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Abstract: - There are various numerical methods for solving integral equations. Among the new numerical
methods, methods based on splines and spline wavelets should be noted. Local interpolation splines of a low
order of approximation have proved themselves well in solving differential and integral equations. In this
paper, we consider the construction of a numerical solution to the Fredholm integral equation of the second
kind using spline approximations of the seventh order of approximation. The support of the basis spline of the
seventh order of approximation occupies seven grid intervals. We apply various modifications of the basis
splines of the seventh order of approximation at the beginning, the middle, and at the end of the integration
interval. It is assumed that the solution of the integral equation is sufficiently smooth. The advantages of using
splines of the seventh order of approximation include the use of a small number of grid nodes to achieve the
required error of approximation. Numerical examples of the application of spline approximations of the seventh
order for solving integral equations are given.
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1 Introduction equation for the angiogenic factor, [4].
Integral equations often arise in various The development of two numerical techniques for
applications. Many problems of astrophysics, solving the convection-diffusion type partial
mechanics, viscoelasticity, elasticity, vibrations, 1r.1tegr0—d1fferent1al. equation (P.IDE) with a weakly
plasticity, hydrodynamics, electrodynamics, nuclear singular  kernel is St}ldled - the  paper, [5.]-
physics, biomechanics, geology, medicine problems, The charged pa}rtlc-le motion for  certain
and many other problems are formulated in terms of cpnﬁguratlons of oscﬂla'tlng magnetic ﬁ.elds can.be
integral equations. The mathematical model for simulated by a Volterrg 1nt§gro-d1ffer§nt1al equation
many problems is arising in different industries of of the second order with time-periodic coefficients,
natural science, Dbasically formulated using [6]-

As it is known, equations of the second and first

differential and integral equations. The investigation . TOWIL € ‘
kinds are distinguished among the integral and

of these equations is conducted with the help of the

numerical integration theory, [1]. Mathematical and integro-differential equations. Usually, the solution
physics problems are often reduced to solving of an integral equation is reduced to the solution of a
integral or integro-differential equations. system of algebraic equatlpns. '

The (2+1) dimensional Konopelchenko— The compound trapezoidal scheme is often used
Dubrovsky equation (2D-KDE) is an integro- to solve the first-order linear Fredholm integro-

differential equation and the second-order linear

differential equation which describes two-layer fluid ) ) i ¢
Fredholm integro-differential equation, [7], [8].

in shallow water near ocean shores and stratified

atmosphere, [2]. In paper [9] the trapezoidal rule is used to
In paper [3], the two-dimensional Volterra approximate the integral in linear and nonlinear
integro-differential equations for viscoelastic rods fractional Eredholm 1qtegrod1fferept1al €quations.
and membranes in a bounded smooth domain are The B-spline collocation method is used to solve
studied. the system of singular integro-differential equations,
Hypoxy induced angiogenesis processes can be [10]. ) . '
described by coupling an integro-differential kinetic On the B-spline basis, the Hartree-Fock integro-

equation of Fokker-Planck type with a diffusion
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differential  equations are reduced to a
computationally eigenvalue problem, [11].

In paper, [12], the approximation of the solution
of Fredholm integro-differential equations of the
second kind using an exponential spline function
was applied.

In paper, [13], the cubic B-spline collocation
method is used to solve the stochastic integro-
differential equation of fractional order.

In the paper, [14], the advanced multistep and
hybrid methods have been used to solve Volterra
integral equation.

In paper, [15], the kernel as well as the right part
of the equation are initially approximated through
Legendre wavelet functions.

In the paper, [16], the forward-jumping methods of
hybrid type are used for the construction of the
methods with a high order of accuracy.

In the paper, [17], the Fourier integral transform
has been employed to reduce the problem of
determining the stress component under the contact
region of a punch in solving dual integral equations.

In the paper, [18], the method of integral equations
is proposed for some problems of electrical
engineering (current density, radiative heat transfer,
heat conduction). Presented models lead to a system
of Fredholm integral equations, integro-differential
equations, or Volterra-Fredholm integral equations,
respectively.

This paper discusses the solution methods based
on the use of local splines of the seventh order of
approximation. We use these splines if the kernel
and the right side are sufficiently smooth functions
and we want to use a small number of grid nodes.
To construct an approximate solution at points
between grid nodes, we use the interpolation of the
same local splines.

2 Problem Formulation

Let {x;} be a grid of nodes on the interval [a, b].
Note that the approximations with the splines are
constructed separately for each grid
interval [xg Xp41].

In this paper, we consider the application of
splines of the seventh order of approximation to
solve integral Fredholm equations of the second
kind. Different modifications of the splines of the
seventh order of approximation are used at the
beginning, in the middle, and at the end of the
interpolation interval [a, b]. The support of the basis
spline occupies seven grid intervals.

First, consider the approximation properties of
polynomial splines of the seventh order of
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approximation. Let {x;} be a uniform grid of nodes
on the interval [a, b]: a = xy <...<x, = b with step
h. Let us assume that the values of the function
u(x) are given at the grid nodes. The approximation
using basis splines is built separately on each grid
interval as the sum of the products of the values of
the function u at the grid nodes and the basis splines

Let r,rybe integers, r +1r, =7, r =2 1,1, = 1,and
the spline w; be such that suppwy =
[Xk+r) Xk4r,].  Following  the  methodology
developed by Professor S. G. Mikhlin, we find the
basis functions wj; by solving the system of
approximation relations

k+r
X wj(x) = x°,

Jj=k-11
s=01,...56. (1)

With different values of the parameters r, 17, we
get basis splines suitable for approximation at the
beginning of the interpolation interval (the right
basis splines), in the middle of the interpolation
interval (the middle basis splines), or at the end of
the interpolation interval (the left basis splines).

2.1 Approximation with the Middle Basis
Splines

With r; =3 and r = 3 we get the middle splines.
When constructing an approximation on a finite
interpolation interval, we use the middle splines,
departing 3 grid intervals from the points a and b
that are the ends of the interval of integration. At the
beginning and the end of the interval [a,b], we
apply, respectively, the left and the right splines. For
example, on the interval x € [xg,Xxriq1], We
construct the approximation with the middle splines
at a distance of three grid intervals from the ends of

the interval [a, b] in the form:
k+3

ti(x) = Z u(xj)w]’-”(x) , X € [Xp Xpt1]- (2)
j=k=3
where the middle basis splines w]M (x) have the
form:
wi—3(x) = cp_3(x)/dk_3,

where
Cre—3(%) = (X = Xpep3) (0 — Xpey2) (X — Xpe41)
X (x = x3) (¢ = x3-1) (¢ — Xp—2),
die-3 = (X3 = Xpe43) (-3 — Xpe42)
X (Xg—3 = Xpep1) (Xpe—3 — )
X (-3 = Xp—1) (X3 — Xx—2);
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w,’:’_z(x) = de_Z(X)
k-2
Cr—2(x) = (x = Xp43) (X = Xp12) (X — Xp11)
X (x = x3) (x = xp_1) (x — x3_3),
di—2 = (-2 = Xp43) (X2 = Xpes2)
X (Xg—z = Xga1) (X2 — Xi)
X (Xg—2 — Xg—1) (X2 — Xp—3);

)

Cr—1(x)
di—1
Cr—1 = (X = Xpey3) (0 — Xpy2) (X — Xpe11)
X (x = x3) (x — xp2) (x — x3_3),
dg—1 = (-1 = Xga3) (Xg—1 = Xpe42)
X (xg—1 — Xga1) (g1 — Xg)
X (-1 = Xg—2) (Xg—1 — Xg—3);

¢ (x

ol =22

Cr(x) = (¢ — xp43) (X — Xpy2) (X — Xp 1)
X (x = xp—1) (X — xp—2) (x — Xp_3),

dp = (X — Xpa3) (g — Xg2) O — Xpe1)
X (e = xp—1) (e — Xp—2) (g — Xie—3);

wkM—1(x) =

Cr1(X) = (o = xpe43) (X — X 2) (X — x)
X (x = x—1) (X — xp—2) (x — Xp—_3),

A1 = Okpr = Xra3) (K1 — Xpes2)

X (X1 — %) (g1 — Xp—1)

X (X1 — Xk—2) (41 — X—3);

w%z(x) = —CkC;Z(x)
k+2

Cra2(X) = (x — xp41) (X — x) (X — xp—1)

X (% = xp—2) (X — xp_3) (X — Xp43),

Az = (Xkaz — Xka1) K2 — Xi)

X (X2 = Xk—1) (K42 — Xpe—2)

X (X2 — Xk—3) (K42 = X43);

)

Wiz (x) =
Cr3(X) = (o = xp42) (X — X 1) (X — x5)
X (x = x—1) (X — xp—2) (x — xX4—3),
Az = (s = Xga2) Ktz = Xpe1)
X (Xp43 = %) (g3 — Xp—1)
X (Xg43 — Xk—2) (K43 — X—3)-

The plots of the basis splines w]M ), j=

k—3,..k+ 3, are given in Fig. 1, Fig. 2,
Fig. 3, Fig. 4, Fig. 5, Fig. 6, Fig. 7.
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Fig. 1: The plot of the basis spline w}’ ;(x) when
Xk+1 = 1,xk = 0.
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Fig. 2: The plot of the basis spline w},(x) when
Xk+1 = 1,xk = 0.
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Fig. 3: The plot of the basis spline w ;(x) when
Xky1 = 1,xk =0.
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Fig. 4: The plot of the ba51s spline a)kM(x) when
Xk+1 = 1,xk = 0.

Fig. 5: The plot of the basis spline w2, ;(x) when
Xky1 = 1,xk =0.
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Fig. 6: The plot of the basis spline w} ,(x) when
Xk+1 = 1,xk =0.
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Fig. 7: The plot of the basis spline wk,3(x) when
Xk+1 = 1,xk = 0.

2.2 Approximation with the Left Basis
Splines

Let us consider the approximation with the left basis
splines. We get the left basis splines when 1, = 5,
r = 1. In this case, formula (1) on the interval
[xk, Xk +1] takes the form:

k+1

ti(x) = 2 u(xj)a)j’-“(x),x € [xp Xk+1]- (3)

j=k-5
where the basis splines wk (x) have the form

wi—s(x) = cp-s(x)/dy_s,
Cr—5(x) = (x — xp41)(x — x) (X — xp—1)
X (% = xp2) (X — xp—3) (X — Xp_a),
dy—s = (Xg—5 — Xps1) (X5 — Xic)
X (x5 — Xg—1) (X5 — Xp—2)
X (X5 — Xk—3) (X5 — Xj—4);

di—s
Cr—a(x) = (x = xp41)(x — x) (X — x4—1)
X (x = x—2) (x — xp—3) (x — Xp—5),

A4 = (Xg—a = Xp1) (K — Xi)
X (xg—g — Xg—1) (Xg—g — Xp—2)
X (Xg—g — Xg—3) (Xx—g — Xg_s5);

wk_l}(x) =

ck—3(x)

di—s3
Cr—3(x) = (x = xp41)(x — x) (X — xp—1)
X (% = xp—2) (X — xp—g) (x — Xp—5),

wk—3(x) =
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dg—3 = (Xg—3 — Xp41) (X3 — i)
X (Xp—3 = Xg—1) (Xg—3 — X—2)
X (Xg—3 — Xg—a) (Xg—3 — Xg_5);

Cr—2(x)

di—z ’
Cr—2(x) = (x — xp41) (x — x) (X — xp_1)
X (o = xp—3) (X — xp_g) (X — xp_5),

di—z = (g—z = Xpeg1) (X2 — x1)
X (X2 = Xg—1) (X—2 — Xp—3)
X (Xg—z — Xg—2) (Xg—2 — Xg—s);

wi—z(x) =

Cr—1(%)

di-1
Cr—1(x) = (¢ — xp41) (x — x3) (X — xk_2)
X (x = xp-3) (X — x—g) (x — X_5),
dg—1 = (-1 = Xpg1) (-1 — )

X (Xg—1 — Xg—2) (X1 — Xg—3)
X (Xpg—1 — Xg—g) (X1 — Xg—5);

a)k_l(x) =

cr(x)

dk ’
C(x) = (¢ — xp 1) (0 — X1 (X — xp_3)
(x = xp—3) (x — xp—a) (X — xp_5),
di = (xx — Xga1) (e — Xpe—1) (g — Xpe—2)
(e = xp—3) (g — xp—g) (e — Xpe_s);

wi(x) =

Cre41 ()

)

a)kﬂ(x) = drat
+

Cr1(x) = (x — x3 ) (x — xp—1) (X — Xp—3)
X (x = xp-3) (X — x—g) (X — X_5),

dr+1 = (g1 — X)) (e — Xpe—1)

X (Xg1 — Xp—2) (g1 — Xg—3)

X (X1 — Xg—a) (X1 — Xg—s).

2.3 Approximation with the Right Basis
Splines

Consider the approximation with the right basis
splines. Let 13 =0, r =6, in this case, on the
interval [x, X;41] formula (1) takes the form:

k+6
i(x) = z u(xj)wf(x),
j=k
where the right basis splines a)f(x) have the
form:

x € [x, Xp41] 5 (4)

cr(x)
dk ’
Cr(x) = (X — Xp16) (X — Xpey5) (X — Xpyq)
X (X = Xpe43) (X — Xp42) (0 — Xpq1),
dr = (xx — Xpa6) (X — Xpey5) (X — Xpea)
X (X = Xpea3) O — Xpea2) O — Xieg1);

wig (x) =
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Cr1 () = (X — Xp16) (X — Xpi5) (X — Xi4)
X (x = xp3) (X = Xp42) (x — X)),

A1 = (1 — Xire) K1 — Xiews)

X (X1 = Xkta) Xpes1 — Xpe43)

X (X1 = Xa2) K1 — Xp);

Cra2(X) = (X = Xpy6) (X — Xpy5) (X — Xpqa)
X (X = Xpe43) (X — X)) (0 — x5,

Az = (g2 = Xire) Ktz = Xieas)

X (g2 = Xkta) K42 = Xpe43)

X (Xgt2 = Xkt1) Kg2 — Xp);

Cra3 (1) = (¢ — Xpa6) (X — Xpey5) (X — Xpeya)
X (X = Xpp2) (X — Xpp) (X — x),

Atz = (ks — Xire) (Kkt3 — Xieys)

X (43 = Xta) K43 = Xiey2)

X (Xgs3 = k1) K43 — Xp);

Crea(X)
Aic+a
Crra(x) = (0 = Xp16) (X — Xpq5) (X — Xp43)

X (X = Xpp2) (X — Xp) (X — x),
Airs = (Xgpa = Xire) Kkrs — Xiess)
X (Xgta = Xkt3) Kp4a — Xpe42)

X (Xta = Xk1) Ky — Xp);

w,§+4(x) =

)

Cr+5(x)
diss
Cras () = (6 — Xp16) (6 = Xpeia) (X — Xp43)

X (X = Xpp2) (X — Xp) (X — x),
diss = (Ckes — Xire) Xkas — Xieya)
X (Xgss — Xk43) Kpas — Xp42)

X (Xgts — Xk1) (Xgas — Xp);

w§+5(x) =

)

Crre(X) = (X = Xpy5) (X — Xppa) (X — Xpe43)
X (2 = Xpq2) (6 = xpe41) (X — x),

Aire = (Xkre = Xkas) (Xkte — Xicra)

X (Xg+6 = Xk+3) Xkt — X42)

X (X6 = Xk+1) (Xiews — Xie)-

2.4 Approximation Theorem
Further, we will use the norm of the vector of
the form:

Il u ”[a,b]= xrg[%] | u(x)]
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When approximating a function with the
splines of the 7™ order of approximation, the
next Theorem is valid.

Theorem. If supp wy = [Xk_1, Xx4+6], then the
following inequalities are valid:
lu(x) - ﬁ(X’.)lxe[xk»xk+1]
I u(7) "[xk—5:xk+1]

Y
<95.842-h 7

If supp wy = [Xr_3,Xkx4+4], then the .following
approximation estimate is valid:

lu(x) - ﬁ(x) |xE[xk,xk+1]

7
<12.359-h7 I u® s tiera]
<12. 7 :

If suppwy = [Xx_g Xk+1], then the .following
approximation estimate is valid:

lu(x) - ﬁ(x)lxe[xk,xkﬂ]
I u(7) ”[xk'xk+6]

B
<95.842 -h T

Proof. In the case of approximating the function u
on the interval [xj,x41] near the left end of the
interval [a, b], we use the right basis splines:

k+6

fi(x) = Z u(xj)a)f (x)dx , x € [x, X411 -
=k
Let us estimate the approximation error on the
interval [x;, X;+1] when the right basis splines were
used. Using the formula of the remainder term of the
interpolation polynomial that solves the Lagrange
interpolation problem, we obtain the relation
7(£)
. u
u(x) —ii(x) = T (x = xp) oo (X — Xpei6)
§ € [Xk—s) Xp41]-
There is a product (x — xy) ...(x — xk4¢) in the
error estimate. Let the ordered grid of nodes {x;} be
uniform with step h. Let us estimate the product of
factors (x — xp) ... (X — Xp46)-
Thus, estimating the maximum of the expression

@
: 7!(5) (x = x3) .. (¢ = Xp46), Where & € [xg, Xp16,

we obtain

" u(x) - ﬁ(x) "[xerk+1] =K h7 I u(7) "[xkr Xk+e] °

Similarly, we obtain an approximation estimate on
the grid interval [xy, xj4+1] with the left and middle
splines.

This completes the proof of the theorem.
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3 The Application of the Local Splines
of the Seventh Order of

Approximation to Calculate Integrals

First of all, we note how to apply local splines of the
seventh order of approximation to calculate integrals
over the interval [a, b]. As already noted, the spline
approximation of the function is applied separately
for each grid interval. Applying the estimates given
in the theorem, we should calculate the integral

f: f(s)ds as followed.

Let s; be the nodes of the set on the interval [a, b]:
a=5y<5 < <s,=h.

We represent the integral in the form:
b

ff(s)ds = Z Ska(s)ds.

a k=0 "S5k

The function f(s) = K(x,s)u(s),s € [sk, Sk+1l,
can be approximated with the expression: f(s) =
f(s) = K(x,s)u(s). Let us denote ¢; = u(s;), and
let a,, and B,,,m = 1,2,3, determine the type of
spline: the left, the right, or the middle spline. On
the intervals [sg,Ski1], kK =0,1,2, we put a; =
k,py =k+6. On the intervals [sySk41], k=
3,..,n—4, weputa, =k —3,8, =k + 3. On the
intervals [sgSg4q,k=n—3,..,n—1, we put
az;=k—-5p8=k+1.

Let us denote ¢; ~ u(x;). Now we use the following
approximations of the function u(s) at the first three

grid intervals of the interval [a, b]:
k+6

Tig(s) = z ¢ wf(s), S € [sk,Sk+1), k=012,
j=k
We use the following approximations of the
function u(s) in the middle of the interval [a, b]:

k+3
()= ) Gof(), s € [sesenl,
j=k—3
k=3, ..,n—4.

We use the following approximations of the
function u(s) at the last three grid intervals of the
interval [a, b]:
k+1
L) = Y GoHE), 5 € [sesinl
j=k—5
k=n-3,..,n—1.
We assume that the integral f:kk“ K(x,s)w;(s)ds

can be computed exactly. Otherwise, we can use the
quadrature formulas. In this case, it is necessary to
take into account the error of the applied quadrature
formula. We can use, for example, Simpson's
compound formula.
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4 The Application of the Local Splines
of the Seventh Order of
Approximation which is used to
Calculate a Solution of an Integral

Equation
First, we discuss the solution of the integral

equation of the second kind
b

Au=u(x) — f K(x,s)u(s)ds = g(x),
a
€ [a, b].

We assume that the kernel K (x, s) and the right side
of the equation g(x) are continuous. In addition, we
assume that the equation is uniquely solvable and
the estimate for the norm of the inverse operator in
the space C is known: || A~ |I< B.

Let us choose an integer n = 10. We build a
uniform grid with a step h = ?.

Using the results from the third section, we can
reduce the integral equation to the solution of a
system of linear algebraic equations. To do this, we
put X = X, m=0,...,.n—1, (X,

takes the same valuesas s;, j=0,...,n—1) in
the equation
2 k+6 Skad
u@=-y Z c,f K(x, 5)wf (s)ds +
k=0 j=
n—4 k+3 Ska1
Z z c]f K(x, s)wM(s)ds +
k=3 j=k
n-1 n—1
Sk+1
cjf K(x, s)w]L(s)ds = g(x).
k=n-3 j=n-3 Sk

And now we have to solve the system of linear

algebraic equations
2 k+6

ulxy) — z o jSkHK(xm, s)a)R (s)ds +

k=0 j=k
-4 k+3

Z ¢ f5k+1K(xm, s)(uM(s)ds +

]_
n-1 n-1

S

Ning

¢ jSkHK(xm, s)a)]L(s)ds = g(m).

M

k=n-3 j=n-3

m=20,...,n
First, let us consider some examples of the
application of splines of the seventh order of
approximation in the example of solving the
Fredholm integral equation of the second kind.
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Example 1. Consider the equation
1

Y00 + [ sinGe = e y()ds = (),
0
x € [0,1].
Note that the right side of this equation was
constructed according to the exact solution, which
has the form y(x) = sin(10 x). The plot of the
function g(x) is given in Fig.8.

_lj‘"‘I""\""I""\""\
0 0.2 04506 08 1

Fig. 8: The plot of the function g(x).

Using splines of the seventh order of approximation
we construct the system of equations.

Solving the system of equations with the number of
grid nodes (n = 16), we obtain the solution error
that is shown in Fig. 9. The nodes are marked along
the abscissa axis. For comparison, in Fig.10 a plot of
the absolute values of the solution error when using
splines of the second order of approximation is
given (see, [19], [20]). Programs for solving the
integral equations were developed in the Maple
system.

0 4 3

Fig. 9: The application of the splines of the seventh
order of approximation

0.0020
0.0018
0.0016
0.0014
0.0012
0.0010
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0 02 04 06 08 1

Fig. 10: The application of the composite quadrature
formula of trapezoids
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In Fig. 10, Fig. 12, along the abscissa axis, the
integration interval is marked, and in other figures,
grid nodes are plotted along the abscissa axis.

Example 2. Consider the equation
1

y(x) + f e*Sy(s)ds = g(x), x € [0,1].
0

The exact solution of this equation is y(x) =
e3%sin(3 x). The right side of the integral equation
was constructed according to the exact solution.
Using splines of the seventh order of approximation
we construct the system of equations. Solving the
system of equations with the number of grid nodes
(n = 16), we obtain the solution error that is shown
in Fig. 11. Fig. 12 shows the error in solving the
equation using the composite quadrature formula of
trapezoids (n = 16).

1406

1.2¢ 06 ]
R 106
8007
6607

0 4 8
X

12

Fig. 11: The application of the splines of the seventh
order of approximation

0.011
0.010
0.009
0.008
0.007
0.006
0.005

0 02 04 06 08 1

Fig. 12: The application of the composite quadrature
formula of trapezoids

Note that to achieve the order of error of 107° using
the trapezoid formula, the number of grid nodes n =
512 was required, and the computation time was
125 seconds. Using the splines we can construct
formulas for approximating the derivatives of the
function with the given error.

Example 3. Consider the equation
1

y(x) + f sin(x s)y(s)ds = g(x), x € [0,1].
0
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The exact solution of this equation is y(x) =
sin(x?). The right side of the integral equation was
constructed according to the exact solution. Solving
the equation using splines of the seventh order of
approximation with the number of grid nodes (n =
16), we obtain the solution error that is shown in
Fig. 13.

4000
3¢-09-
R 2¢00-

1e-09 ]

0 4 8 12 16
X

Fig. 13: The application of the splines of the seventh
order of approximation (n = 16).

Solving the equation using splines of the seventh
order of approximation with the number of grid
nodes (n = 10), we obtain the solution error that is
shown in Fig. 14.

12607
R geos-

6 2 4 6 8

Fig. 14: The application of the splines of the seventh
order of approximation (n = 10)

Example 4. Now consider the integral equation:
1

u(x) + j exp(x + s) u(s)ds = f(x),

0

where x € [0,1].

The exact solution of the integral equation is the
next: u(x) = exp(—x). The right side of the integral
equation was constructed according to the exact
solution. Applying spline approximations of the
fifth order to the solution of the equation, [19], we
obtain the error which is shown in Fig. 15. When
applying spline approximations of the seventh order
to the solution of the equation, we obtain the error
which is shown in Fig. 16. A program was
developed in the Maple environment. A uniform
grid of nodes was built on [0,1], consisting of 16
nodes (n = 16).
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4e-09-

R3e—09‘
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0 4 8 12 16
X
Fig. 15: The plot of the error obtained using spline
approximations of the fifth order (Digits=20,

n = 16)

1.5¢-127
2e-12]
2.5¢12-
3e12-
3.5¢-12-

R

o 4 8 21
x
Fig. 16: The plot of the error obtained using spline

approximations of the seventh order (n = 16)

5 Conclusion

In this paper, we consider the solution of integral
equations of the second kind using splines of the
seventh order of approximation. The results of
solving the same integral equations using splines of
the order of approximation less than 7 are given
also. It should be noted that with the same number
of grid nodes, polynomial splines of the seventh
order of approximation provide a smaller error
compared to splines of a lower degree. In the future,
numerical schemes for integro-differential equations
will be constructed. It is supposed to develop
numerical methods for solving integral equations
with a weak singularity based on the use of splines
of the seventh order of approximation.
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