WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.21

Rania Saadeh, Raed Khalil

Solving Nonlinear Volterra Integral Equations by Mohanad
Decomposition Method

RANIA SAADEH"", RAED KHALIL?
'Department of Mathematics, Faculty of Science,
Zarqa University, Zarqa 13110,
JORDAN

?Department of Computer Information Systems, Faculty of Prince Abdullah Bin Ghazi,
Balqaa Applied University,
JORDAN

*Corresponding Author
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1 Introduction
One of the most important tools for solving
problems in science and engineering is the integral
equation. Both Volterra and Fredholm integral
equations are widely used, and offer useful solutions
for a variety of initial and boundary value issues.
Integral equations have advanced greatly as a result
of advancements in potential theory, [1]. Integral
equations have many applications in different fields
of science and engineering, because of these
applications, they got great interest from authors and
specially mathematicians, they appeared in quantum
mechanics  astrophysics, conformal mapping,
scattering, and water waves, [2], [3], [4] and [5].
The importance of studying nonlinear integral
differential has been increased due to the different
branches of applications that could be handled.
Queuing theory and chemical kinetics, and it is
expanded now in many other scientific disciplines.
[6], [7], [8], [9] and [10]. So, researchers,
established many methods to solve these problems,
such as the homotopy analysis approach, [11], the
variation method, the iteration method, [12], the
least squares method, [13] and Adomian’s method,
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[14]. Utilizing these methods, we can overcome the
difficulty in the process of solving nonlinear integral
equations.

By offering useful approximate analytical series
solutions for such complex problems, the
decomposition method has established itself as one
of the most effective strategies for solving nonlinear
differential and integral equations. The method of
Adomian decomposition, first presented by [15] and
[16], was created especially for solving integral
equations. The authors in [17], [18], [19] and [20],
improved this research to resolve the Volterra
integral differential equation successfully. The
strategy has been used later to address a variety of
issues in several different domains in response to
time, as stated in [21], [22], [23], [24] and [25].

Integral equations have become more than an
essential tool for solving integral equations, but also
crucial in deriving solutions for intricate situations.
The Laplace transform is one of these
transformations that has shown to be quite helpful,
[26]. To further expand the scope of solving integral
equations and improve the overall effectiveness of
the decomposition method in addressing various
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scientific and engineering challenges, other
transforms, such as the ARA transform, [27], a lot
of scientific transforms such as formable transform,
and others, [28], [29] and [30], have also been
checked and verified.

Once introduced in 2013, [31], the Mohanad
transform is a significant literary transformation
with a huge number of mathematical issues. Given
by the following integral formula is the Mohanad
transform:

-uw

MlpW)] =u? | e ™Wo(w)dw, u>0.

The transform can answer a wide range of
problems, academics are paying close attention to it.
To overcome the difficulty in nonlinear cases, we
can easily merge the transform with one of the
numerical methods, such as, [32], [33] and [34].
This will introduce a new hybrid method called: The
Mohanad-decomposition method (MDM), it merges
the two powerful techniques, the Mohanad
transform and decomposition method which is the
main objective of this article.

This article investigates
Volterra IDE of the form:

solving nonlinear

w

PP W) = F(w) + f Rw — 1)G(p(v))dv,

0

where R(w —v) is the difference kernel of the
equation, f(w) is piecewise continuous function,
and G(@(v))is a given analytic function of the
unknown ¢@(w), that could be cos @(w), @3(w),
sinh ¢(w) and etc.

The paper follows the following structure: In
Section 2, we introduce the definition of Mohanad
transform along with its basic properties, and we
also explain the core concept of the Adomian
decomposition method. Section 3 presents the
application of the Mohanad decomposition method
(MDM) for handling nonlinear Volterra integral
differential equations (IDEs). To demonstrate the
method's effectiveness, we solve several numerical
examples of IDEs. Lastly, in Section 5, we provide
the concluding remarks for this article.

2 Basic Facts

In this section, the needed properties and theorems
of the Mohanad transform and the decomposition
method are presented.
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2.1 Mohanad Transform

In this section of the article, we introduce some
definitions and properties of Mohanad integral
transform.

Definition 1. Assume that @(w) is a continuous
function with domain subset of (0,0), then
Mohanad integral transform of ¢ (w) is given by the
formula

[00)

Mlp(n)] = 0 = [ e p(w)dw,
0
w > 0.
The Mohanad transform inverse of a function ®(u)
is defined as:

M7He@W)] = o(w)
1

~ 2mi

c+ioco

f %euwcb(u)du,ceR.
c—io
Theorem 1. Assume that @(w) is a piecewise
continuous function with domain [0,o0), and
assume that the following condition holds:
lo(w)| < MeP™, for a real number M > 0. Then,
Mohanad integral transform M[p(w)] is well
defined for Re(u) > b.
Proof. The formula of Mohanad transform implies:

@] = [ [ e pwdw
0 [oe)
Suzf e "Wlp(w)|dw
[ee] O [ee]
< uzf e W MebVdw = usz e W=Dy
0 0
_ M Re(w) > b > 0
- e(u )

Thus, Mohanad transform is well defined and
exists for Re(u) > b > 0.

We present some properties and the values of
Mohanad transform to some elementary functions.
Assume that ®;(u) = M[p;(w)] and @,(u) =
M[¢p,(w)]and a, b € R, then

e Mlap;(W) + bp,(W)] = a®;(u) + bd,(w).
o M '[ad;(w) + b Py(w)] = ap;(w) +
b @, (w).

Table 1, presents some quantities of Mohanad
integral transform to the standard basic functions.
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Table 1. Mohanad integral transform

p(w) Mlpw)] = ¢(w)
1 u
we I"(aa-_i-ll)'a > —1.
aw ‘ uz
e m, u>a
2
sin aw _aw
(u? + a?)
3
cos aw zui
u +2(12
sinh aw _aw
@ —a)
3
cosh aw v
U2 — a2
o'w) u®@) - u?p(0)
o™ (w) und(u) — ) um kM (0)
(¢ *P)(w) — M[eW)M[p(wW)]

2.2 Iterative Decomposition Technique

The Adomian decomposition method is well-known
for its efficiency in solving several types of
nonlinear differential equations, ordinary or partial.
It is a commonly used technique in the domains of
engineering, physics, and applied mathematics. The
Adomian decomposition method's main idea is to
divide the equation's nonlinear term into a number
of elements. When these elements are added
together, the result is represented astonishingly
accurately. To use the method, we assume the series
representation for the solution of the required
equation, given by:

(o8]

p(w) = Z Onw) = @o(w) + p; (W) + -+

The nonlinear term in the considered problem is
then given in the form of a recursive formula. The
series answer is then entered into the equation. We
proceed to solve the resultant equation recursively
to identify the series components ¢,(t) after
simplifying it. We may approximate the solution
more precisely with each iteration, which produces
results that are highly accurate in real-world
applications.

3 Nonlinear Volterra IDEs

In this section, we apply the Mohanad integral
transform to the required IDE, and then we operate
the decomposition technique, that considered the
basic part of the MDM. In addition, the given
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kernels in the equation are assumed to be in the
difference form.
Now, let us construct the solution of the following
IDE of the form:

w

™ (W) = F(w) + f ROw — v)G(p@)dv, (1)

0
associated with the initial conditions (ICs)

D0 =qa, i=01,..,m—-1 )

To solve the problem (1) by MDM, firstly, apply
Mohanad transform to it, to get:

Mlp™ @] = MIfW)]
M fR(w—v)G(cp(v))dv .

0

Using the convolution and the differential properties
from Table 1 of Mohanad transform, we can
simplify the equation to:
u™M[e(wW)] —u™lay — u™a, —

—ula,_,

= l\il[f(W)]
+ ?M[k(w)] M[G((p(w))].

3)

Following that, we substituting the ICs (2) in
Equation (3) to obtain:

Mlpw)]

=uag+a; + '”+Wam‘1

1
+ o M[f(w)] v
+ g MKW M[G (9 w))].

Now, using the decomposition method to handle the
analytic function G ((p(w)), express the analytic
function @(w) in a form of infinite series of the
form:

D) = D 0i(w) = Go (W) + 1 (W) + -+,

i=0
where @;(w), Tt=0,1,.., can be calculated and
expand the function G (¢ (7)) in the form:

6(p(w)) = ZAM,

=0
0,1,2,.

)

(6)
noting that A;(w),i =

1 dt
A= g

. are given by

[z Mol ) )

i=012-
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The Adomian polynomials are the components 4;'s,
are used to handle the nonlinear function G (¢ (7))
as:

AO = G(I‘PO);
A1 = 916G (@),

1
Ay = 9,6 (9o) +5 - 91G" (90),
Az = @3G'(¢g) + %’14)26 "(¢0)
+3 30 036" (9o), (8)
1
Ay = 9,6’ (@o) + ( P35+ <p1<p3) G" (o)
+ §<p1<pz G""(¢o)

1
+ ZMG(‘”(%)-

Thus, substituting Equation (5) and (6) into
Equation (4), to get:
¢ 9
M| oi(w)
i=0
1
=uayg+a,+ ---+Wam_1
1
+ oMWl
+um+2 [k(w)] M ZA w)|.
M Z(pi(w) =uayg+a +-- +Wam_1
i=0
1 00
+ = MIfFW)] + Sz MIkW)] M[XiZ, A;(W)].

(10)

The relation of Adomian decomposition technique
gives us:

1
MIpo@)] = wag +ay + ot ——any )
—a MIf(w)l.
Equation (9), implies:
(12)
M[@ni1 (W)] = M[k(w)] M[Ay(W)].

Remark 1. Equation (12) is well defined if the
condition

lim ———= M[k(w)] = 0,
‘u_—)OOu
is satisfied. Applying the inverse Mohanad

transform to Equations (11) and (12) respectively,
we get the values of @, (W), o, (W), -+
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The solution of the required equation Volterra
IDE (1) can be expressed in the form:

p(w) = @o(w) + o1 (W) + ---.

The proposed method is effective in expressing
approximate numerical results of Volterra IDEs
(linear and nonlinear). To show accuracy of the
proposed technique, we present some numerical
examples and solve them by MDM. Moreover, we
calculate the absolute error, given by the formula:

AbsSErr = maX|<Pexact - ‘Pappl'

defined on some interval.

4 Numerical Examples

This section presents some examples of integral
equations: (IE)s and IDEs that are solved by MDM,
the maximum absolute error is computed to each
example to verify the efficiency of the proposed
results.

Example 4.1
Take the nonlinear Volterra IE:

w) = 2w =2+ 2 [ (w — v) > (w)dw.m (13
W) =2w ——+- ) (W —v)p°(w w.m (13)
Solution. The accurate solution( f problem (4.1) is
@(w) = 2w. To solve Equation %l by MDM, the
Mohanad transform is operated to Equation (13) to

get:

1 1
D) = [zw—‘f—z +u M) Mlg2(w)]
=2 - =+ Mp*W)]. (14)

The substitution of the series ®(u) and the usage of
the Adomian polynomials for ¢?(w), give:

2
MlpoW)] =2 — BYEL

Ml 1(W)] =—=M[M,(w)],n > 0.

The nonlinear term ¢@?(w) is decomposed by
Equation (7), to get the components as follows:
Ao = 08,

Ay = 20091,

Az = of + 2000,

Az = 201902 + 29093,

Ay = @3 + 20103 + 20004

(15)

Comparing the terms obtained in equation (7) and
operating the inverse Mohanad transform, to get:
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4

=2w— —
®o (1) w 12’
W4 W7 W10
¢1W) =17~ 156 Y 51840
W) = w’ w10 N 127w13
$2\W) =504 T 181440 ' 56609280
W16
298598400’
p3(w)
_W4 w’ N w10 19w13 N 71wl6
12 504 ' 2792 14152320 ' 2264371200
7893w1° 16
575787643000000° (16)

Thus, the numerical approximation series solution is
given by:
p(w) = @o(w) + o1 (W) + @2 (W) + @3 (W) + -
wt w7 w10
=2 _— =
W* 12 " 126 362880

+ Stw™ + 17
56609280 a7

Table 2 proposes comparisons between the
accurate  solution and obtained numerical
approximated solution to Example 4.1. To prove the
accuracy of the MDM, we calculate the absolute
error.

Table 2. Approximate and exact solutions of
Example (4.1)

Nodes Exag:t Approximate Absolute
Solution Solution Error
0.0 0.0 0.0000000000 {0.0000000000
0.1 0.2 0.2000083325 |0.0000083325
0.2 0.4 0.4001332317 [0.0001332317
0.3 0.6 0.6006732643 |0.0006732643
0.4 0.8 0.8021203322 {0.0021203322
0.5 1.0 1.0051463480 [0.0051463480
0.6 1.2 1.2105779450 [0.0105779450
0.7 1.4 1.4193552730 [0.0193552730
0.8 1.6 1.6328034650 [0.0328034650
0.9 1.8 1.8508857190 [0.0508857190
1.0 2.0 1.8833526250 [0.1166473750

MlpoW)] = u?

M[@ni1(W)]
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Figure 1 below, presents the graph of
approximate and exact solutions. The absolute error
is presented in Figure 2, of Example 4.1.

ki)

. 7

e

13
10
a5

T
02 04 LB 048 1.0

Cxact zolution ===== Approximate soluticn

Fig. 1: The exact and approximate solutions of
Example 4.1

Abaolute Eror

008 S

00 /

00z /

02 04 06 08 10
Fig. 2: The graph of absolute error of Example 4.1

Example 4.2. Take the nonlinear Volterra IE:

o' (w)=5e" ——e +feW” 3(w)dv. (19)

2

0
@(0) =1 (20)

Solution. Operating Mohanad integral transform to
Equation (19), we obtain:

B = u? + 3u? u?
W T w—-1 2w-3)
us 5
M
Ml W)l
which can be simplified to:
3 2 u2
®(u) = -
W =ut =D 2w =3
3

u
+ mM[qﬁ(w)].
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Also, we get:
The Adomian components of the polynomials
A, (w) of @3(w), can be obtained by:
Ao = 93,
Ay = 3050,,
Ay = 3050, + 39003,
Az = 393p3 + 60op1p2 + ¢f.

Applying the inverse Mohanad transform to the
functions in (19) and using the recursive formula,
we have:

w* 13
14w wd Y225
Po(w) +w w : 3 4(%w + -,

— 2+ 3+_ 4+_ 5+ ,
P1(W) =W+ zw’+owh 4 oW
) = Lt 1 15
P2l =W T4V

Thus, the approximate solution of Example 4.2 is:
w? w? wt
(p(W) = 1+W+?+¥+Z+'“,

that converges directly to the exact solution ¢ (7) =
e’.

In Table 3, we introduce the accurate and
approximate solutions of Example 4.2, and to prove
the accuracy of the method, we calculate the

absolute error.

Table 3. The exact and approximate solutions of
Example 4.2, and the absolute error

Nodes Exact Approximate Absolute
Solution Solution Error

0.0 1 1 0

0.1 1.105170918| 1.1051709181 | 2.2204460493
' x 10716

0.2 |1.221402758| 1.2214027582 0

03 |[1:349858807| 1.3498588076 2.2204460493
' x 10716

0.4 1.491824697| 1.4918246976 | 2.2204460492
' x 10716

0.5 1.648721270| 1.6487212707 | 8.8817841970
' x 10716

0.6 1.822118800| 1.8221188004 | 9.5479180118
' x 10715

07 [2:013752707| 2.0137527075 8.1268325403
] x 10714

0.8 2.225540928| 2.2255409285 | 5.3290705182
' x 10713

0.9 2.459603111| 2.4596031112 | 2.7911006839
' X 10712

1.0 2.718281828| 2.7182818284 1.228617207
] x 10711
In Figure 3, we sketch the exact and

approximate solutions. We also sketch the absolute
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error of the exact and approximate solutions of
Example 4.2 in Figure 4.

o

T

02 04 06 08 10

Cxact zolution Approximate solution

Fig. 3: The approximate and exact solutions of the
Example 4.2

Absolube Enmor
210712

15x10712

—

1l

5ai0-™ f

02 04 08 08 0"
Fig. 4: The graph of absolute error of Example 4.2.

5 Conclusion

The main objective of this study was to introduce an
innovative and efficient approach for solving
nonlinear Volterra integral differential equations
(IDEs). We achieved this by presenting approximate
solutions for a family of nonlinear IDEs in the form
of infinite series solutions, employing the MDM
(Mohanad transform combined to Adomian’s
decomposition method). Several examples of
Volterra IDEs were examined to validate and
demonstrate the simplicity and efficiency of the
proposed method. The findings of this research
article indicate that MDM is a straightforward and
effective method for handling nonlinear IDEs. The
accuracy and efficiency in providing approximate
solutions proposed in this article offer promising
prospects for solving a wide range of challenging
problems. In future research, we plan to further
enhance and refine the method to tackle nonlinear
fractional integral equations. This extension would
broaden the scope of its applicability and could
potentially open up new opportunities for solving
more complex mathematical models.

Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.21

Acknowledgment:
This work was funded by the deanship of Zarqa
University.

References:

[1]

(2]

[3]

[6]

[7]

[8]

[9]

[10]

[11]

Polyanin, A. D., & Manzhirov, A. V.
Handbook of integral equations. Chapman
and Hall/CRC. 2008.

Monsefi, F., Otterskog, M., Silvestrov, S.
(2013). Direct and inverse computational
methods for electromagnetic scattering in
biological diagnostics. arXiv  preprint
arXiv:1312.4379.

Friedman, A. Inverse Problems in Wave
Propagation. Minnesota University
Minneapolis Inst. for Mathematics and Its
Applications, 1995.

Adomian, G. Solving frontier problems of
physics: the decomposition method, Springer
Science & Business Media, 2013, Vol. 60.
Atkinson, K. E. (1997). The numerical
solution of integral equations of the second
kind, Cambridge University Press, Vol. 4.
Vosughi, H., Shivanian, E., & Abbasbandy,
S. A new analytical technique to solve
Volterra's integral equations. Mathematical
Methods in the Applied Sciences, 2011,
34(10), 1243-1253.

Tsokos, C. P., & Padgett, W. J. Stochastic
integral equations in life sciences and
engineering. International Statistical
Review/Revue Internationale de Statistique,
1973, 15-38.

Ray, S. S., Bera, R. K., Kiligman, A.,
Agrawal, O. P., & Khan, Y. Analytical and
numerical methods for solving partial
differential equations and integral equations
arising in physical models 2014. In Abstract
and Applied Analysis, Vol. 2015. Hindawi.
Mirzace, F., & Samadyar, N. On the
numerical solution of stochastic quadratic
integral equations via operational matrix
method. Mathematical Methods in the
Applied Sciences, 2018, 41(12), 4465-4479.
Bhat, 1. A., & Mishra, L. N. Numerical
solutions of Volterra integral equations of
third kind and its convergence analysis,
Symmetry, 2022, 14(12), 2600.
Saberi-Nadjafi, J., & Ghorbani, A. He’s
homotopy perturbation method: an effective
tool for solving nonlinear integral and
integro-differential equations, Computers &
Mathematics with Applications, 2009, 58(11-
12), 2379-2390.

E-ISSN: 2224-2880

182

[12]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Rania Saadeh, Raed Khalil

Dehghan, M., & Salehi, R. The numerical
solution of the non-linear integro-differential
equations based on the meshless method,
Journal of Computational and Applied
Mathematics, 2012, 236(9), 2367-2377.
Al-Khaled, K., & Allan, F. Decomposition
method for solving nonlinear integro-
differential equations, Journal of Applied
mathematics and computing, 2005, 19, 415-
425.

De Bonis, M. C., Laurita, C., & Sagaria, V.
A numerical method for linear Volterra
integral equations on infinite intervals and its
application to the resolution of metastatic
tumor growth models, Applied Numerical
Mathematics, 2022, 172, 475-496.

G. Adomian, A Review of the
Decomposition  Method in  Applied
Mathematics, J. Math. Anal. Appl. 135

(1988), 501-544.

G. Adomian, Solving Frontier Problems of
Physics: The decomposition method, Kluwer
Academic Publishers, Boston, (1994).

A. Wazwaz, A reliable treatment for mixed
Volterra-Fredholm integral equations, Appl.
Math. Comput. 127(2-3), 405-414 (2002).
Ganji, D. D., & Talarposhti, R. A. (Eds.).
Numerical and Analytical Solutions for
Solving Nonlinear Equations in Heat
Transfer. (2017). IGI Global.

Noeiaghdam, S., Sidorov, D., Wazwaz, A.
M., Sidorov, N., & Sizikov, V. The
numerical validation of the adomian
decomposition method for solving volterra
integral equation with discontinuous kernels
using the CESTAC method, Mathematics,
2021, 9(3), 260.

Duan, J. S., Chaolu, T., Rach, R., & Lu, L.
The Adomian decomposition method with
convergence acceleration techniques for
nonlinear fractional differential equations,
Computers & Mathematics with
Applications, 2013, 66(5), 728-736.

Khan, R. H., & Bakodah, H. O. Adomian
decomposition method and its modification
for nonlinear Abel’s integral equation,
International Journal of Mathematical
Analysis, 2013, 7(45-48), 2349-2358.
Kaliyappan, M., & Hariharan, S. Solving
nonlinear  differential equations using
Adomian decomposition method through
Sagemath, Int. J. Innov. Technol. Explor.
Eng, 2019, 8(6), 510-515.

Saadeh, R. Application of the ARA Method
in Solving Integro-Differential Equations in

Volume 23, 2024



[25]

[26]

[27]

[29]

[30]

[31]

[32]

[33]

[34]

WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.21

Two Dimensions, Computation, 2022, 11(1),
4.

Aggarwal, S., & Gupta, A. R. (2019).
Dualities between some useful integral
transforms and Sawi transform, International
Journal of Recent Technology and
Engineering, 8(3), 5978-5982.

Mansour, E. A., Kuffi, E. A., & Mehdi, S. A.
(2021). The new integral transform “SEE
transform” and its applications. Periodicals
of Engineering and Natural Sciences, 9(2),
1016-1029.

Schiff, J. L. (1999). The Laplace transform:
theory and applications. Springer Science &
Business Media.

Saadeh, R., Qazza, A., & Burqan, A. A new
integral transform: ARA transform and its
properties and applications. Symmetry, 2022,
12(6), 925.

Saadeh, R. Z., & Ghazal, B. F. A. A new
approach on transforms: Formable integral
transform and its applications. Axioms, 2021,
10(4), 332.

Belgacem, F. B. M., & Silambarasan, R.
Theory of natural transform. Math. Engg.
Sci. Aeros, 2012, 3, 99-124.

Maitama, S., & Zhao, W. New integral
transform: Shehu transform a generalization
of Sumudu and Laplace transform for
solving differential equations. arXiv preprint
arXiv: 2019, 1904.11370.

Aboodh, K. S. The New Integral
Transform'Aboodh  Transform,  Global
Journal of Pure and Applied Mathematics,
2013, 9(1), 35-43.

Aboodh, K. S., Idris, A., & Nuruddeen, R. 1.
On the Aboodh transform connections with
some famous integral transforms, Int. J. Eng.
Inform. Syst, 1, 2017, 143-151.

Aboodh, K. S., Farah, R. A., Almardy, I. A.,
& Osman, A. K. Solving delay differential
equations by Aboodh transformation method,
International Journal of Applied
Mathematics & Statistical Sciences, 2018,
7(2), 55-64.

Benattia, M. E., & Belghaba, K. Application
of Aboodh transform for solving first order
constant coefficients complex equation,
General letters in Mathematics, 2019, 6(1),
28-34.

E-ISSN: 2224-2880

183

Rania Saadeh, Raed Khalil

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

The authors equally contributed to the present
research, at all stages from the formulation of the
problem to the final findings and solution.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself

This work was funded by the deanship of Zarqa
University.

Conflict of Interest
The authors have no conflicts of interest to declare.

Creative Commons Attribution License 4.0
(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the
Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
US.

Volume 23, 2024


https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US



