ|ܷ ݊݅ݏ ቀ߱ݐ  ሺ݆߱ሻ൯ቁܩ൫݃ݎܣ 
∑ ,ሺܷܣ ,ߙ . . . , ሻߙ ݐሺ݇߱ݏܿ  ሻߠ

ୀ    (15) 

 
It is readily seen that the signal ࢞ሺݐሻ is also of the 

period ܶ ൌ  . Furthermore, using the filtered߱/ߨ2
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signal ݕሺݐሻ, the parameters of linear subsystem 

ቀ|ܩሺ݆߱ሻ|,  ሺ݆߱ሻ൯ቁ and those of nonlinearܩ൫݃ݎܣ

subsystem ሺߙ, . . . ,  .ሻ can be obtainedߙ
 
 

4 Simulation   
This section aims to present some examples of 
simulation to show the effectiveness of the obtained 
results. The studied system (Fig. 1) is described by 
the following linear subsystem: 

ሻݏሺܩ ൌ
ଵ

ሺ௦ା.ଷሻሺ௦ା.ሻ
        (16) 

and by the following nonlinear subsystem: 
 

݂ሺݑሻ ൌ െ0.1ݑଷ  ଶݑ0.5 െ  (17)    ݑ0.3
 
The nonlinearity ݂ሺݑሻ is plotted in Fig. 2. 

 

 
Fig. 2:  The nonlinearity ݂ሺ. ሻ 

 
Then, using the proposed method established in 

section 3, all variables can be estimated. Firstly, the 
system of Fig. 1 is excited by the signal (8) by 
choosing ߱ ൌ where ߱ ,ݏ/݀ܽݎ	0.02 ∈
ሼ߱ଵ,  . . ,  ߱ሽ is the chosen set of applied 
frequencies. It is shown that the signal ࢞ሺݐሻ is of 
period ܶ ൌ ߱/ߨ2 ൌ  Then, the output of .ݏ314.16
this system is given in Fig. 3. This result shows that 
the signal ࢟ሺݐሻ is of period ܶ ൌ ߱/ߨ2 ൌ  ,ݏ314.16
but affected by disturbances. Using the filtered 
signal ݕሺݐሻ, given by (14a-b), one gets the signal 
plotted in Fig. 4. This figure confirms that the signal 
is also of period ܶ (ሻݐሺݔ or the estimate of) ሻݐሺݕ ൌ
߱/ߨ2 ൌ   .ݏ314.16

 
Fig. 3:  The output ݕሺݐሻ of the system 
 

 
Fig. 4:  The filtered signal ݕሺݐሻ 
 

This test is repeated for other periods	 ܶ ൌ /ߨ2
߱, where ߱ ൌ  Then, use the signal (8) .ݏ/݀ܽݎ	0.1
in the input of the system. Then, the output ࢟ሺݐሻ of 
this system is given in Fig. 5. This result shows that 
the signal ࢟ሺݐሻ (but affected by disturbances) is of 
period ܶ ൌ ߱/ߨ2 ൌ  Then, the filtered .ݏ62.83
signal ݕሺݐሻ, obtained using (14a-b), is given in Fig. 
6. 

 
Fig. 5:  The output ݕሺݐሻ of the system 
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Fig. 6:  The filtered signal ݕሺݐሻ 

 
Finally, using the filtered signals ݕሺݐሻ, obtained 

using (14a-b) and represented by Fig. 4 and Fig. 6, 
the parameters of linear subsystem 

ቀ|ܩሺ݆߱ሻ|,  ሺ݆߱ሻ൯ቁ and those of nonlinearܩ൫݃ݎܣ

subsystem ሺߙ, . . . ,  ሻ can be estimated (usingߙ
(15)). 

 
 

5 Conclusion  
The problem of system parameter estimation is 
addressed for a more general nonlinear model. In 
this respect, the proposed nonlinear system is 
composed of the parallel connection of linear and 
nonlinear blocks. This solution is easy and more 
general.  
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