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Abstract We give the definition of the families of .% — ﬂat structures and .% —flat connections in vector bundles
over .7 —foliated mamfolds Essential: existence of a .# —flat structure is equivalent to the existence of a .7 —{flat

connection. Let {f } be a family of subbundles of a vector bundle £. There exists a family of .% —flat structure

A A A
{A} in &, relative at £, if and only if exists a family of .# —flat connections {V} in & (Theorem IIL.5). . —flat
structures (Theorem I1I.1), and integrable .% —flat structures (Theorem III.5), are considered. Finally, integrable
I'—structure and .% —flat structures on total space of a vector bundle are presented (Theorem IV.1).
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1 Introduction transition functions are constant along the leaves of
foliation .%. Suppose that the leaf topology admits a

The notion of foliation of manifold is of great interest
countable base.

for geometers. It is the basis of some results regarding

the decomposition of tangent bundle of the foliated AACSILVP’EUQH' i3 kK = 12,
manifold into the tangent bundle to the leaves and the i1, J, 3 kK = p + Lp+2,.5abec.. =
transverse bundle. Many authors have dealt with this L2,...m (or m + TL)- m :dlmM . ) )
topic from different point of view. The tangent bundle ) We use the classical summation convention for in-
can be structured in various ways, [1], [2], [6]. dices.

In, [5] the foliations studied are induced by geo-
metric structures. In our paper, on the contrary, we 2 Families of . —flat structures
use the .# —flat structures to obtain (affine) geomet- ( ﬁ.f.s.) and .Z —flat connections
ric structures on the leaves. In other work, [6], the o
leaves have remarkable structures, that is piecewise- (-# .f.c.) on vector bundles
linear, differentiable or analytic structure. The principal tool of this section is to present some

The origin of the present work can be found in,
[4]. The notion of .% —flat structures was introduced
by us, [3]. In present paper we obtain some interest-

A A
relations between % .fis. A and % .f.c. V defined
in vector bundles over foliated manifolds. Let M

[ee]

ing characteristic results regarding the links between be 2 O —diff., paracompact, & —foliated manifold,
# —flat structures and .# —flat connections for para- where Z = {(Uaq, Vo)}aer = {(Ua,a*,a* }ae_I-
compact manifolds. We also prove an existence theo- Let { = (E,m, M) be a vector bundle over M; E'is
rem of .% —flat structures and formula for connection total space of {, n =its projection, and R" =fiber of
which define a .%# —{lat structure. 3 . .

Here the word “foliation” means a foliated atlas Denote: T'M is tangent bundle kOf M, and T 7 is
and a decomposition of a manifold M into connected the tangent bundle of 7. Here (2") are coordinates
submanifolds of dimension p. We suppose that the in a leaf of .#, T = (x¥) =secondary coordinates.

manifolds, foliations, maps are C'°°—differentiable
(C*°—diff.) on the morphisms of vector bundles are
of constant rank. We use terms “fiber bundle with

A
Consider a family of subgroups {G} of GL(n, R),
A=1,2,...and r =rangf. The set of all sections ofa

bE 13 9 )\
structure group”, or “vector bundle . The 9 —flat vector bundle (; ) is denoted T'(; ). Let £ = ( E H M)
structures and .# —flat connections are defined in vec-
tor bundles over foliated manifolds, for which the be the subbundle of ¢ with structure group G E is to-
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tal space of 5 H pI'OJeCtIOIl and R* =fiber of 5
Denote Aa B :Uq ﬂ Ug — G the transition functions
of € which define 5, a, € I. We use sections of ¢

A
relative to &, i.e. sq : Uy — E/U,. Consider the open
covering {Uq }aer of M and s, sg two local frames

A
fields of £ on Uy, Ug, respectively.
A A
Definition 2.1. A set A = {(sq,A408)/Sa =
—{flat structure in vector bundle

A
¢ relative to § if the transition functions Aqp are con-

A
Anpsg} deﬁnes an .#

A -
stant along the leaves of .7, i.e. Aag( )= Aag(xk),
r =V, (zF, xk) \IJB (¥, z*¥"). The vector bundle

A
¢ endowed with an .% —flat structure A is called an

A
—flat vector bundle relative to .

A A
Let V be a connection of .

A
Definition 2.2. The frame fields 0,03 of £ are
A
parallel at the connection V along leaves of .7 —flat
A A
F)if Vxoo =Vxo3=0,YX € I'(TF).
A

A
Lemma 2.3. Let V be a connection on &, h =

- A
(Ua;z*,2%) € Z, and 04,05 frame fields of &
(p.a.l.F), and 0, = Bogog on Uy, N Up.

(p. a. L

A A
IfVxoo,=Vxog =0, then:
Bp are constant along the leaves of F .

Proof. Let w,w’ be the connection forms of

Then

A
V with respect to o,,03, respectively.

w(X) = Byw'(X)Bas + B_3dBas(X), and

dBys(X) = 0, for X = 9k € I'(T'#). Hence
X

O0Bap 0

oxk

Using this lemma, we are able to study some

A
properties of . -f.s. of £ relative to &.

A A
Definition 2.4. The connection V of £ is .% -flat
A
if its curvature Q(V) satisfies

Y)) =0,VX,Y € T(T.%).

along the leaves of .%

A
the condition Q(V (X

The following result justifies the denomination of
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Z -flat structure”.

Theorem 2.5. Consider a vector bundle
& = (E,m,M) over a paracompact, ¥ -foliated

manifold M. Let 5 be a Subbundle of &. There exists

F-flat structure A in § if and only if exists an

A A

F flat connection V in €.
Proof. Consider, for A arbitrary fixed, an .% -flat

A A
connection V in &, and 5, = (5%) a frame field of
E/U,, a,b=1,2,...,n. We determine a frame field
A

A
Sq = Adﬂ . :Svﬁ, Sa = (Sg), Aaﬂ = (AZ) such that

A A

Vxsq =0, X € I'(T#) where A,3 is an unknown
A

) the connection form of V

ngdx +r’ad;c

. A A
matrix. Denote & = (W8

,-\./b

relative to s, = (S;,), where w

On U, NUg # 0, we have: V r sa—Va (Aa'sfb):

ak

Q

A
0. Therefore, (A%) satisfies

a

aAa b\ = _
Ok —|—A2I‘Ck) Sp =

the equations

aﬁb A >\
axk Fck_

In this system, z =

2.1)

(z*) are independent variables
and T = (x*) are parameters. We transform this sys-

AA
tem in the Pfaff system d A%+ AT, da® = 0, where d
is the exterior differentiation operator. Using Frobe-

A
nius theorem, [7], and det(A%) # 0, we obtain the
following compatibility conditions:

A
ore, argk AL A,
re, F PC F . 2.2
(9:1:’“ oxt + akl'ei =0 2.2)
A
On the other hand, Q(V) (l 0 ) = 0, where

oz* > Ozt
A A
(V) denotes the curvature of V. These relations co-
A
incide with the relation (2.2). Hence exists: A5 =
A A A

(Ab) and s, = (s4), where Vxs, = Vxsz = 0,
X € I'(T'#). Then, using the lemma 2.3, the set

A A A
A = {(sa,Aag)}aper isan Fp.s. in&.
A A
let A = {(sa, aﬁ)}aﬁe[ be an
A A A
F fs.in&, where Ayp(x) = A g( ) x € UyNUg.

Conversely:

Over U, define an operator V on E/U,, hence:
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A A A
%Sa = 0, X € I'(T#), sa € A. Extends V&

A
tos = ANsg: Vs = X(A)sq, A* 1 Ug = R
are functions. Now, let {a,} be a partition of
unity subordinate to {U,}. Then, we define:

(%&3)@) Y oa aa(x)(eg“(s)(:c), Ve € M. The

A
operator V¢ satisfies the condition from the defini-
tion of a connection, for X € T'(T.%). Let T+-.%
be a subbundle of 7'M complementary of 7.7,
TM TF © T+Z. Now define a connection

1n£ D : F(TM) ><F( ) —
DZS = Vg"(s + VXL where V is a fixed connection

in 5, Z = X+ Xt e I(TM), X € I'(TF),
X+ € T(T+%). The connection D is .Z-flat.

b
Indeed, Dxs = Vs, and Dy s, = Oq(X

A
I'(E) by the relation

)Sa =0,
where ©, = (%) is the matrix of connection D
relative to s, and Q(D) (%,%) = 0; QD)

denote the curvature of D. Hence, D corresponds to
A
A. The theorem is proved.

Use precedent notations.

Proposition 2.6. Let % be the principal frame
A
bundle of §&. Then exists a Ff.s. N in & if and only if
A
there exists a subbundle % of X.

A
Proof. The total space of Z is

E U {sa(z

zeM

)}xeb

A
where A(x) = (sa(), Aa 5())a,ger-
A A A A A
The projection m of Zis 7 : E — M, 7(s4())
x,r € M.
The reciprocal results using the method to demon-
strate the precedent theorem.

3 Remarkable .% -flat structures

The aim of this Section is to highlight the link between
the integrability of I'-structures and .# —f.s. This in-
tergrability can be achieved using a special atlas of
differentiable structure of manifold.

These remarkable .% —f.s. show interest in the to-
tal space of a vector bundle.
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3.1 Families of .7 -flat structures and tensor
fields
Let 92 (M) be the set of C>°—diff tensor fields of

type ( ) defined on M. Consider a family of connec-

tions V = D + at, where D is a given connection
on M,t € Z'(M) and o € R. Connection D and
t are symmetric along the leaves of .7 if the torsion
of D, T(D)(X,Y) = 0 and t(X Y) t(Y, X),

VX,Y € I'(T.7). Denote Q( )% tas )% atl., the

components of curvatures Q( ), QD

the leaves of .#, relative to chart h
Using precedent notations, we have

QD
) and t, along
= (U;F, 2F).
Theorem 3.1. Let M be a C*°—diff., paracom-

pact, and F —foliated manifold.
1. If D and t are symmetric along the leaves of &,
(03

then V is a symmetric connection along the leaves of

F.
2. If D defines an &

[0
V defines an F

-flat structure A on M, then
(e}
-flat structure V on M if and only i
y

ot otb
Tk et T~ TG = 0, k€= 1,2, p
Proof. 1. This affirmation is clear from the re-

lation T(V)(X,Y) = T(D)(X,Y) +
HY, X)|, X,Y € D(T.F).

«
2. Using the definition of curvatures (V), Q(D)
along the leaves of .#, we obtain the relations

a (9 9\ 0 a, 0
o) (g5 gur) s =T Ot

t(X,Y) -

ots ot otb 0
' (81"3 a (%C F tial'ke - Jy £ thalte Oz’
2 e I(TM/U), 2. 22 € T(TF/U),
kl=1,2,...p;a,b,c=1,2,....m.

Remark (*). The Theorem 2.5 gives, for ¢ =

A
TM = &, the result: there exists an .#.f.s in TM
if and only if there exists an .% .f.c. in T'M.
Now, the affirmation 2 results from the precedent
remark.

3.2 Integrable .7 -flat structures
The following is a consequence of Lemma 2.3 for

A
£=TM =¢.

Lemma 3.2. Let 04,08, 0o = B,gdg be two
arbitrary frame fields of TM /U, NUg, 0o = Bagog
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on Uy, N Ug, and V a connection of TM. If
V o 0o =V _o og =0, then B,g are independent
oxk axk

frorh (zF).

Definition 3.3. We say that an .#-flat structure
A on T'M is integrable if A is defined by the family

{ 88 } of natural frames and Jacobian matrices J,3 =

0.
8‘20, b 7661

Let {I'?.} be the coefficients of a connection V

relative to the chart h = (U; 2¥, xE)

Definition 3.4. An arbitrary vector field t = ¢¢ 821
on M is parallel relative to V, along the leaves of .7
(p.a.l.%) if covariant derivative of ¢ in connection V,
along the leaves of .7, is null t|k = 8;1 +T¢,tP =0,
5L k=1,2,...,pa,b=1 , M.

Theorem 3.5. Let M be a C*°-diff., paracom-
pact, ¥ -foliated manifold and ¥V a connection on
M. Consider an arbitrary C*°-diff. vector field t
on M, t(x) # 0, Vx € M. Then, there exists an
F-flat structure A on T M if't is parallel relative to
V, along the leaves of F. Moreover, in precedent
conditions, V is . -flat.

Proof. Step I. Consider t = t* 8‘9a and tfk =0 (tfk

denotes covariant derivative). Then: ax —I‘%btb,
and
82t(l a?t(l
= — YRS
Oxkoxt  Ox'dxk
ore.  gre
b kb b
<8xk 8J+F’“3b L5, C>t_0

Because ¢ is arbitrary, t(z) # 0, z € M, precedent
relations give

ors,
oxk

a
arkb a ¢ Fa c
i ket jb

=0. (3.1

Step II. Let ( ) be an arbitrary frame field of
TM/U. We prove that there exists a frame field

( a;) parallel in connection V along the leaves
of .#. Indeed, let aga Ab 2

wg.r be a frame
field (p.a.l.#), where A (A%) is a unknown

matrix, that satisfies the conditions V 2 82
b 8

0. B = Vo (A 2
o) .

<8zk GFZC) 57 = O. Hence, A,p = (AY) satis-

fies the equations

AL

Sk AT = 0.

(3.2)
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To study this system we use Frobenius theorem,
[7]. The result coincides with the relations (3.1).
Therefore, the system (3.2) is compatible. Hence,

(AL (z")) and V_o_g0z = 0.
azk

Now, we use Lemma 3.2. Consequently,

there exists on T'M, the .#-flat structure A

L AwstD)

The second statement follows from the definition
of curvature (V) along the leaves of .%. Indeed, let
Sa = (5p) be a frame field of TM /U. Then:

g 0\
Q(Vv) (Wa W) Sp =

there exists: A,g(z) =

= v—a (F?agb) -V o (FZagb) =
ort,  art
J ka c b
= F F F =0.
(833’“ OxJ + % =

This proves the theorem.

3.3 .Z-flat structures and vector fields

Lemma 3.6. Let M be a C* diff, paracompact,
F -foliated manifold, t a C*°-diff. vector field on M,
t(x) # 0, Vo € M. A symmetric connection NV on M
is F-flat if and only if the second covariant deriva-
tions of t, in connection V, and along the leaves
of F, coincide; i.e. tfw =15, 47 = 1,2,..,p
a,b=1,2,....m

Proof. Expression of ¢ in the chart A

(U; xi,a:"> st = t“axu.
tions of curvature and torsion of a connection (along
the leaves of .#). Partial covariant derivations of ¢

in connection V, along the leaves of ., satisfies the
relations:

Now, we use the defini-

o = O
|z az

I@J

+T2,¢b, and

(3.3)
= Q(V)§ut’ = T(V)}

a
e il

Since V is symmetric, 72(V) = 0, and hence
T(V)?j = 0. Therefore, the relations (3.3) implies:

b
Then, precedent relations prove Lemma 3.6.
Using precedent results and Remark (*) one obtain

Theorem 3.7. Let M be a C'*°-diff, paracompact,
F -foliated manifold. Lett be a C*°-diff. vector field,
t(x) #0,Vx € M. If'V is an .F —symmetric connec-
tion on M, then the following affirmations are equiv-
alent:
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1) V is an % -flat connection;

2) V determines an .7 -flat structure on M,

3) Mixed covariant derivations of t in connection
V, along the leaves of %, coincide.

Proof. Itis clear, from the Lemma 3.6, that 1)«>2).
From the Remark (*) and Lemma 3.6 follows that
2)<+3). This proves the theorem.

4 Integrable .7 -flat structures on the
total space of a vector bundle over

an .Z -foliated manifold

Define a differentiable structure on the total space F
of ¢ = (E,m, M) in the following way. Consider
a trivializing atlas A; = {(Ua, ¢4, R™)} ey of E

and ¥ = {(Uav¢a)}a61 = {(Ua,ka’piﬁ?\)}
Then, the atlas of Fis A = {(ﬂ'_an, ha)}

{ <Ua; z*, $E, y“) } where h,
zel

R™ % R, ha(u) = ($a(m(w), Pomw(@), u €
71U, C E. The coordinates change for A is: 2"’
s (wk, ack), ¥ =2V (xk), Yy = M (x)y?, = =

Yot (2F ak) = zbgl (mkxk>, where (M2 (z)) is
a field-matrices that describes the precedent coordi-
nates change in 7' (z), (M (z)) € GL(n, R).

An . -flat structure A on E is integrable if A is

ael'
ael =
U, —

: 0 0 0 _
defined by the family of frames (W? 5T Dy ) ,a =
1,2,....n.

a B 0
Denote ' = 0 v O where «, 3,7

0 0 ¢
are p X p, (n — p) X (n — p), n X n real matrices,
respectively. We remark that I" is a subgroup of
GL(m +n, R).

Theorem 4.1. Let M be a C*°-diff., paracom-
pact, F-foliated manifold and { = (E, 7, M) a vec-
tor bundle over M. Suppose that E has a differen-
tiable structure defined by the atlas A. Then:

1) The atlas F = {(Un, 7%, 2%)}aer defines an
integrable .F -flat structure A on T M if and only if
% induces a locally affine structure on the leaves of
F. Moreover, in this case,

0 0 L
A= —, —= ;Jag(x) , xGUaﬂUﬁ,
Ox* Dk a,Bel

1 A " (o) N

where Jo5(x) = 0 g;i/ (z), (AY) isa
oz Lo

constant p X p matrix, det (A; ) # 0and b (ZL'T) are
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arbitrary real functions on U, N Usg.
2) The atlas .F defines an integrable .7 -flat struc-
2
ture A = {(82“ %, 02“) ;Jaﬂ(x)} st onTM
a,pbe
if and only if the atlas A defines an integrable T'-

2
structure on the manifold E, where J,p(u) € T,

-/ 81)1
2 A 8‘%; ’
Jaﬁ(u) = 0 aa;k 0 (U),
8~a’ % o -~
Sl ACY

u € n H(UyNUg), g« (acE) are some real functions,
det(gg («*)) #0.

1 )
Proof. 1) We determine J,3(z). To obtain (z")
RO
B;’,'/ (7),2 = (x’) , where A¥ (%), Z&Z/ (%) are arbitrary
real functions. The solution of the first equations is
b = AL (Z) + b (), where b* () denote arbitrary
rea} functions. Now, we require that the functions
(") to verify the last equations:

consider the system P.D.E.

DA
ot

ob" y
~ = B (Z),
oxt : (@

ii' 5,7 =1,2,..,p;i,0... = p+1,p+2,...,m. The
integrability conditions for this system of P.D.E. are
%z B OAY

dxidz]  OxIdx

9%z 8B;?'/
dridri 0!

=0.

Therefore, AY (Z) =constant. Using precedent rela-
g’;i = BY (%), and hence b depends
only on T = <:1:Z> The coordinate transformations

tions, we have

are: 21 = AV'2' +07(2), 2 = 2% (27). Hence (V)
defines an affine structure on a leaf of .%. Therefore

1
A= {(83> ;Ja6<x>} 7
Ox' " aBel

where

A is an integrable .%# -flat structure on T'M.
Conversely: Let F' be an arbitrary leaf of .7 de-

fined by the equations z* =constant. Using precedent
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notations, the locally affine structure on F' is given by
= Al z' +b" . Consequently:

0 0 1
A = -, —= | ;
() uin).
1 A,:/ 8bl
Jap(z) = ( ) ) (2).

0
oxt

defines an .

2) Remark: If .

2
by Jag(x), then Jaﬁ(x) is a submatrix of J,g(u),
m(u) = = € U, N Ug. Hence, the problem is to de-

F fs. on TM given

2
termine all the elements of J,3(u) in the hypothesis
2 ,
that J,3(u) is independent from (z*). To obtain the

2
last line of .J 5 3(u), we use the coordinate transforma-
tions:

M= AF 2k 4 ¥ (J:E), ok = 2 (JJE),
= Mg (z)y* ~ 4.1
€= ¢71($kaxk) = ¢§1(3«"k )xk )

By an abuse of notation, we write M% (2*, x ) for
(Mg 0 w;h)(a*, 2F).
We obtaln the system of P.D.E.:

oy” _ oMy («*,aY))

8:B’“/ N l@xkk - go

dy* _ oMy (95A7$ )ya7 (4.2)
gzvk oxk

8?; = Mg (a;k, l’k)

The solution of the system (4.2) do not depend on
(z*) if and only if there exist some functions f& (z*),
(ke
9% (") so that
oMY . 7 OMY %

8931' _fai(a7 )7 a.fUE :ga;(x

), 4.3)

A~

Za.]ak_l 2 . 7p> 7] k:
1,2,..
Solve the system (4.3).  Obtain Mg =

a(x )x + g% (x )A where §¢ (z*) are arbitrary real
functions, det(g% (x*)) # 0. Now we want that M &
to verify the last equations (4.3):

oM af («*) g (aF 7
2 _ aZ(A' )_|_ Ga (é ) :ga]( k) (4‘4)
Ox? Ox? Ox?
For the integrability conditions we use (4.3) and
4.4):
*MY  ofy  9*MY  dgq
Oridxi  Oxi  Oaixt O

p+1,p+2,...,n,a,a =

=0.
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~a’ ~
Hence f& =constant, and therefore ga = g% (2¥),

i.e. g do not depend on ().
Coordinate change of A are:

= AV xt bV (xE), oF =g l(xz),
= (f&a' + g4 (a%))y*.

2
The last elements of J,g(u) are:

oy 0 C kg )
9 = gk akt” +33)y" = fary”,

/

e G M)
(9xk Oxk ’
a _~
ay = foa® + 37 (o).

2 2
The matrix J,g(u) defines an .7 fs. if Jog(x) =

2
Jap(z ) Therefore, f% = 0.
The  last

2
0, a5’ (A, ),ga( )) and hence Jop(u) € T

Therefore A defines an integrable I'-structure on F.

element of  Jug(u) are:

2
Conversely: If there exists the matrix J,g(u) from
2
theorem, then the existence of J,5(u) determines the

1
existence of J,g(u), * = w(u) € Uy N Ug. The
affirmation follows.

Conclusions: The F-flat structures are based on
families of local frames linked to each other by con-
stant matrices along the leaves of foliation.

These structures are usefully in the study of vector
field on Riemannian foliated manifolds. The remark-
able structures included in the work are of interest for
the total space of a vector bundle.

It would be interesting to develop the study of
these structures on analytic complex manifold.

References:

[1] Apreutesei C., Automorphismes  d’une
Gp—structure, C.R. Acad. Sc., Paris, Vol.
271, 1970, pp. 481-484.

[2] Apreutesei C., Quelques classes caracteristiques
et Gr-structures, C.R. Acad. Sc., Paris, 280, 1975,
pp- 41-44.

[3] Apreutesei C., Sur les structures .% -plates dans
les fibres vectoriels, An. St. Univ. Al. I. Cuza lasi,
1, 2004, pp. 105-110.

Volume 22, 2023



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2023.22.63

[4] Apreutesei C., Partial trivial structures in real vec-
tor bundles, An. St. Univ. Al. I. Cuza lasi, LXIII,
2017, pp. 429-440.

[5] Bejancu A., Farran H. R., Foliations and Geomet-
ric Structures, Springer 2006.

[6] Fuks D.B., ”Foliations”, J. Soviet Math. 18 No.
2(1982),255-291.

[7] Papuc I. Dan, Geometrie diferentiala, Editura Di-
dactica si Pedagogica, Bucuresti, 1982.

E-ISSN: 2224-2880

576

C. Apreutesei

1/. Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting Pol-
icy)

The authors equally contributed in the present re-
search, at all stages from the formulation of the prob-
lem to the final findings and solution.

2/. Sources of Funding for Research Presented
in a Scientific Article or Scientific Article Itself

No funding was received for conducting this study.

3/. Conflict of Interest

The authors have no conflicts of interest to declare
that are relevant to the content of this article.

Creative Commons Attribution License 4.0

(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the

Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
us

Volume 22, 2023



	Introduction
	Families of F-flat structures (F.f.s.) and  F-flat connections (F.f.c.) on vector bundles
	Remarkable F-flat structures
	Families of F-flat structures and tensor fields
	Integrable F-flat structures
	F-flat structures and vector fields

	Integrable F-flat structures on the total space of a vector bundle over an F-foliated manifold



