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1 Introduction
Sequences of special numbers have been studied over
several years, with the greatest numbers on studies of
well-known Fibonacci and Lucas sequences that are
related to the golden ratio; for instance, see, [[1], [2],
(31, [41, [5], [61, [7], [8], [8], [10].

Recall that the Fibonacci numbers F;, are defined
via the recurrence relation

Fn=Fy1+F,o2

for n > 2 with Fy; = 0 and F}; = 1. The Lucas
numbers L,, are defined via the recurrence relation

Ly=1Ln 1+ Lp o

forn > 2with Lo = 2and L1 = 1.

Like Fibonacci and Lucas numbers, the Pell family
is widely used. Recall that Pell number P, is defined
by the recurrence relation

P,=2P, 1+ P, 2

for n > 2 with Py = 0 and P; = 1. The Pell-Lucas
number @), is defined by the recurrence relation

Qn = 2Qn71 + Qn72

forn > 2 with Q9 = 2 and @1 = 2. The Binet’s
formulas for the Pell and Pell-Lucas numbers are
related to the silver ratio ¢ = 1 + /2.

The generalization of Fibonacci and Pell numbers
were introduced by [[11], in 2007 as follows:
the k-Fibonacci numbers F}, is defined by the
recurrence relation

Fk,n = ka:,n—l + Fk,n—Z (1)
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forn > 2 with Fj, o = O and F},; = 1, where k and n
are non-negative integers with & £ 0. In 2011, [[12],
introduced and studied a generalization of Lucas and
Pell-Lucas numbers as follows: the k-Lucas numbers
Ly, ,, is defined by the recurrence relation

Lk,n = kLk,nfl + Lk,n72a (2)

forn > 2 with Lo = 2 and L;; = k. The initial
terms of the k-Fibonacci numbers F}, ,, and k-Lucas
numbers Ly, ,, for selected values of k presented as in
Table [I] and Table P.

Table 1. The initial terms of the &£ -Fibonacci numbers
n 0o 1 2 3 4 5 6 7
F, 01 1 2 3 5 8 13
I, 0 1 2 5 12 29 70 169
3, 0 1 3 10 33 109 360 1189
Fyp 0 1 4 17 72 305 1292 5473
Fs, 0 1 5 26 135 701 3640 18901
s, 0 1 6 37 228 1405 8658 53353
Fr,, 0 1 7 50 357 2549 18200 129949

Table 2. The initial terms of the k -Lucas numbers

n 01 2 3 4 5 6 7
Li, 2 1 3 4 7 1 18 29
Loy, 2 2 6 14 34 82 198 478
Ls, 2 3 11 36 119 393 1298 4287
Lin, 2 4 18 76 322 1364 5778 24476
Ls, 2 5 27 140 727 3775 19602 101785
Lo, 2 6 38 234 1442 8886 54758 337434
Lrn 2 7 51 364 2599 18557 132498 946043

We can see that the classical Fibonacci and
classical Lucas numbers are obtained for & = 1.
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And then the classical Pell and classical Pell-Lucas
numbers are appeared if £k = 2. Moreover,
sequences {F3,}, {Fin} and {Fs,} are listed in
The Online Encyclopaedia of Integer Sequences,
[13], under the symbols A006190, A001076 and
A005668, respectively, while sequences {L3,},
{Lan}, {Lsn}, {Len} and {L7,} under the
symbols A006497, A014448, A087130, A085447
and A086902, respectively.

The recurrence relations ([I) and (B) generate
characteristic equation of the form

r?—kr—1=0

Since £k > 1, this equation has two roots r; =
L(h4 v Hd) and rp = 3 (k- VEZH1).
Therefore, the Binet’s formulas for the k-Fibonacci
numbers {F}, ,} and the k-Lucas numbers { Ly, ,, } are

1 (—1)”>
Frp=—-— 10} — 3
k, Ar <90k ‘PZL 3)
and (1)
Lin = ¢} + — (4)
Pk

where Ay = VEk2+4 and o = %(k + Ayg), see
also, [[12, Theorem 2.2], [|14, Proposition 2].

Some identities have been proposed to represent
and extend of spacial numbers in recent years, [[15],
[L6], [L7], (18], [19], [20], [21], [22], [23], [24].
Integral representations are important tools available
in their analysis (see, for example, [[I|], [3], [4], [8],
(91, [25], [26], [27], [28], [29], [30], [31], [32], [B3],
[34D).

The first example for the integral representations
of the Fibonacci numbers upon even orders by using
the hypergeometric function showed in 2000 by [3],
as follows:

n (3\"' [" V5 et
Fy, = — () / <1 + —cos m) sin xdx.
"2\2 0 3

In 2015, [4], worked out an explicit integral
representation for F, involving trigonometric
functions. Indeed, the main result in their paper is
the representation of the form

g2 [ (2)

ona) — 95 :
" <cos( n:c)2 sin(nx) smx) I
5sin” z + cos? x

where a = HT‘/E is the golden ratio. Another

representation is given by [[1]].
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In a recent year, [§], derived some appealing
integral representations for Fibonacci numbers F,
and Lucas numbers L,,. For instance, he proved the
representations

nkFy 1

Fon = 2771 .

(L¢ + V5Fz)" tda
and

1 1
Ly, = Q,L/ (L¢ + V5F)"?
—1

X (Ly +V/5(n + 1) Fpx)dz,

where ¢ and n are non-negative integers. The special
case of this identity for £ = 1 is also discussed in [9],
from 2023.

In this paper, we give new integral representations
of the k-Fibonacci and the k-Lucas numbers. To
prove them, we propose some identities relied on the
Binet’s formulas and simple integral calculus.

2 Preliminaries

We employ the technique of [§], to obtain new integral
representations for the k-Fibonacci numbers and the
k-Lucas numbers. We start with the following some
identities relied on the Binet’s formulas that we will
require.

Lemma 1. Let k and n be non-negative integers with
k#0, A =vVk*+4dand o, = 1 (k+ Ay). Then
the following hold.:

(i) Ly + ApFrpn = 2075

(ii) Lip — ApFrp = 20
(iii) L3, — ARFE, = 4(=1)™

Proof. (i) Combining Binet’s formulas (B) and (4)

gives
Ly + ApFy
(—1)"> ( n (—1)”>
= |+ + g — ———
< BTen Foep
= 20y.

(ii) Subtracting Binet’s formulas (B) and () gives

Lyy — ApFyp
n (1)”> ( n (U”)
=\t )~ e
( F Pk ok P
_2(—171) ‘
Pk
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(iii) From [i) and [ii), we have
L2 n A%sz,n
=L}, — (ApFin)”
= Ly + DAiFrn) (L — ApFin)

-ea (5F)
= 4(—1)".

This completes the proof. U

Remark 2. Lemma is presented in [|12, Theorem
2.3].

Lemma 3. Let k, m and n be non-negative integers
k # 0 and A, = k2 + 4. Then the following hold:

(i) 2Fk,m+n = Fk,mLk,n + Fk,nLk,m;
(ii) 2Lk,m+n = Lk,mLk,n + AiFkJan,n'
Proof. (i) Using Binet’s formulas () and (), we

)2( )

Fk,mLk,n

(& (-

Ay s so’,;””
and
Fk,nLk,m
1 —1)" —-1)™m
- -5) ()
Ay o, Pl
_ 1 ((pm—l—n (_1)719021)
Ap \7F vl
L (et by
Ay e pptn
So, we get

Fk,mLk,n + Fk,nLk,m

2 (pm—l—n _ (_1)m+n
Ak QOZH_n
= 2Fk,m+n'

(ii) Using Binet’s formulas (4), we obtain
Lk,mLk,n

(o 5 ) (250

_ ey EDT0E L (CDR (=™t
b or er ot
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Using Binet’s formulas (B)), we obtain

AzF’k,mF‘kz,n

G y)
(m-5)
- (-5 ) (- 5)

— S0m+n _ (_1)m90z _ (_1)n907kn + (_1)m+n
‘ o o o

This implies that

Lk,mLk,n + A%Fk,ka,n

_ + (_1)m+n

k
= 2Lk,m+n'
Hence, (i) and (ii) complete the proof. O

Setting k = 1 and k = 2 in Lemma [8, we have the
following.

Remark 4. Let m and n be non-negative integers.
Then the following hold:
(1) 2Fmqn = FnLy + FpLp;
(1) 2Ly4n = Ly Ly, + 5F Fy;
(i) 2Py 4n = PpnQn + PrnQm;
(1v) 2Qm+n = QmQn + 8P P,.

3 Main Results

In this section, we now present that the integral
representation for the k-Fibonacci numbers Fj, g,
can be found by employing other known relations
between the two numbers F}, ¢ and Ly, 4.

Theorem S. For k, { and n are non-negative integers
with k # 0, the k-Fibonacci numbers Fy, ¢, can be
represented by the integral

nFye (* _
on / (Lio + ApFy )" tdz,  (5)
—1

where Ay, = VK2 + 4.

Proof- Forn = 0 or £ = 0, it is obvious. Let
us assume that £,n > 0. Let u(x) = Lg, +
ApFyx. Then du = Ay F} ¢dz. Using integration
by substitution leads to

Fyon =

1
/ (Lig + ApFypx)" dx

-1
1 u(1) .
= u du
ApFyy /u(l)
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1
=—— (u
nAkax u(—1)
1 L ALF ak
= i (e eFee) |
1
S — ANN I
nAka,z( ke + ApFiy)
1
— ———— (L p— AL FL. )™ 6
nAka,e( kot — ApFlg) (6)

Applying and of Lemma [I| in () with n
replaced with ¢, we get

1
/ (ij + AkF;ﬁgx)n_ldx
-1

“mi |04) - ()|

k
_ {1< gn_(—l)‘f”ﬂ
nFre | A Pk ‘Pin .

It follows from () with replace n by ¢n that

1

_ 2n

/ (Lig + ApFypx)* tdo = Fiz n.-
—1 TLFk,[

Then (B) which completes the proof. O

The integral representations of the k-Fibonacci
numbers for even and odd orders are shown as
follows:

Theorem 6. Let k and n be non-negative integers

with k # 0 and A, = VEk? + 4.

(i) The k-Fibonacci numbers F}o, can be
represented by the integral

kn ! 2 n—1
—1

(ii) The k-Fibonacci numbers Fj 9,11 can be
represented by the integral

1 1 -1
Fron1 = 507 / . (K + 2+ kAgz)"

x (K°n+k* 4+ 2+ k(n + 1)Agz)) da.

Proof. (i) Notice that Fj, o = k and Lg o = k* + 2.
Setting ¢ = 2 in (B), we have

kn 1

o= o (K> + 2+ kA z)" Lda.
-1
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(ii) Re-indexing of n by n + 1 in (), we get

k(n+1) [*
Fionio = (;zm_l) / 1(14:2 + 2+ kAgz)"dz.

This together with ([7) and
Fyonto =kFyont1 + Fion
gives

I _ Fronvo  Fron
k2n+1 — A - k

1 1
= (T;:-_&-l ) / (B> + 2+ kAgz)"dx
-1

n [
—2n/ (K + 24+ kA, z)" Ldx
-1

1 1 ne
- 2n+1/1(k2+2+kAkm) 1><

(K*n+k* + 2+ k(n + 1)Ayz)) da.
This completes the proof. O

Setting & = 1 in Theorems [ and [, we have the
following corollaries.

Corollary 7 ([8], Theorem 2.1). For ¢ and n are
non-negative integers, the Fibonacci numbers Fy,
can be represented by the integral

F 1
Fy, = % (Lg + \/5Fg$)n71dx.
—1

Proof. Notice that Fl,ﬁn = Fyp, FLg = F), LLg =1Ly
and A; = /5. Then, by Theorem B, the conclusion
follows. O

Corollary 8 ([8], Remark 2.1). Let n be a
non-negative integer.

(i) The Fibonacci numbers Fs,, can be represented
by the integral

1
Fop, = 2’1/ (34 V52)" lda.

-1

(i) The Fibonacci numbers Fyn,i1 can be
represented by the integral

Fop1 = 2T1+1 /_11 (3 + \@x)n_l
X (n +3+V5(n+ 1):1:)) dx.

Setting k = 2 in Theorems [ and [, we have the
following corollaries.
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Corollary 9 ([30], Theorem 3.1). For ¢ and n are
non-negative integers with k # 0, the Pell numbers
Py, can be represented by the integral

P,
Py, = T;HK/ (Qg—l-\[PzaZ)n Lde.

Proof. Notice that F5 4, = Py, Iy = Py, Loy =
Q¢ and Ay = /8. Then, by Theorem [, the
conclusion follows. ]

Corollary 10 ([3Q], Corollary 3.2). Let n be a
non-negative integer.

(i) The Pell numbers Py, can be represented by the
integral

1
Py, = n/ (34 V8x)" dx.
-1

(i) The Pell numbers Pap 1 can be represented by
the integral

1 /1 n—1
P2n+1 = 2/_1 <3+ \/§x>
X <2n +34V8(n+ 1):1c)> dx.
Proof. By Theorem [, we get
9 1
Pop, = Foop = 2:/ (64 2v8z)" Lda
-1
1
= n/ (3+V8x)" tdx

-1

and

Poyi1 = F 9,41

— ﬁ /_11 (6 + 2\/§:c)n_l
X <4n + 64 2V8(n + 1)9:)) dx

= ;/11 (3+ \/gm)n_l

x (2n +34+V8(n+ 1)35)) dz.

This completes the proof. O

Setting & = 3 in Theorem [, we have the following
numerical example.

Example 11. The 3-Fibonacci numbers F3 4, can be
represented by the integral

ang 1 neil
F3,Zn = 2n7 / (L37g —+ v 13F37gl‘) dz.
~1
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It is known that F35 = 3 and L32 = 11. Then we
can find F3 4 and F3 g as follows:

F34 = F35(9)
2F
“/ (L3o 4+ V13F392)% tdx

/ (11 + 3v13z)dz

2
§ 3\/@:2 ‘1
2 2 -1
=33

and
F36 = I3 9(3)

3F
32/ (L32+\/>F321‘)3 1d$

23

1
9/ (11 + 3v13z)%dx
—1

8

9 1
= 8/ (121 + 66V13z + 1172%)dx
-1

9 11723\ |1
= (1213:+33\/13:U2+ 39” > ’ 1

= 360.

In another way, we can find F3 ¢ when we known that
F33 =10and L33 = 36 as follows:

F36 = F33(2)
_2F
i / (Los+ VIBFya2)* \da
1
= 5/ (36 + 10V13x)dx
-1
1
=5 (36:1: + 5\/Ex2) ( 1
= 360.
Moreover, we obtain
F39 = F333)
_ 3F:
= 233/ (L33—{—\/7F33$)3 1d$
15

= (36 +10V13z)%dx
—1

1
= 15/ (324 + 45V13x + 3252%)dx

-1
451322 32523\ |1
5]
2 3 -1

=15 (324£U +

= 12970.
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Next, we provide the integral representations for
the k-Lucas numbers Ly, ¢, based on the two numbers
th and Lk’g.

Theorem 12. For k, ¢ and n are non-negative
integers with k # 0, the k-Lucas numbers Ly, ¢, can
be represented by the integral

I _
Lien = 5 / (L + ApFypx)™ !
—1

X (Lygp+ (n 4 1) A Fy px)dz,  (8)

where A, = VE2 + 4.

Proof. We will solve this integral (§) using the
integration by parts. Let u and v be such that
u(z) = Lo+ (n+ 1)Aka7gx
and
dv = (Lk,é + Aka’g:E)n*ldx.
Then du = (n + 1) Ay F}, ¢dx and from (B) gives

v = /(Lk’g + AkajCC)n_ldl‘

1
= —(L ALFL )",
nAka;,z( ke + ApEl)

It follows that

1 [t _
I = 2n/ (Lo + ApFy px)" 1
—1

X (kag + (n -+ 1)Aka7g$)d$
_ 1
- TLQHA]CFk,g

1
X [(Lk,e + ApFior)" (Lige + (0 + 1>Ak:Fk,£x)}

n+1 [ n
— on / (kag + Akpij) dx. (9)
-1

Replacing n by n + 1 in () becomes

n—+1)Fgy 1
Fytnve = (Qn—i-)l/ (Lig + Ay Fpz)"dx.
—1

and so

2F g mte _ (n+1) /1
an‘,[ TL2” -1

(Llﬁg + Ay Fkxl‘)ndw.

This together with (f) gives
1
I=—
n2" AL F) k.0

X {(Lk,ﬂ + ApFo)” (Lo + (n 4+ 1)ARFp )
— (Lie — ApFr )" (Lie — (n + 1)Aka,e)}

~ 2F e
anl '
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Applying [i) and (ii) of Lemma [l| with n replaced by
¢ to the righthand side of the above equation gives

1
I= 7[2" (g, 1)ALF
W2 A Fr L2 K (Lie + (n+ 1)AgF )
n (_1)£n
-2 i (ijg —(n+ l)Aka’g)}
Pk
 2Fgne
an’g
1 1 In (_l)én
- — - L
-1 In
+ (n+1)Fyy <gof;" + ( ei > ]
Pk
~ 2Fk e
an’g ’

Applying both Binet’s formulas (§) and () with n
replaced by /n and Lemma leads to

1

I =
nF]@g

(Fie.onLie + (n+ 1)Fy ¢ Ly, o)

_ 2Fy e
nky g
1

= (FrenLie + Fr oLk on) + Lin
an,g

_ 2F e
nky .

= Lk,fn)
which completes the proof. O

Setting ¥ = 1 in Theorem [[2, we have the
following corollary.

Corollary 13 ([8], Theorem 2.2). For ¢ and n are
non-negative integers, the Lucas numbers Ly, can be
represented by the integral

1 1
Ly, = 2n/ (Lg + \/E)ng)nil

-1
x (Lg + V5(n + 1) Fyx)da.

Setting & = 2 in Theorem [12, we have the
following corollary.

Corollary 14 ([30], Theorem 3.4). For £ and n are
non-negative integers, the Pell-Lucas numbers Qg
can be represented by the integral

1
Qe = Qin 1 x(Q¢ + V5P)" !
(Q¢ + V8(n + 1) Pyx)da.
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Setting & 3 in Theorem [I2, we have the
following numerical example.

Example 15. The 3-Lucas numbers L3, can be
represented by the integral

L3,Zn = on

X (Lgl + vV 13(n + 1)F37g.%')d£€.

1 1
— / (Lgl + v 13F37gx)n_1
-1

Since F32 = 3 and L3 = 11, we can find L3 4 and
L3 ¢ as follows:

L34 = L3
=%/
X (L3’2 + 3V 13F3’2$)d1‘

1 /1

i/
1 /1
i/

1 1
<121x 4 66v132% + 117x3> ‘

(L3,2 + Vv 13F3,233>2_1

(11 + 3v/13z) (11 + 9v13z)dx:

(121 + 132V13z + 35122)dx

4 _
=119
and
Lse = L33

(L372 + V 13F3’2$)371

1 1
-5/,
X (L3 + 4\/EF372x)dx
é /11(11 +3vV132)2(11 + 12V/13x)dx
1 1
o,

< | (1331+ 2178V13x
+ 1158322 + 1404v/132%)dx

1 ) 1
(13312 + 1089v/132% 4 386123 + 351v/13xz%)

= 1298.

Moreover, we can find L3 when we known that
F33 =10and L33 = 36 as follows:

Lz = F3302)

1 /1

=5 g

X (Lg,g + 3V 13F3,3.1‘)d.%'

1 1
/ (36 + 10v/T32)(36 + 30v/132)dz
—1

(L3,3 —+ V 13F373.%')2_1

4
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1
= / (324 + 360v/13x + 97522)dx
-1
1
- (324x +180v/1322 + 325953) ) 1
= 1298,

Finally, both F},, and Ljg, are then used
to establish the generalized forms of integral
representations for the k-Fibonacci numbers F}, ¢y, 1
and k-Lucas numbers Ly s, as the following
theorems.

Theorem 16. For k, ¢, n and r are non-negative
integers with k # 0, the k-Fibonacci number Fy, ¢y, 1,
can be represented by the integral

1 1
Fk,enJrr = 2n+1/1

X (an’ng7f,« + Fk,TLk,g + (n + 1)Aka7ng7,«x)d$,

where A, = Vk? + 4.

Proof. Using Lemma with m and n replaced by
¢n and r respectively, we get

(Lyo + ApFypx)* "

1 1
Fronyr = §Fk,énLk,r + iFk,rLk:,Kn-

Applying Theorems [ and [12 leads to

1

/)

1 1 !
iR (7

2 k,r 2n/1

X (Lk,€ + Akavga?)nfldl')

1 1
- on+1 /_vl

X (an’ng,r + Fkﬂnij + (n + 1)Aka74Fk,rx)da:.

Fk,ln—l—r

1 (an,f

2\ 2n

(Lye + Aka,gx)“lda;> L.,

+ (Liye + (n+ 1) A Fy o)

(Lig + ApFypx)" !

This completes the proof. O
Remark 17. Notice that the results for the integral
representations of the even and odd k-Fibonacci
numbers given in Theorem [ are recovered from

Theorem [1§ on setting (¢,7) = (2,0) and (¢,r) =
(2,1), respectively.
Setting & = 1 in Theorem [1d, we have the

following corollary.

Corollary 18 ([8], Theorem 2.3). For ¢, n and r are
non-negative integers, the Fibonacci numbers Fy,
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can be represented by the integral
e -
Fopgr = ﬁ /1(L£ + \/gFéx)n 1

X (anLT Y ELy+VB(n+1) FZFTa;) dz.

Setting k = 2 in Theorem [1§, we have the
following corollary.

Corollary 19 ([30], Theorem 3.5). For ¢, n and r are
non-negative integers, the Pell numbers Py, can be
represented by the integral

I -
P£n+r:W/1(Qz+\/§Pﬂ)n !

x (nPgQr +PQi+V3(n+1) PKPT:C) dz.

Theorem 20. For k, ¢, n and r are non-negative
integers with k # 0, the k-Lucas numbers Ly, ¢y, 1,
can be represented by the integral

1t _
Ly pnyr = on+l / 1(Lk,£ + Aka,zﬂv)n !

« nA2Fy oFrr + Lo Ly.r da
+(n+ 1Ay Fy oLy v ’

where Ay, = V k2 + 4.

Proof. Using Lemma with m and n replaced by
{n and r respectively, we get
2

1 A2
L pnyr = §Lk,ank,r + 7Fk,£an,r'

This together with Theorems [ and 12 gives that the
proof is finish. U

Using the same idea as in Theorem [, or setting
(¢,7) = (2,0) and (£,7) = (2,1) in Theorem R0, we
also have the following integral representations of the
k-Lucas numbers for even and odd orders.

Theorem 21. Let k and n be non-negative integers
with k # 0 and Ay, = VK2 + 4.

(i) The k-Lucas numbers Ly, 2, can be represented
by the integral

1 1
Lion = 271/ (K* + 2+ kAgz)"
-1
x (k? +2 + k(n + 1) Apz)dz.

(ii) The k-Lucas numbers be

represented by the integral

k 1 n—1
Liont1 = DYUES] / . (kQ +2+ k?Akl‘)

X (nAz + k2 + 24 k(n+ 1)Agz)) da.

Lions1  can
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Setting & = 1 in Theorems 20 and R 1, we have the
following corollaries.

Corollary 22 ([8], Theorem 2.4). For ¢, n and r are
non-negative integers, the Lucas numbers Ly, can
be represented by the integral

1
Linsr = 2"“/1

X (E’mFgFr 4 LoLy +V5(n + 1) FTL,«:U> dz.

(Le + V5 Fya) !

Corollary 23 ([8],
non-negative integer.

Remark 2.4). Let n be a

(i) The Lucas numbers Lo, can be represented by
the integral

1

=5 (3+V52)" " H(3+V5(n+1) x)dz.
-1

L2n

(ii) The Lucas numbers Loy 1 can be represented by
the integral

1 1
L2n+1 - 2n+1/
-1

x (5n+ 3+ V5(n + 1)z)dz.

(34 Vb5x)" !

Setting k = 2 in Theorems 20 and 21|, we have the
following corollaries.

Corollary 24 ([30], Theorem 3.6). For ¢, n andr are
non-negative integers, the Pell-Lucas numbers Q ¢y 1
can be represented by the integral

1
Qenyr = ﬁ /_I(Qe + V8 P)" !
X <8nPgPT Q0+ V3(n + 1)P4er) dz.

Corollary 25. Let n be a non-negative integer.

(i) The Pell-Lucas numbers QQay, can be represented
by the integral

Qon = /_11(3 +V82)" 1 (3 + V8(n + 1)x)da.

(ii) The Pell-Lucas numbers be

represented by the integral

1
Qon+1 = /1(3 + V/8z)" !

x (4n + 3+ V8(n + 1)z)dz.

Qont1 can

Setting k = 3 and r = 1 in Theorems [Ld and 20,
we have the following numerical example.
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Example 26. The 3-Fibonacci numbers F3 4,11 and and
3-Lucas numbers L3 ¢,41 can be represented by the
integral L35 = L32(2)+1

1t
1t _ = L V13F.
F3,fn+1 = 2n+1/ (Lg}g =+ v ].3F37£:L')n 1 23 _1( 3,2 + 3 3,255)
-1

« (3TLF37g + L3’g + /*13(,” 4 1)F3’g$)d$ X (26F3,2 + 3L372 + 9v 13F372x)d:1:

1 1
and =3 / (11 + 3v13x)(111 4 27V 13x)dx
-1
1 ! 1 1
- v/ n— 1

Lsnsr = 5o /_ 1(L374 +VI3F ) == / (1221 + 63013z + 105322)da

—1
X (13nF37g +3L3 ¢+ 3V 13(n+1) F374$> dzx.

It is known that 39 = 3 and L3> = 11. Then we

1 1
=3 (122193 4 315v1322 + 3513:3) ‘

can find F3 3 and L3 3 as follows: = 393.

F33 = F3501)41 4 Conclusion
1 [ In this paper, new integral representations of the
- % (3F32 + L3 2 + 2V 13F3 07)dx k-Fibonacci numbers and the k-Lucas numbers have
1_1 been introduced and studied. Many of the properties
1 ey of these numbers are proved by using Binet’s
T2 /_ 1(10 +3v13z)dz formulas. We also establish some identities and
1 31322\ |1 simple integral calculus to prove them. The approach
== <10x + ) ’ primarily builds on mathematical skills for deriving
2 2 -1 integral representations and provides formulas for
=10 both even and odd terms in these sequences. Indeed,

and

L33 = L3a1)+1

we present that the integral representation for the
k-Fibonacci numbers Fj ¢, and k-Lucas numbers
Ly ¢, can be found by employing other known
relations between the two numbers F}, o and Ly, . And

1
_ % (13F372 +3L30+ 6v13 F372x) da then b(lj'th f?m andfl.}k,gn are used to e§tablish the
1 generalized forms of integral representations for the
1 ! k-Fibonacci numbers Fy, s+, and k-Lucas numbers
== / (36 + 9v13z)dx Ly ¢n4r. Moreover, we deduce results applicable
24 to related number sequences like Fibonacci, Lucas,
1 9v/1322\ |1 Pell, and Pell-Lucas numbers. Finally, we give
- D) <36x + ) ’71 some numerical examples of 3-Fibonacci and 3-Lucas
_ 36 numbers.
Moreover, we obtain F3 5 and L3 5 as follows: References:
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