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1 Introduction

This note presents some results on various subsemi-
groups of Ni*(+) (= No(+)™). The results show-
cased in this article may encompass both new find-
ings and components of previously published results.
However, consolidating them into a singular output is
a theoretical basis for further research.

The motivation for investigating such problems
stems from several parts of mathematics. Holes in
subsemigroups of Ni*(+) (if A is a subsemigroup
of Nij*(+) then an element / of the pure subsemi-
group generated by A is said to be a hole in A if
h ¢ A) were applied to transportation problems in
[T]. There also is a close connection with the the-
ory of semirings. For example, the problem whether
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every commutative parasemifield (i.e., an algebraic
structure with two commutative and associative bi-
nary operations such that the multiplication is a group
and distributes over addition) finitely generated as a
semiring is additively idempotent was in [2] affirma-
tively answered in 2-generated case by transferring

the problem to subsemigroups of Nij*(+) with special

properties; this method was further developed in [3],
[4]. It also seems that the investigation of finitely
generated cones could be useful in the investigation
of context-free languages (see e.g. [5], [6], [7]).

2 Preliminaries (a)

The following notation will be used throughout the
note:
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N ... the semiring of positive integers;

Np ... the semiring of non-negative integers;
Z ... the ring of integers;

QT ... the parasemifield of positive rationals;
@ar ... the semifield of non-negative rationals;
R+ .. the semifield of non-negative reals.

Throughout this section, let m € N and let A be a
subset of Q" (the ring of ordered m-tuples of ratio-
nals, where the operations of addition and multipli-
cation are defined componentwise), where we denote
0= (0,...,0) € Q™ (no confusion can arise). We
put

conv(A)
= {Z?:lqmi‘n eNya; € AqeQt,Y g = 1}
and cone(A) =

Lemma 1.1. (i) A C conv(A).

(if) conv(conv(A)) = conv(A).

(i) If A C (QF)™ then conv(A) C (QF)™
moreover, 0 € conv(A) if and only if 0 € A.
(iv) If A C (QF)™ then conv(A) C (QF)™
0 ¢ conv(A).

and,

and

Proof. The assertions (i), (iii) and (iv) are quite easy.
As concerns (ii), take a € conv(conv(A)). Then
a=>3 1", qga,n €N, a; €conv(A), ¢ € Q" and
Zi q; = 1. Furthermore, a; = 257:1 qijQij, k; € N,
a;; € A, ¢ € Qf and >-;%; = 1, and hence
a = ;> %ugijaij- However, 37,3, igij
>2i(@i >2; @) = >2; @ = 1. Thus a € conv(A).

Lemma 1.2. (i) A C conv(A) C cone(A)
conv(B), where B = {qala € A,q € QF }.

(ii) If A # () then O € cone(A).

(iii) cone(cone(A))
cone(conv(A)) = cone(A).

(iv) If A C (QF)™ then cone(A)

O]

conv(cone(A))

C (Q)™

Proof. It is easy.

Lemma 1.3. cone(A) = A if and only if conv(A)
A and gA C A for every q € Q.

Proof. 1t is easy. O

Lemma 1.4. If A # () then cone(A) is just the sub-
semimodule of the Q(T -semimodule Q™ generated by
the set A.

Proof. 1t is easy. O

Lemma 1.5. cone(A) = A if and only if either A = ()
or A is a subsemimodule of the Qa“ -semimodule Q™.

Proof. See 1.3 and 1.4. O
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Lemmal.6. Letn € N,n > m+2,q1,...,q, € QJ,
a,...,a, € Q™ and a = Y q;a;. Then there are
T1ly...,Tp € Qg such that a =Y ra; and r;;, = 0

for at least one i1, 1 < i1 < n.

Proof. Clearly, there are sq,...,s,-1 € Q such that
St si(a; — an) = 0 and s;, # 0 for at least one
ig, 1 < i9p < n—1. Then ) ;" ,s,a; = 0, where
—81 — -+» — Sp—1, and we have > s; = 0.
Consequently, the set J = {j|s; > 0} is a non-
empty subset of the set {1,...,n} and we find jp €
J such that t = gq;,/sj, < qj/s; forevery j € J.
Clearly, t € Qa’ . Now, put r; q; — ts; for all

Sp —

t=1,...,n. Thenr; € Qar and rj, = 0. Finally,
> ria; = a. O
Lemma 1.7. cone(A) = Jcone(B),

m + L.

Proof Leta =" qa;,n €N, g € Qf, a; € A.
If n is the smallest possible number with this property
then n < m + 1 by 1.6. The rest is clear. O

Lemma 1.8. cone(A) = {3 "' qiai|a; € A,q €

Q }-

Proof. See 1.7. O

Lemma 1.9. Assume that A is a subsemigroup of
Q™ (+) that is generated by a non-empty set B. Then
cone(A) = cone(B).

Proof. Since B C A, we have cone(B) C cone(A).
On the other hand, cone(B) is a subsemigroup of
Q™(+) by 1.4, and hence A C cone(B). Conse-
quently, cone(A) C cone(cone(B)) = cone(B) by
1.2(iii). O
Lemma 1.10. Assume that A is a subsemigroup of
Q™(+). Then:

(i) For every a € cone(A), a # 0, thereis k € N with
ka € A (C conv(A)).

(ii) Either 0 ¢ A and cone(A) = {0} U ey A/k or
0 € A and cone(A) = ey A/k

Proof. We have a = Y I, qia;, n € N, a; € A,
€ Q. If k € Nis such that k¢; € N for every i
then ka = > kq;a; € A. O

Lemma 1.11. If A is a subsemigroup of Q" (+) then
cone(A) = {0} U ey conv(A/k).

Proof. See 1.10. O

Lemma 1.12. Assume that A is a subsemimodule of
the QT -semimodule Q™. Then:

(i) If 0 € A then conv(A) = cone(A) = A.

(ii) If 0 ¢ A then conv(A) = A and cone(A) = AU
{0}.
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Proof. 1t is easy. O

Lemma 1.13. [fcone(A) = Q™ then 0 € conv(A).

Proof. There are n € N, a; € A and ¢;,r; € Qar
such that (—1,0,...,0) = > ga;, (1,0,...,0)
Srian,qg=>.q¢ € QT andr = > 1, € Q". Now,
0=>(gi+ri)a;,andso > %ai = (0 as well. But

q;j::"’ = 1 and it follows easily that 0 € conv(A).
O

Lemma 1.14. Let A be a subsemigroup of Q™ (+)
andleta € A, b € QM and k,l € Ng, k+1 > 1,
be such that kb — la € A (AU {0}, resp.). Then
(k—1)a+kbe A(AU{0}, resp.).

Proof. We have (k — 1)a + kb = (kb —la) + (k +
l—1)a € A. O

Lemma 1.15. Let ai,...,a, € conv(A), n € N
Then (a; + - - - + an)/n € conv(A).

Proof. It is easy. U

3 Preliminaries (b)

,qn) € Q" weput|all = /3 g} €

Fora = (¢, . -
RS

Remark 2.1. Let ¢ = {ey,...,e,} be a basis of
the vector Q-space Q™. For every a € Q" there
are uniquely determined 7;(a) € Q such that a
> mi(a)e;. Then m; : Q™ — Q are projections of
the vector Q-spaces and these projections are continu-
ous. Consequently, for every g € QT thereist € QT
such that |m;(a)| < g forall¢ = 1,...,m, whenever
a € Q™ is such that ||a|| < t.

Lemma 2.2. Let ag,...,a,, € Q™ be such that
the elements a1 — aog,...,am — ag are linearly Q
independent (then they form a basis of Q™). Take
905 -, qm € QF such that > it0q; = 1 and put
a = > ;qjaj. Then there is t € Q" such that
a+b e conv({ag,...,an}) for every b € Q™ with
||b]| < t.

Proof. Put ¢ = min({g;/m|j = 0,1,...,m}) €
Qt. By 2.1, where e = {a1 — ag,az — ag, ..., am —
ap}, there is t € QT such that |m;(b)| < ¢ for all
i =1,...,m, whenever b € Q™ is such that ||b|| <
t. Moreover, if we put mo(b) = —> " | m;(b) then
b =3 m;(b)ay, [mo(b)| < g, 323, m;(b) = 0,
> jeo(ai + (b)) = Land g; + m;(b) > 0 for every
j=0,1,...,m. Thusa+b=>"""(q;+m;(b))a; €
conv({ag,...,am}). O
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Lemma 2.3. Let aq1,...,a, € Q™ be linearly in-
dependent elements (then they form a basis of Q™).
Take q1,...,qm € QT and put a = >, q;a;. Then
thereist € Q7 such that a+b € cone({ay, ..., an})
Sor every b € Q™ with |[b]| < t.

Proof. First, find » € Q% such that r¢ < 1, where
qg=>.",q € Q" and putaf, = 0, a} = a;/r and
g =rgifori=1,...,m. If gy = 1 — rq then ¢; €
QF forevery j =0,1,...,m, > " yq; = landa =

Z;n:o q;a;. Now, by 2.2, there is t € QT such that
a+b € conv({ay,a],...,al,}) C cone({a,...,am})
for every b € Q™ with ||b]| < t. O

Lemma 2.4. Let a1,...,a, € Q™ be linearly in-
dependent and let o = 2111 gia;, ¢i € Q. Then,
for every b € Q™, there isn € N with na + b €
cone({ay,...,an}).

Proof. By 2.3, there is t € QT such that a +
¢ € cone({ay,...,am}) whenever ||c|| < t. Now,

|b/n|] < t for some n € N, and hence a +
b/n € cone({aj,...,an}). Then na + b €
cone({aj,...,an O
Lemma 2.5. Let ay,...,a, € Q™ be linearly inde-

pendent and let a = " | g;a;, ¢ € QF. Then, for
every b € Q™, there are r,s € QF with ra + sb €
conv({a,...,am}).

Proof. By2.4,na+b € cone({ai,...,an}) for some
n € N. Our result is clear for na + b # 0. If
na + b 0 # athen0 # (n+ 1)a+b €
cone({aj,...,an}). Finally, if a 0 = na+b
then b = 0,0 € conv({ay,...,an}) and we can put
r=1=s.

4 Preliminaries (¢)
In this section, the structure of these subsets is de-
scribed in more detail. Attention is paid to the case
when A is a subsemigroup of Q" (+).

Let A be a subset of Q*, m € N. We put

a(Ad) = {a € Q"|(F € Q™) (Vr,s € QM)
ra + sb ¢ cone(A)}, B(A) = a(A) N cone(A),
v(A) = a(A) Nconv(A) and §(A) = a(A) N A.

Lemma 3.1. The following conditions are equivalent

fora e Qm:
(i) a € a(A).

(ii) There is at least one ¢ € Z™ such that ra + sc ¢
cone(A) forallr,s € Qt.

(iii) Thereis at least one d € Q™ such that ra+ sd ¢
conv(A) forallr,s € Q7.

(iv) There is at least one e € 7™ such that ra + se ¢
conv(A) forallr,s € Q7.
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Proof. Clearly, the conditions (i) and (ii) are equiva-
lent, the conditions (iii) and (iv) are equivalent and (i)
implies (iii). It remains to show that (iii) implies (i).
Assume first that ra+ sd € cone(A) and ra+sd # 0.
Then there are n € N, a; € A and ¢; € QT such
that ra + sd = Y ;¢a; and > ¢ = ¢ € QF.
Now, (r/q)a + (s/q)d = >_(ai/0)ai, 3_ai/q = 1
and (r/q)a+ (s/q)d € conv(A), a contradiction with
(iii). Consequently, if ra + sd # 0 forall r,s € QT
then ra + sb ¢ cone(A) and a € a(A).

Next, assume that r1a+ s1d = 0 for some rq, s1 €
Q*. Then 0 ¢ conv(A), d = (—r1/s1)a and ra +
sd = (r — ((r1s/s1))a ¢ conv(A) forall r,s € Q7.
If a € cone(A), a # 0, then raa € conv(A) for suit-
able 75 € QT and, setting 7 = 79 + (r15/s1), we get
ra+ sd = rea € conv(A), a contradiction. It follows
that a € (Q™ \ cone(A)) U {0}.

If a ¢ cone(A) then, setting b = 0, we get ra +
sb = ra ¢ cone(A) forallr,s € Q" and a € a(A).
Finally, if @ = 0 then, choosing b € Q™ \ cone(A)
(see 1.13), we get ra + sb = sb ¢ cone(A) for all
r,s € Q". Again, we obtain a € a(A). O

Lemma 3.2. (i) go(A) C a(A) and qB(A) C B(A)
for every g € Q7.

(ii) For every a € B(A), a # 0, there is r € QT with
ra € y(A).

Proof. It is easy. U

Lemma 3.3. The following conditions are equiva-
lent:

(i) 0 € a(A).
(ii) 0 € B(A).
(iff) B(A) # 0.
(iv) a(A) # 0.
(v) cone(A) # Q™.

Proof. Clearly, (i) implies (ii), (ii) implies (iii), (iii)
implies (iv) and (iv) implies (v). If b ¢ cone(A) then
r0 + sb = sb ¢ cone(A) for all r,s € Q. Thus
0 € a(A) and (v) implies (i). O

Lemma 3.4. [f A C (QT)™ then 0 € 3(A).

Proof. We have cone(A) C (QF)™and 0 € B(A) by
3.3. O

Lemma 3.5. a(A) = (Q™ \ cone(A)) U 5(A).

Proof. 1f a ¢ cone(A) then ra ¢ cone(A) for every
r € Qt, and hence a € a(A). O

S am € Q™ be linearly in-
S qiai, ¢ € QF. Then

Lemma 3.6. Let ay, ..
dependent and let a =

a ¢ aA).
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Proof. See 2.4 (or 2.5). O

Lemma 3.7. (i) a(cone(A)) = a(A).
(ii) B(cone(A)) = ~y(cone(A)) =
B(A).

Proof. The equalities follow easily from the defini-
tions of the sets involved and from 1.2(iii). 0

d(cone(A)) =

Lemma 3.8. Assume that A is a subsemigroup of
Q"™(+). Then for every a € B(A), a # 0, there is
k € N with ka € §(A).

Proof: We have a = ), g;a; for some a; € A, ¢; €
Q",i=1,...,n,n € N. Choosing k € N such that
kq; € N for every i, we get ka € A. But ka € $(A)
by 3.2(i), and hence ka € §(A).

O

Corollary 3.9. If A is a subsemigroup of Q™ (+
then B(A) = Urend(A)/k or 5(A) = {0}
Uken 9(A)/k.

Lemma 3.10. Assume that A is a subset of (Qg )™
Then @™\ (@)™ C a(A).

Proof. We have cone(A) C (Q, )™, and hence Q™ \
(Q4)™ C a(A) by 3.5. On the other hand, if a =
(q1---,qm) € (QF)™\(Q")™ then g; = 0 for at least
one 7 and, setting b = (0,...,0,—1,0,...,0) where
—1 is the i-th coordinate, we have ra + sb ¢ (QF)™
forall r,s € Q*. Thus a € a(A).

DC\_/

Lemma 3.11. Let aq,...,an € Q™ be linearly in-
dependent and let a = Y ", q;ia;, ¢; € Q. Then

a¢a({a,... an})
Proof. See 2.5. O
Lemma 3.12. The following conditions are equiva-
lent for a € Q™:
(i) a ¢ a(A).
(i1) For every b € Q™ there are k,l € N with ka +
b € cone(A).

Moreover, if A is a subsemigroup of Q™ (+) with 0 €
A then these two conditions are equivalent to

(i) For every b € Q™ there are k1,1l € N with
kia+11b e A.

Proof. Clearly, (iii) implies (ii) and (ii) implies (i). If
a ¢ a(A)thenra+sb € cone(A) forsomer, s € Q
and we have tra + tsb € cone(A), where t € N is
such that ¢r,ts € N. Finally, if A is a subsemigroup
of Q" (+) and 0 € A then (ii) implies (iii) by 1.10(1).

O

Lemma 3.13. Ifb € Q" \ a(A), a € Aand g € Qf
then ga + b ¢ a(A).
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Proof. The result follows easily from 3.12(ii). O

Lemma 3.14. Assume that A is a subsemigroup of
Q™ (+). Then either 6(A) = Aor A\ a(A) is a
subsemigroup of Q™ (+).

Proof. If §(A) # Athen A ¢ a(A)and B = A\
a(A) # (. Now, the fact that B is a subsemigroup of
Q™(+) follows from 3.13. O

Lemma 3.15. Assume that A is a subsemigroup of
Q™(4). Then, for alla € Aandb € Q™ \ a(A),
thereisn € Nwith (n — 1)a +nb € A.

Proof. By 3.12(iii), k1b — lia € A U {0} for some
k1,11 € N (notice that cone(A) = cone(AU{0})) and
a(A) = a(AU{0}). Now, by 1.14, (n — 1)a+nb €
AU{0} for some n € N. If (n — 1)a + nb = 0 then
(2n—1)a+2nb=a € A. O

5 Subsemigroups of N,(+) (a)

In this section, let A be a subsemigroup of N{'(+).
We denote by £(A) the set of the elements a € A such
that b —a € A, wheneverb € Aand b — a € Nj".
Equivalently, e(A) = {a € A|A+a= (N +a)N
A}

Lemma 4.1. The following conditions are equiva-
lent:

(i) 0 € A.
(i) 0 € e(A).

(iii) £(A) # 0.

Proof. Clearly, (i) implies (ii) and (ii) implies (iii). It
remains to show that (iii) implies (i). Ifa € £(A) then
a=a+0,andsoa € (NJ'+a)NA=A+a. Then
a =b+ aforsome b € A and, of course, b = 0. [

Lemma 4.2. Either 0 ¢ A and ¢(A) = Q) or 0 €
e(A) C Aand e(A) is a subsemigroup of A.

Proof. 1t is easy (use 4.1). O

In the rest of the section, we will assume that 0 €
A (see 4.1 and 4.2).

Lemma 4.3. (i) If b,a € €(A) are such thatb — a €
Ng then b — a € e(A).

(i) (¢(A) — e(4)) N NG = =(A)

(iii) e(e(A)) = ¢(A).

Proof. (i)Sincea € ¢(A)andb € A, wehaveb—a €
A. Now, if ¢ € Aissuchthatc—(b—a) = (c+a)—b €
N{* thenc4+a € Aand c—(b—a) € A,sinced € £(A).
Thus b — a € ¢(A).

(ii) and (iii). Use (i). O
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Lemma4.4. c(A) —c(A) CZ™ ande(A) —e(A) is
Jjust the difference (sub)group of the (sub)semigroup
g(A).

Proof. 1t is easy. O

Lemma4.5. If A+a € €(A) for at least one a € N{J*
then e(A) = A.

Proof. First,a = 0+a € a+ A C ¢(A), and so
a€e(A). Now, A= ((A+a)—a)NN{* C (e(A) —
e(A)) NN = e(A) by 4.3(ii). Thuse(4) = A. O

Corollary 4.6. If c(A) # A then for every a € N{J!
thereis at least one b € Asuchthata+b ¢ ¢(A). O

Forevery a € A, put 9(A,a) = {b € N |a +
be A}, Yp(A,a) = {c € NJ'|(n — 1)a + nc €
Aforsomen € N} and £(A,a) w(A,a) N
V(A a).

Lemma 4.7. (i) AU {0} C £(4, a).
(i) NJ* \ a(A4) C (A, a).
(iif) N N Qa C (4, a).

Proof. (i) It is obvious.

(i1) This is ensured by 3.15.

(iii) We can assume that a # 0. Take b € Ni' N Qa,
b # 0. We have b = ra/b for somer € Z, s € N,
and hence sb = ra and we conclude easily that r €
N. Now, sb —ra = 0 and (s — 1)a + sb € A (see
1.14). O]

Lemma 4.8. [f a € =(A) then both (A, a) and
£(A, a) are subsemigroups of Ni*(+).

Proof. First,ifa + by € Aand a 4 by € A for some
b1,bo € NglthenQa—{—bl—l—bg € Aanda + by +
by € Nj'. Since a € ¢(A), we geta + by + by € A.
Similarly, if ¢1, co € (A, a) then (n—1)a+nc; € A
forsomen € Nyn >3, (2n —2)a+n(c1 +c2) € A
and, since a € £(A), we conclude that (n — 1)a +
n(c1 + c2) € A. O

6 Subsemigroups of N,(+) (b)

Define a relation < on N§* by a < b if and only if
b—a € Njj*. Clearly, the relation < is reflexive, anti-
symmetric and transitive, and hence it is an ordering.
This ordering is stable under both addition and multi-
plication. Notice that it satisfies the descending chain
condition, but not the ascending one.

Lemma 5.1. There is no infinite set of pair-wise in-
comparable m-tuples in N{J".

Proof. The assertion is clear for m = 1 and we pro-
ceed by induction for m > 2.

Let A be a set of pair-wise incomparable elements
from NjJ'. For k € Ny, put B, = {b € Nj* !|a <
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(b, k) for at least one @ € A}. Then By C B; C
By C ... and all the sets B, are filters of the ordered
set NJ"~!. Then B = |J By is a filter and we denote
by C the set of minimal elements of B. The elements
of C' are pair-wise incomparable, and hence C is a
finite set by induction. Consequently, C' C By, for
some kg and it follows that By, = By,+1 = - --
B. Now, ifa = (b1, k1) € A, by € NJ''!, &y €
No, then by € By, C B = By,, and therefore a; <
(b1, ko) for some a3 € A. If kg < kj then a; <
a, and hence a1 = a and k1 = kg. It means that
k1 < kg anyway. Furthermore, if C; denotes the set
of minimal elements from B;, i = 0,1,..., kg, then
C}is afinite set (and C, = C). Since by € By, , there
iscy € Cy, withep < by and (¢, k1) < a. According
to the definition of By, we can find as € A such that
as < (c1,k1). Thenay < a, and therefore as = a and
b1 = c¢1. We have proved that A C Ufio(ci x {i})
and it follows immediately that A is finite. O

Example 5.2. Put m = 2. Then A,
{(0,n),(1,mn — 1),...,(n — 1,1),(n,0)} (C N2),
n € Ny, is a set of incomparable elements and | 4,,| =
n+ 1.

Proposition 5.3. Let Ay be a non-empty finite subset
of Ni' and let A be a subsemigroup of Ni*(+) such
that Ay C A C cone(A). Then A is a finitely gener-
ated semigroup.

Proof. Let Ay = {a1,...,an}, n € N, and B =
{30 gailg € Q¢ < 1}NNG. Clearly, A C
A C cone(A;) N N§' and B is a finite subset of N{'.

Ifa € Athena = > ria;,r; € Q(T, and we have
r; = l; + s; for suitable I; € Ng and s; € QS_, s; < 1.
From this, a = by + ) _l;a;, where by = ) s;a;.
Since ¢ € N and ) l;a; € N{', we get by € B.
Moreover, either Y l;a; = 0or > l;a; € A.

For every b € B, put Ny = {(k1,...,kn) €
N§ |b+ > kia; € A}. Then N, is a filter of the or-
dered set N{j* (see 5.1 and its proof) and the set M, of
minimal elements from NN, is finite. Of course, IV, =
{d € Nj*|c < d for some ¢ € M} and the set
C= {al,...,an}UUbeB{b—i-kiai\(kl,...,kn) S
M, } is a finite subset of A. Taking into account the
preceding steps, one sees easily that the semigroup A
is generated by the finite subset C'. O

Theorem 5.4. The following conditions are equiva-
lent for a subsemigroup A of Ni*(+):

(1) A is a finitely generated semigroup.

(ii) cone(A) = cone(A) for a non-empty finite sub-
set A1 of A.

(iii) cone(A) = cone(A;) for a non-empty finite sub-
set Ag of (QF)™.
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Proof. (1) implies (ii) by 1.9, (ii) implies (iii) trivially
and (ii) implies (i) by 5.3. It remains to show that (iii)
implies (ii).

Since Aj is a finite subset of cone(A), there is
a finite subset Ay of A such that As C cone(A;).
Then cone(A) cone(A,;) C cone(cone(Ay))
cone(A;) C cone(A).  Thus cone(A)
cone(Ay).

o

Corollary 5.5. Let A be a finitely generated subsemi-
group of Ny*(+). Then every subsemigroup A’ of
NG (+) such that A C A" C cone(A) is finitely gen-
erated. In particular, cone(A) NN is a finitely gen-
erated subsemigroup of N§*(+). O]

Remark 5.6. It is easy to see that 5.4 remains true for
subsemigroups of (Q )™ (+). Indeed, let B be such a
subsemigroup and assume that cone(B) = cone(B))
for a non-empty finite subset B; of B. We have B} =
{ki/l1,... kn/ly} for some n € N, k; € Ny and
l; e N.Ifl =1y -- -1, then A = [ B is a subsemigroup
of Ni*(+) and cone(A) = cone(B) = cone(B;) =
cone(A;), where A = [B;. By 5.4, A is a finitely
generated semigroup and the same is true for B, since
the mapping a — a/l, a € A, is an isomorphism of
A onto B.

7 Pure subsemigroups of N,"(+)

In this section, let A be a subsemigroup of Njj*(+).

Lemma 6.1. The following conditions are equiva-
lent:

(i) nA = ANnNg' for everyn € N.

(if) Ifa € N§* and n € N are such that na € A then
a€ A

(iii) If a € NJ* and q € QT are such that ga € A
then a € A.

Proof. 1t is easy. O

If these equivalent conditions are satisfied then A
is called pure subsemigroup of Nj*(+). In the re-
maining part of this section(except for 6.12), we will
assume that A is a pure subsemigroup.

Lemma 6.2. A U {0} is a pure subsemigroup of
NG (+).
Proof. 1t is easy. O

Lemma 6.3. If0 € A then £(A) is a pure subsemi-
group of NJ'(+).
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Proof. By 4.2,e(A) is a subsemigroup of A. Leta =
nb, where n € N, a € ¢(A) and b € N{J'. Since A is
pure, we have b € A. Moreover, if ¢ € A is such that
¢ —b e Nj’ then nc —a = n(c — b) € N*, and so
n(c —b) € A, since a € €(A). Using again the fact
that A is pure, we get c — b € A. Thus b € ¢(A) and
£(A) is pure. O

Lemma 64. Let n € N, a1,...,a, € A and
Q- qn € QF be such that a = Y qa; € N[
Then a € A.

Proof- We have ¢; = r;/s; for some r;,s; € N. If
s = s1---8y then sq; € N, b; = sq;a; € A and
sa =Y b€ A Now,a € Aby6.1. O

Lemma 6.5. Ifa € N and a ¢ o(A) then a € A.

Proof. By 33, a # 0. If b € A then there are
r,s € Q1 with ra — sb € cone(A) and we get ra €
cone(A) + sb C cone(A). Thus a € cone(A) N Nf
anda € Aby 6.4. O

Proposition 6.6. (i) cone(A) NNJ' = AU {0}.
(ii) If0 € A then A = cone(A) N N{.

(iii) If cone(A) = (Qf )™ then AU {0} = Np".
(iv) a(A) NNy = (Ngr\ A) Ud(A).

V) N§' = (a(4) NNgH) U A

(vi) £(A,a) = Y(A, a) for every a € A.

Proof. (i), (ii) and (iii). Use 6.4.

(iv) and (v). Use 6.5.

(vi) If (n — 1)a + nc € Athenn(a+ c) € A and
a+ce A Thus (A, a) C p(A,a) and {(A,a) =
P(A,a). O

Remark 6.7. Let k € Nand a,by,...,b; € Ni* be
such that a + b; € A foreveryi = 1,...,k (e.g.,
a € Aand b; € p(A,a)). Furthermore, assume that
there are n; € N such that (n; — 1)a + n;b; € A for
every i (e.g,a € Aand b; € ¥(A,a)). If n € N,
n > max(n;) then (n — 1)a + nb; € A for all i.
In particular, if t; € Ny are such that ¢t = > t; >
max(n;) then (t — 1)a + tb; € A and (t — 1)a +
> tibs = SO((/D((—Da-+tby), (- 1)a+ 3 tib: €
N{*. Now, by 6.4, we get (t — 1)a + Y t;b; € A.

Lemma 6.8. Ifa € Aand b € N are such that
a+bé¢ a(A)thena+bec Aandb € (A, a).

Proof. Sincea+b ¢ a(A),a+b € Aby 6.6(v) and
there are r, s € Q such that r(a+b)—sa € cone(A).
We have r = k/n, s = [/n for suitable k,l,n € N
and ¢/n = r(a+b) — sa € cone(A), where ¢ = (k —
l)a + kb. Then ¢ € Z™ Ncone(A) = Z™ N (QF )™ N
cone(A) = N' Ncone(A) = AU {0} (see 6.6(1)), so
thatc € AU{0}andd = (k—1)a+kb = c+(I-1)a €
AU{0}. Ifd # 0thend € Aand b € £{(A4,a) (see
6.6(vi)). Ifd =0thenb =0 € {(A4,a).
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Lemma 6.9. Let a € A be such that b € (A, a) for
every b € N with a + b € 6(A) (then b € a(A)).
Then (A, a) = (A, a) = £(A, a).

Proof. We have ¢(A,a) = {(A,a) C (A4, a) by
6.6(vi). Ifb € p(A,a)thena+b € Aandifa+ b ¢
a(A) then b € (A, a) by 6.8. On the other hand, if
a+be afA)thena+be a(Ad)NA=0A)and
b € ¥(A, a) by assumption. O

Lemma 6.10. Let a € A be such that 6(A) C Qa.
Then p(A, a) = (A, a) = £(A, a).

Proof. Inview of 6.9, if b € Ni* is such thata + b €
d(A)thena+b € Qa,b € Qa and b € (A, a) by
4.7(iii). O]
Lemma 6.11. The following conditions are equiva-
lent for all a € A and b € Nij':

(i) be (A, a) (be&(A,a), resp.).

(ii) r(a + b) — sa = Zle gia; for some r,s € Q,
keN a € Aand q; € Q™.

Proof. See the proof of 6.8. O

Construction 6.12. Let A be a subsemigroup of
Ng(+). Put p(A) = NI' N (Upen 4/n). It is
easy to check that p(A) is a pure subsemigroup of
Ng*(+). It is the smallest pure subsemigroup con-
taining A. Clearly, A C p(A) C cone(A), and so
cone(p(A)) = cone(A). Now, according to 5.4, p(A)
is finitely generated if and only if A is so. Finally, no-
tice that N' N (U,,en €(4) /1) € (p(A)). In partic-
ular, e(A) C e(p(A)), and so e(p(A)) # 0, provided
that (A) # 0.

8 Conclusion

In this paper, the properties of subsemigroups and
pure subsemigroups of Ni*(+) (= No(+)™) are in-
vestigated. A theoretical and reference basis for fur-
ther research in this area has been established. It
can be used for further research of finitely gener-
ated cones, e.g. in connection with the investigation
of context-free languages. Our further research will
be directed to a deeper description of pure subsemi-
groups of N* for a finite m, in particular m = 2.
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