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Abstract: We show that every horocyclic circle of nonzero complex torsion on a complex hyperbolic space is
expressed by a trajectory for a Sasakian magnetic field on some tube around totally geodesic complex hypersurface
and that such an expression is unique up to the action of isometries on the complex hyperbolic space.
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1 Introduction

For each circle of radius r in a Euclidean 3-space R3,
if we take a suitable sphere S? of radius r, it can be
seen as a geodesic on this sphere. We are interested
in whether such a property holds for other symmet-
ric spaces. For a complex projective space, if we re-
strict ourselves to circles whose velocity and acceler-
ation vectors form a complex line, they can be seen
as geodesics on some geodesic spheres. On the other
hand, for a complex hyperbolic space, even if we re-
strict ourselves to such circles, if they are unbounded
and do not lie on some horospheres, they can not be
seen as trajectories for Sasakian magnetic fields, es-
pecially as geodesics, on any real hypersurfaces of
type (A), [I]. Here, trajectories for Sasakian mag-
netic fields are natural generalizations of geodesics
from the viewpoint of dynamical systems which are
associated with almost contact metric structures on
these real hypersurfaces. With these results it is nat-
ural to consider that unbounded circles are different
from bounded circles. In this paper, we study cir-
cles lying on some horospheres and show that except
the case that they lie on totally geodesic real hyper-
bolic plane they can be seen as trajectories for some
Sasakian magnetic fields on some tubes around totally
geodesic complex hypersurfaces.

2 Circles on a complex hyperbolic
space

A smooth curve v on a Riemannian manifold M pa-
rameterized by its arclength is said to be a circle if
there exist a nonnegative constant k., and a field Y, of
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unit tangent vectors along ~y satisfying the equations

{ i m
VY, = k3,

which is equivalent to the equation
ViV + k25 = 0.

The constant k., is called its geodesic curvature and
{¥,Y,} its Frenet frame, [2]. When k = 0, it is a
geodesic with an arbitrary parallel unit vector field.
Hence, from the viewpoint of Frene-Serret formula,
circles are simplest curves next to geodesics.

We say two smooth curves 7;,v2 on M which
are parameterized by their arclengths to be congru-
ent to each other (in strong sense) if there is an isom-
etry ¢ of M satisfying ¢ o v1(t) = ~2(t) for all
t. In this paper, we study circles on a complex hy-
perbolic space CH™(c) of constant holomorphic sec-
tional curvature c. By use of complex structure J, we
set 7., = (7, JY,) for a circle y of positive geodesic
curvature, and call it its complex torsion. Clearly it is
constant along y because J is parallel. Since CH"(c)
is a symmetric space of rank 1, we find that two cir-
cles are congruent to each other if and only if either
they are geodesics or they satisfy k,, = k,, > 0
and |7y,| = |7,], [B]. Therefore, the moduli space
C(CH™), which is the set of all congruence classes,
of circles on CH"(c) is set theoretically coincides
with the band [0,00) x [0,1]/ ~. Here we define
(k1,71) ~ (k2,72) if and only if either k1 = ko = 0
or ki = ko > 0and 71 = 7. When a circle v on
CH™ has complex torsion +1, the equations () turn
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to V54 = Fk,J7. We can interpret it as a trajectory
for a Kédhler magnetic field +k,B; with the Kéhler
form B ;.

We here recall some properties of circles on
CH™(c). Congruency of circles guarantees that every
circle is a homogeneous curve, that is, it is an orbit of
one parameter family of isometries of CH™. Since
CH™ is a typical example of Hadamard manifolds,
we can define its ideal boundary OCH™ as the set of
asymptotic classes of geodesics, and have a compacti-
fication CH™ = CH™|JOCH™,[4,5]. Whena curve
~ which is unbounded in both directions, that is, both
7([0,00)) and (—o0, 0]) are unbounded sets, we set
Y(00) = limyyoo y(t), v(00) = limy_oo y(t) if
they existin 0JCH". These are called points at infinity
of v. We say a smooth curve + parameterized by its
arclength to be horocyclic if it satisfies the following
conditions, [6]:

i) Both y(c0) and (—o0) exist and coincide with
each other;

ii) Ifit crosses with a geodesic [ satisfying (oo
~(00), then they cross orthogonally.

)=

We set a function v : [0,00) — R by

0, itk < V4,
2 3/2
v(k) = Q WL e VI <k < /T,
(3vV/3|clk)

1, if k > /|c].

We take a horizontal lift 4 of a circle v on CH"(c)
through a Hopf fibration @ : H"*! (¢ C"!) —
CH"(c) of an anti-de Sitter space H2"** and regard
it as a curve in C"*!. When its geodesic curvature is
k- and complex torsion is 7., by solving an ordinary
differential equation on 4, we can get the following
feature of ~:

1) If k., > +/|¢| or 7 < v(ky), it is bounded;

2) If it does not satisfies the condition in 1), it is
unbounded in both directions and has points at
infinity;

3) It is horocyclic if and only if \/|c|/2 < k, <
V/|c| and |7, | = v(ky) hold;

4) When 7, = +1, itlies on a totally geodesic CH !,
and when 7, = 0, it lies on a totally geodesic
RH?.

The following figure shows the images of the moduli
spaces of unbounded and bounded circles on CH"(c).
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Figure 1: moduli space of circles on CH"

-k

horocyclic circles

3 Horocyclic circles are expressed
uniquely by trajectories
In this paper, we study whether circles in CH™(c¢) can
be seen as extrinsic shapes of some “nice” curves on
a homogeneous real hypersurface. Let M = T'(r)
be a tube of radius r around totally geodesic com-
plex hypersurface CH"~! in CH"(c). On this hy-
persurface we have an almost contact metric structure
(&,m,¢,( , )) induced by the complex structure J
on CH™. By taking a unit normal vector field N of
M in CH"(c) and the induced metric ( , ), we set
the characteristic vector field £ by ¢ = —JN, the 1-
form n by n(v) = (v, &), the (1, 1)-tensor field ¢ by
¢(v) = Jv — n(v)N. The shape operator Ay, of M
satisfies Aps€ = 6pr€ and Apyv = Apyo for arbitrary
tangent vector v orthogonal to £. Here, the principal
curvatures are given as y; = \/H coth \/H r and
A = (/]c|/2) tanh(y/]c[r/2), [, B], for example.
If we denote by V and V the Riemannian connec-

tions on M and on CH™(c), respectively, we have the
formulae of Gauss and Weingarten:

VxY =VxY + (AyX, V)N,
VN = —AyX,

for arbitrary vector fields X, Y tangent to M. Since

the complex structure J is parallel with respect to v,
these formulas guarantee

(Vx¢)Y =n(Y)AuX — (AuX,Y)E,
ViE = dpAy X,

2
3

We define a 2-form Fy on M by Fy(v,w)
(v, p(w)). By use of (B)), we find that it is closed. We
therefore call its constant multiple F,, = xFy (k € R)
a Sasakian magnetic field. A smooth curve o param-
eterized by its arclength is said to be a trajectory for
IF,; if it satisfies the equation V5% = k¢7. Since we
find that trajectories for the null magnetic field Fy are
geodesics and that every trajectory is determined by
its initial unit tangent vector, we may say that trajec-
tories are generalizations of geodesics and are sim-
plest curve next to geodesics from the viewpoint of
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dynamical systems on the unit tangent bundle of M.
For magnetic fields, [9], and, [10].

Given a smooth curve y on CH"(c) parameterized
by its arclength, if we have a real hypersurface M and
a smooth curve o on M satisfying (t) = 1o o(t) for
all ¢ with an isometric immersion ¢ : M — CH"(c),
we say (M, o) is an expression of v. We say two ex-
pressions (M7, 01) and (Ma, 03) of v to be congru-
ent to each other if there is an isometry ¢ of CH"(c)
which satisfies ¢ (M) = Ma and either it preserves
7y or reverse y. That is, either ¢ o y(t) = () for all
t or p o~y(t) = v(—t) for all t. In [1]], the authors
studied expressions of circles by geodesics on tubes.

Proposition 1 ([1]). Every circles on CH"(c) with
geodesic curvature not smaller than m and com-
plex torsion +1 is expressed by a geodesic on some
tube around totally geodesic complex hypersurface.

We are hence interested in expressions of circles
with complex torsion |7| < 1. But being different
from circles in a Euclidean 3-space, if we stick on
expressions by geodesics on real hypersurfaces, our
study does not go through any more (see Lemma
below ). We therefore extend the family of curves
on tubes and study expressions by trajectories for
Sasakian magnetic fields.

Theorem 1. Let «y be a circle on CH"(c).

(1) When + is horocyclic and T, # 0, it is expressed
by a trajectory for a Sasakian magnetic field on
some tube around totally geodesic complex hy-
persurface. If the complex torsion 7., of 7y satis-
fies 0 < |7y| < 1, such an expression is unique
up to the congruence relation.

(2) When v is horocyclic and 7, = 0, it can not be
expressed by trajectories for Sasakian magnetic
fields on tubes around totally geodesic complex
hypersurfaces.

(3) When ~y is bounded, also it is expressed by a tra-
Jectory for a Sasakian magnetic field on some
tube around totally geodesic complex hypersur-

face.

Foratrajectory o for F,, onatube M = T'(r) of ra-
dius r around totally geodesic complex hypersurface,
we set p, = (0, &) and call it its structure torsion. By
(B) we find that the derivative of the structure torsion
is given as

(¢, &) + (6, pAmO)

because Aps is symmetric and ¢ is anti-symmetric.
Since it is known that they satisfy Ay¢ = ¢pAn

o
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for our tube T'(r), we find that p, is constant along
o. This is an important invariant for . Through a
Hopf fibration @ : H 12”+1 — CH?", the inverse im-
age of T'(r) is H?" ! x S'. Considering the action
of U(1,n) on C"*!, we have the following result on
congruency of trajectories on 7'(r).

Lemma 1. Let 01,09 be trajectories for Sasakian
magnetic fields ¥, ,F, respectively on a tube T'(r)
around totally geodesic CH" ' in CH"(c). Then v
and ~y9 are congruent to each other if and only if one
of the following conditions holds:

1) ’p0'1| = ‘p0'2| = 1'
11) ’p01‘ - ‘p0'2’ < 17 |H1’ = ”%2‘ and H‘lpa'l =

K2Pgs-

Since two circles are congruent to each other if and
only if they have the same geodesic curvatures and
the same absolute values of complex torsions, in or-
der to show the existence of expressions of a circle of
geodesic curvature k£ and complex torsion 7, we are
enough to show that there exists a trajectory o for a
Sasakian magnetic field on some tube whose extrinsic
shape is a circle of geodesic curvature k and complex
torsion 7.

By the formulae of Gauss and Weingarten, consid-
ering a trajectory o for F, on M = T'(r) as a curve
in CH"(c), we have

6(‘70" = KQo + {)\M (1 —pa +5MPU }N
[ngba—i— (1= p2) +dmps }N]
= —[K2(1 = p2) + DA + (Our = Aar)p2} )6
+ {M — kpo + (O — Ar)pl }
X {'%"i' (Om _)‘M)Pcr}(po6_§a)-

We therefore get conditions that the extrinsic shape of
a trajectory on M is a circle on CH"(c).

Lemma 2. Let o be a trajectory for Fy, on T(r) in
CH™(c). Its extrinsic shape is a circle on CH™(c) if
and only if one of the following condition holds:

i) po = £1,
i) Ay — Kpo + (Oar — An)p2 =0,
iii) K+ (5M — )\M),Og = 0.

Corresponding to these cases, the geodesic curvature
ko and the complex torsion T, of the extrinsic shape
of o are as follows:

1) ke =0dm, To = F1,

i) ks = |k|, T, = sgn(k),
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iii) ko = \//# — 2\kps + A,
To = (26p2 — K — A\ po)/ko.

Here, sgn(k) denotes the signature of k.

Since Proposition [l| corresponds to the first and the
second cases of Lemma [, we study the third case.

In this case, as we have k = —(0pr — Ay)po =
—|e|lps/(4A0r), we obtain
2 2,2
ko’ — )\2 ’C‘pa & po‘ 4
\/ AR T A @
o(c| — 2|c|p2 — 4X32
Ty = P (‘C‘ ‘c’pa M‘ (5)

Ako A s

Since |p,| < 1, by the equation (i) we see \yy <
ko < A+ (|c|/(4Xar)) = dar. Moreover, by using
these two equalities we have

, (K2 =22)(32A% k2 +4eAl — 2)°

= 6

To c|(8X2, — )3k 2 ©
We here study congruent expressions.

Lemma 3. Let vy be a circle in CH™(c). Suppose

that its complex torsion satisfies || < 1. If we have
two expressions (My,01), (Ma,o02) of v by trajec-
tories for Sasakian magnetic fields I\, , F ., on tubes
My, Ms around totally geodesic complex hypersur-
faces of the same radius, then they are congruent to
each other.

Proof. For the sake of simplicity, we consider M7 and
M as subsets of CH"(c) through isometric embed-
dings. Since the extrinsic shapes of o1 and o2 coin-
cide with ~, by the equation (#) we find |ps, | = | 9o, |-
Hence, by the condition k; 4 (dp7, — A\ar, ) po, = 0, we
have |k1| = |k2| (# 0) and K1 ps, = k2P0,

Since My, M, are of the same radius, they are iso-
metric to each other. Hence we have an isometry
¢ of CH™(c) with (M) = My. Taking into ac-
count of principal curvatures of M7 and M, we have
dp(Nar,) = Nag,. As ¢ is +-holomorphic, that is,
dy o J = =£J odyp, we have

Pooo, = (dp 0 &1,8&m,) = (dp o 61, —Jdp(Nu,)
=t(dpo i, dp(—INag) = £(61, &)
= :tp01

and
Vigos,dp 0 61 = dp(Vs,01) = r1dp(do1)
= r1de(J61 — peyNar,)
= K1 (:I:Jd(p o001 — pal./\/’Mz)
= tr10(dp o 61).
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Therefore, poo; is atrajectory for iy, on M5 whose
structure torsion is +p,, . Thus, we find that poo; and
o9 are congruent to each other. This means that there
is an isometry 1) of My satisfying o2 (t) = Yopooy (t)

for all ¢. Since it is known that there is an isometry ¢
on CH"(c) satistying w} M, = 1), by putting ¢ =

Yo o, we have @(M;) = Ms and @ o 01 (t) = oa(t)
for all ¢. Hence (M3, 01) and (Ma, 02) are congruent
to each other. UJ

Proof of Theorem [l In order to show the first and
the second assertions, we solve the equation 7,2 =

v(k,)? under the assumption \/|c|/2 < ko < /]|
Since this equation turns to

(8ky + [c))2(4Xfr + ¢)?
X (32X k2 +5e\3 —ck2 —P) =0

and 4)\]%4 4+ ¢ < 0, we find

2 |c| (5 tanh®(\/]c| r/2) + 4) e
7 4(8tanh?(\/|c[r/2) +1)

This equality shows that if we fix the radius of a tube
we can express only one horocyclic circle on a com-
plex hyperbolic space up to the action of isometries
by some trajectory on this tube. Since the right-hand
side of the equation ([7) is monotone decreasing with
respect to the radius r, and takes all values in the inter-
val (|¢|/4, |c|), we find that for each horocyclic circle
~ of complex torsion 0 < |7| < 1 it is expressed by a
trajectory on a tube whose radius is determined by £.,.
By Lemma 3, we get the first assertion. Also, we find
that if a horocyclic circle v has null complex torsion,
it is not expressed by trajectories for Sasakian mag-
netic fields on tubes around complex hypersurfaces.

In order to show the third assertion, we study the
behavior of 72 with respect to k,. We denote by
f(k;T(r)) the continuous function defined by the
right-hand side of the equation () by putting k = k.
We set

a(r) = /—8c+ 202/\;(27,)/8, b(r) = dp(r)-
They satisfy Ap(,) < a(r) < b(r). Since we have

df

= 20 (8k* =) (8k2 =4 +¢)

X (32X k% +4ehf —c?)
x {|c|(8AZ — ¢)*k*} 7,

we find that the function f (k; T(r)) have the follow-
ing properties:
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1) It is monotone increasing in the interval

[a(r), b(r)} ,
2) f(a(r);T(r)) =0and f(b(r); T(r)) = 1.

This means that the moduli space of circles which are
extrinsic shapes of trajectories satisfyiong the third
condition in Lemma ] is like Figure 2.

Since we have

lima(r) = limb(r) = oo,

710 710

Tlim a(r ﬂ/2 hm b(r) = m
Tim f(k;T(r)) 4k2 )3/(2702k2)

comparing the last one with v(k)?, we find that the
union |, f([a(r), b(r)]; T(r)) covers the set

{(k,7) | Vel/2 <k </le|, 0< 7 <w(k)}
U (v, 00) x [0,1].

This means that every bounded circle on CH™(c) is
expressed by some trajectory on some tube 7(r).

T
f

Figure 2: The graph of f (k; T'(r))

References:

[1] Y. Aoki and T. Adachi, Non-horocyclic trajec-
tories on a complex hyperbolic space are not ex-
pressed by those on tubes of type (A), preprint
2023.

[2] K. Nomizu and K. Yano, On circles and spheres
in Riemannian geometry, Math. Ann., Vol.210,
1974, pp. 163-170.

[3] S. Maeda and Y. Ohnita, Helical geodesic im-
mersions into complex space forms, Geom. Ded-
icata, Vol.30, No.1, 1989, pp. 93—114.

E-ISSN: 2224-2880

Yusei Aoki, Toshiaki Adachi

[4] P. Eberlein and B. O’Neill, Visibility manifolds,
Pasific J. Math., Vol.46, 1973, pp. 45-109.

[5] W. Ballmann, M.L. Gromov, V. Schroder, Man-
ifolds of nonpositive curvature, Progress Math.,
Vol. 61, Birkhauser, 1985.

[6] M. Itoh and H. Satoh, Horospheres and hyper-
bolic spaces, Kyusyu J. Math., Vol.67, 2013, pp.
309-326.

[7] U-H. Ki and Y.J. Suh, On real hypersurfaces of
a complex space form, Math. J. Okayama Univ.,
Vol.32, 1990, pp. 207-221.

[8] R. Niebergall and P.J. Ryan, Real hypersurfaces
in complex space forms, in Tight and taut sub-
manifolds, MSRI Publ. Vol.32, 1997, pp. 233—
305.

[9] A. Comtet, On the Landou levels on the hyper-
bolic plane, Ann. Phys., Vol.173, 1987, pp. 185—
209.

[10] T. Sunada, Magnetic flows on a Riemann sur-
face, Proc. KAIST Math. Workshop, Vol.§8, 1993,
pp. 93-108.

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

The authors equally contributed in the present re-
search, at all stages from the formulation of the prob-
lem to the final findings and solution.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself

The second author is partially supported by Grant-
in-Aid for Scientific Research (C) (No. 20K03581),
Japan Society for the Promotion of Science.

Conflicts of Interest

The authors have no conflicts of interest to
declare that are relevant to the content of this
article.

Creative Commons Attribution License 4.0

(Attribution 4.0 International , CC BY 4.0)

This article is published under the terms of the

Creative Commons Attribution License 4.0
https://creativecommons.org/licenses/by/4.0/deed.en
US

Volume 22, 2023


https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US

	Introduction
	Circles on a complex hyperbolic space
	Horocyclic circles are expressed uniquely by trajectories



