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1 Introduction For estimation and comparison of speeds of
convergence of sequences are used different

Let y v be two sequence spaces and M=(m_) be methods, see, for example, [1], [2]. [3]. [4], [5], [6].

an arbitrary matrix with real or comp!ex_ entries. [7]. We use the method, introduced in [1] and [6].
Throughout this paper we assume that indices and Lot b ive (Lo for every K)
summation indices run from , to _  unless /1:=(/1,,}| ¢ a positive (ies g, >OF e y ;
otherwise specified. If for each x=(x,)eX the mono‘:onlcla y mcreasmgtsequence. ° meg_ﬂf ]
series: (see also [1]), a convergent sequence x=(x) Wi
. and |, ._ 1
M= m x, . limx, :=s = v. =A.(x, —S5) @
P is called bounded with the speed A (shortly, A-
converge and the sequence Mx =(M.x) belongs to bounded) if v —0l) (or (v,,)elﬂ,)' and convergent
y We say that M transforms X into Y. By (y y) we with the speed 4 (shortly, A-convergent) if the finite
denote the set of all matrices, which transform X limit:
into Y. Let  be the set of all real or complex-valued limv. =b
sequences. Further, we need the following well- ) MV o
known sub-spaces of w: ¢ - the space of all exists (or (, ycc)- Following [8], a convergent
convergent sequences, . - the space of all sequence , _(y ) with the finite limit s is called a-
sequences converging to zero, ; - the space of all absolutely convergent with speed 4 (or shortly, a-
bounded sequences, and - absolutely l-convergent), if v.)el - Besides, for
“l-absolutely” we simply write “absolutely”. We
I, = {XZ(XWZ'X"' <°0}» a>0. denote the set of all -bounded sequences by 2, the

set of all A-convergent sequences by .+ and the set
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of all a-absolutely A-convergent sequences by /j.

Moreover, let:

c; ::{x=(xk):xecl and limZ,(x, —s)=0}.

It is not difficult to see that:
I!ccicctcllce

In addition to it, for unbounded sequence /1 these
inclusions are strict. For 4, =0(1), we get =0, and
hence:

Therefore, the most important case is 4, #0(1),

because in this case relation (1) allows to evaluate
the quality of convergence of converging sequences.

Indeed, let x* and x* be two convergent sequences
with the finite limit s. If (v.)ec (or v, :0(1)) for
x=x",and (v,)&c (or v, #0(1)) for x=x>, then the
sequence x' converges "better" (more precisely,
faster) than sequence x*. ThusA, in the case
A, #0(1), measures the speed of convergence of the
observed sequences.

Further we need the sequences:
e==(1,1,..), € :=(1,0,..,1,0,...),
where 1 is in the position number k. We note that
eeec’, eeel

Let A=(a,) be an arbitrary matrix with real or
complex entries. Following [1] and [6], a sequence
x =(x,)is said to be A”-bounded (A”-summable),

if Axel’ (Axec*, respectively).

Definition 1. We say that a convergent sequence
x=(x,) is a -absolutely A*-summable, if Axel’.

The set of all A*-bounded sequences we denote

by (/, )i the set of all A* -summable sequences by

A
A7

c,, and the set of all « -absolutely A*-summable
sequences by (1, )j Let,

(co)i ::{xecj:Axecé},
and c, be the summability domain of A, i.e., the set

of sequences x (with real or complex entries), for
which the finite limit limA x exists. It is easy to see

that
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(L), =(e); =i = (), =c,

and if 4 is a bounded sequence, then

(1), =¢ =(6. ), =s

Matrix transformations, and boundedness and
convergence with speed are widely wused in
approximation theory to transform non-convergent
sequences into convergent ones, or to transform
convergent sequences into “better” convergent
sequences, [5], [9], [10], [11]. An interesting task
would also be to accelerate converging processes in
wavelet and spline approximation, such as, for
example in works [12], [13], [14], [15] and [16].
Besides, in [1] matrix transformations and
boundedness with speed are used for the estimation
of the order of approximation of Fourier expansions
in Banach spaces by one author of the present paper.

In general, the problems of improvement of the
quality of convergence of sequences by matrix
transformations have been studied by several
authors for example, [1], [17], [18], [19], [20], [21],
[22], [23] and [24]. Moreover, in [23] and [24], the
A-convergence and the ZA-boundedness in abstract
spaces, considering instead of a matrix with real or
complex entries a matrix, whose elements are
bounded linear operators from a Banach space X
into a Banach space Y, have been studied. We note
that the results connected with convergence,
absolute convergence, a-absolute convergence, and
boundedness with speed can be used in several
applications. For example, in theoretical physics,
such results can be used for accelerating the slowly
convergent processes, a good overview of such
investigations can be found, for example, from the
sources [25] and [26].

Let further B=(b, ) a lower triangular matrix
with real or complex entries, and A=(a ) a normal
or A-reversible matrix. We recall that A is said to be
normal, if it is lower triangular and a, #0 for
every n, and A-reversible, if the infinite system of
equations z, =A x has a unique solution for every
sequence (z,)ec”. Matrices A and B are called M-
consistent on a sequence space X, if the
transformation y =Mx exist and

Iirr7an(IVIx):Ii,r7nAnx
for each xeXx [1]. If M=(J,,) (where o, =1 if
n=k and 0, =0 if n=k), that is, Mx=x for

each xeXx, then M-consistency of A and B on X is
reduced to the ordinary consistency of A and B on X

[

Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.86

Let u:=(u,) be another speed of convergence,

i.e., a monotonically increasing positive sequence.
Matrix transforms from X into Y, where X is one of

the sets .+ ¢, I, I, ¢, (c,)sn (L), or (L),
and Y one of the sets ¢, ¢, I, I (a>1), ¢},

(o), (L,); or (I,); have been studied in [6], and

by the authors of the present paper in several works,
for example we mention only [1] and [8].

The present paper is the continuation of [8]. We
remember that in [8] are given the characterization

for the sets (/j,l;’), (Ij,c"), (/;,cg') if 0<a<1,
and for the set (Ij,lg) if 0<a<B<1. In this work
we prove necessary and sufficient conditions for
Me(()5 0.0 ), Me(l i), Me(()hc))
(0<a<1), and for Me((,)},(,)) (0<a<p<1

), if A'is a normal or A-reversible matrix and B — a
triangular matrix. Also, we prove necessary and
sufficient conditions for A and B to be M-consistent

on () if A is a i-reversible matrix. As an

application of the main results, we consider the case
if Ais the Zweier matrix z

1/2*

2 Auxiliary Results

In this section we present the known results from
the summability theory, which are necessary for the
proof of the main results of the present paper. In [8]
are presented the following lemmas (see also the
references therein).

Lemma 1. A matrix A=(a,)e(/,,/[,) for o<a<1if
and only if
a, =0(1). (2)
Lemma 2. A matrix A=(a,,)<(/_,c) for o<a<1 if
and only if condition (2) is satisfied, and
there exists finite limits lima, =a,.

3)

Moreover,
IiEnAnx =Zakxk
k

for every x=(x,)el,.
Lemma 3. A matrix A=(a,)e(/,,c,) for 0<a<1

if and only if condition (2) and condition (3) with
a, =0 are satisfied.
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Lemma 4. A matrix for

O<a<p<1 ifand only if

> |a.|” =00).

n

A=(a,)ell,,1,)

ank

Moreover, if 0<a<p<1, then Ae(l,,/,) if and

only if Ae(l,,l,).

Let A=(a,) be a Ai-reversible matrix. For

xe(la)j, let
¢:=limAx, d,==1,(Ax~¢), d:=limd,,

and 7:=(n,), 7’ =(n,), for each fixed j, are the

solutions of the system y=Ax corresponding to

y=(5,) and y=y'=(5,). As (). cc; and

limd, =0 for all xe(/, )j then from Corollary 9.1
of [1] we get the following result.

Lemma 5 Let A=(a,) be a Ai-reversible matrix.

Every coordinate x, of a sequence x=(x,)e(/, )j
can be represented in the form

Xk :¢77k +Z%dn'

for every fixed k.

s
205

n n

<00

(4)

As an application of the main results, we
consider the case if A is the Zweier matrix z

1/2!
defined by A=(a,, ), where, [27], a,, =1/2 and
B 1/2,ifk=n-1andk=n,
1 0,ifk<n—landk>n

for n>1.1t is easy to calculate that the inverse
matrix of Zz , is the lower triangular matrix

A~ =(n,,) with

Mo =2(=2)"" (5)

In examples we later use also the factorable matrix
M’ =(m,,), defined by

m, =t.s, (6)
where (t,) and (s,) are sequences of numbers.
3 Matrix  Transforms  for A=
reversible Matrices
In this section we characterize the sets
(5 0),  (es),  (Liie))  and
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((/a)ﬁ,(/ﬂ)g) for the case 0<a<p<1,ifAisa i-

reversible matrix and B — a triangular matrix. First,
we present necessary and sufficient conditions for
existence of the transformation y=mx for every

xe(la)j.

Proposition 1. Let A=(a,) be a Ai-reversible

matrix, M=(m.) @an arbitrary matrix and
0<a <1.Then the transformation y=Mx exists for

every xe(/, )j if and only if there exist finite limits

Ii;nh}} =h,, (7)

7” =0, (1) for every fixed n, (8)
1

(9)

> m,n, < for every fixed n,
k

where

J
n -—
hjl = Zmnkm/-
k=0

Proof. Necessity. Assume that the transformation

y=Mx exists for every xe(/,);. By Lemma 5,

x
every coordinate x, of a sequence x=(xk)e(la)j
can be represented in the form (4) for every fixed k.
Hence, we can write

j j i R
Zmnkxk = ¢zmnk77k + _ﬂd/ (10)
pary pary = 4

for every sequence xe(/, )j It is easy to see that

ne(/a)j, since ec/’ and A is i-reversible.

Consequently condition (9) holds.
Using (10), we obtain that the matrix

H; :=(h/.", //1,) for every n transforms this sequence
(d,)el, into c. We show that H; transforms every
sequence (d,)e/, into c. Indeed, for every sequence
(d)el,, (d,/A4)el,. But,
(d,/A)el,, there exists a convergent sequence
z=(z,) with ¢=!Lngz,, such that d, /4 =z —¢.
Due to A-reversibility of A for every convergent
sequence z=(z,) with ¢=5Lrpcz, there exists a

the sequence for

convergent sequence X, such that z, =Ax. Thus, we
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have proved that, for every sequence (d,)el, there
(x)e(l, ), that

d =A4(Ax—¢). Hence H;e(l,,c). Therefore, by
Lemma 2, conditions (7) and (8) are satisfied.

Sufficiency. Let all conditions of the present
proposition be satisfied. Then conditions (7) and (8)
imply, by Lemma 2, that H] e(/_,c). Consequently,
from (10), we can conclude, by (9) that the

exists a  sequence such

transformation y = Mx exists for every x (1, ).
As the validity of (7) and (8) implies the validity
of

h

nl

=0, (1) forevery fixed n, (112)

1
then from Proposition 1 we immediately obtain the
following result.

Corollary 1. Let A=(a,) be a A-reversible matrix
and  pj—(m.) an arbitrary matrix If the

transformation y=Mnxexists for every xe(l, )j

then condition (11) holds.
To formulate the main result of this section, we

use the matrix G=(g,,)=BM; i.e.,
G = anlmlk ,
=0

and lower triangular matrices I"” :=(7j,), where

4 j
Yo = zgnknkl'
k=0
If the matrix transformation y=Mx exists for every
xe(l,)., then the finite limits
Yo =limy),
J

exist.

Theorem 1. Let A=(a, ) be a A-reversible matrix,
B=(b,) an
arbitrary Then
Me((la V(I ):) if and only if conditions (7) — (9)

are satisfied, there exist finite limits:

a triangular matrix, M=(m._)
matrix, and O<a<p<1.

Ii;‘nynl =V (12)
7/nl
Pl _ op), 13
i (1) (13)
1 B
?Zn:/unﬁb/nl_]/J :O(l)l (14)
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ne(/ﬂ)G. (15)

Proof. Necessity. Suppose that M e((la )j,(/ﬁ)”).

B
Then the transformation y=Mx exists for every
xe(l, )j Hence conditions (7) - (9) hold by
Proposition 1, and
By=G,x (16)
for every x<(/,);, because the change of the order
of summation is allowed by the lower triangularity

of B. This implies that (1), (/,).. Hence

condition (15) is satisfied because ne(la)j.As

every element x, of a sequence x=(x,)e(/, )j may

be represented in the form (4) by Lemma 5, we can
write

J

J J J
Zgnkxk = ¢Zgnk77k + Z%d/
k=0 k=0 =0 4

From (17) it follows, by (15),

A7)

for every xe(la)j.
that I} :=(y},/ 4, )&(l,,c) for every n because A is

A-reversible (see the proof of necessity of
Proposition 1). Moreover, from conditions (7) - (9),
we can conclude that the series G, x are convergent

for every xe(l,).. Therefore there exist the finite

limits y,,, and from (17) we obtain

j
an=¢Gn77+z%d, (18)

1=0 1
for every xe(l, ) by Lemma 2. From (18) we see,

with the help of (15) that T',:=(y, /4 )el(l,,c).

Consequently, by Lemma 2 we obtain that
conditions (12) and (13) hold, and

IlmG X= ¢7+Z%d (19)

1=0 7Y
for every xe(l, )i , Where
y =limG,n.

Therefore, we can write:

41 (G x— I|mG X)=¢u (G.n— 7/)+ynsz
] ]

(20)

for every xe(la )j With the help of (15), it follows
from (20) that the matrix
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ﬂ.y' (/’ln(yn/ 7// /ﬂ’)e(

Hence, using Lemma 4, we conclude that condition
(14) holds.

Sufficiency. Assume that all conditions of Theorem
1 are satisfied. Then the transformation y=Mx

exists for every xe(/a)j by Proposition 1. This
implies that relations (16) and (17) hold for every
xe(l, ) (see the proof of necessity of the present

theorem). Using (12) and (13), we conclude, with
the help of Lemma 2, that I", (/,,c), one can take

the limit under the summation sign in the last
summand of (17). Then, from (17), we obtain by

(15), the validity of (18) for every xe(l,).
Conditions (12), (13) and (15) imply that (19) holds

for every xe(/, )., due to Lemma 2. Then relation

(20) also holds for every xe(la)i. Moreover,
r, . el,l) by

2 u
l\/le((/a)A,(/ﬂ)B) by (15).

From Theorem 1 we, with the help of Lemma 4,
immediately obtain the following result.

Lemma 4, Therefore

Corollary 2. Let A=(a,) be a A-reversible
matrix, B=(b,) a triangular matrix, ,,_, ) an
arbitrary  matrix, and O<a<pf<1. Then

me((1,);.(1); ) ifand only it Me((1,),,(1,); )
Now we consider necessary and sufficient
conditions for A and B to be M-consistent on (/, .

Theorem 2. Let A=(a,) be a A -reversible matrix,
B=(b,) a triangular matrix,  ps_(; ) an
arbitrary matrix, and O<a<1. Then A and B are
M-consistent on (1, )’ if and only if conditions (7)-
(9), (12) with y,=0, and (13) are satisfied and
y=1.

Assume that A and B are M-
. Then

limG x=limA x

n n

for every xe(/, ) by (16), and Me((l )l Ca)-

Proof. Necessity.
consistent on (/, )’
(21)
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Therefore conditions (7) - (9) are satisfied,
relation (18) holds for every x e(/, )j and the series
G, is convergent for each n. As Ap=e and ecl’,
then

limG n=limAn=1
by (21); i.e., y=1. From (18) we conclude
I', (l,,c,). Hence, by Lemma 3, we obtain that
condition (12), with », =0, and condition (13) hold.

Sufficiency. Assume that all the conditions of the
present theorem are satisfied. Then relation (18)

holds for every x (I, )j (see the proof of Theorem

p:

1). Hence A and B are M-consistent on (/,),,

because I', €(/,,¢c,) by Lemma 3.

Theorem 3. Let A=(a,,) be a A -reversible matrix,
B=(b,) a triangular matrix,  p;_(p ) @n
arbitrary matrix, and O<a<l. Then

Me((1,);.c&) if and only if conditions (7) — (9)
(12), (13) are satisfied, nec¥.and
|,Un(7n/_7/)|

1

=0(1), (22)
There exists finite limits:

Iirr;n:un(ynl_yl)::r/’ (23)
Theorem 4. Let A=(a, ) be a A-reversible matrix,
B=(b,) a triangular matrix,  p;_(p ) @n
arbitrary matrix, and O<a<l. Then
Me((/a )j,(co)g) if and only if conditions (7) — (9),
(12), (13), (22) and (23) with r,=0 are satisfied,
and ne(c,)s.

Theorem 5. Let A=(a,,) be a A -reversible matrix,
B=(b,) a triangular matrix, ps_(p.) @n
arbitrary  matrix, and O<a<l. Then
I\/le((la )j,(/w)g) if and only if conditions (7) — (9),
(12), (13), (22) are satisfied, and 7 <(1,)%.

As the proofs of Theorems 3 - 5 are similar to
the proof of Theorem 1, then we only give a short

outline of the proofs. In these results always every
A
element x, of a sequence x=(x,)e(/,), may be

presented in the form (4) by Lemma 5. Hence for all
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cases conditions (7) — (9) are necessary and
sufficient for existence of y=Mkx, and relations (16)

- (20) hold with T} €(/,,c) and T", €(/_,c). But the
role of the matrix I,  p is different: in the proof of
Theorem 3, r,, e(,7c), in the proof of Theorem 4,
FM ell,,c,),
r,, e(,,1,). Therefore, instead of Lemma 4, for

completing the proof of Theorem 3 it is necessary to
use Lemma 2, for completing the proof of Theorem
4 - Lemma 3, and for completing the proof of
Theorem 5 - Lemma 1.

and in the proof of Theorem 5,

Corollary 3. Condition (13) can be replaced by
condition

7l _
=0

1

(24)
In Theorems 1 - 5.

Proof. It is easy to see that condition (24) follows
from (12) and (13). Vice versa, conditions (12),
(24), and condition (14) (or condition (22)) imply
the validity of (13). Indeed, from condition (14) (or
from (22)) we obtain that

|7n/ _7//| —o(1),
ﬂ’l
since (u,) is bounded from below. As,

Y 7n/_7/+ﬁ'

(25)

/1/ /1/ /II
then condition (13) is satisfied by (24) and (25).

4 The Case of Normal Matrices
In this section we characterize the

(00 y), (), (0)h))
()3, 0,)8) for the case 0O<a<pB<1, if Alisa

normal matrix. As in previous section, let M be an
arbitrary matrix and B a triangular matrix with real

or complex entries. Let A™:=(7, ) be the inverse

sets
and

matrix of A. It is known, [1], that between A™ and
n, the relationship:

k
n= Z UM
1=0

holds (in this case A™'is also normal). Therefore, in
the present case H" :=(hj”,) and I :=(7j,) are

(26)

triangle matrices with
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j U _
hyy = Zmnknkl ) V= Zgnkm/ <
py Py

We get the following analogy of Theorem 1 for
normal matrix A.

Theorem 6. Let O<a<f<1. Then Me

((/a V1, )’B) if and only if conditions (7), (8), (12)

— (14) are satisfied, and

J
IimZhj'; exists and finite, (27)
s
J
(P )ely, p,=lim> 7. (28)
s

Proof. Using relation (26) we obtain

J j J i
me/ :Zh/"; ) Zgn/m :Z%i/'
=0 =0 =0 =0

Hence condition (27) is equivalent to (9), and
condition (28) to (15). Thus, Me((/a )j(lﬁ);) by
Theorem 1.

Similarly to Theorem 6 for a normal matrix A it
is possible to obtain analogies of Theorems 3 -5. As

the proofs of these theorems are similar to the proof
of Theorem 6, we omit them.

Theorem 7. Let 0<a<1. Then Me((la )jqj‘) if

and only if conditions (7), (8), (12), (13), (22), (23),
(27) are satisfied, and

(p)ec”, p,=lim> yh. (29)
=

Theorem 8. Let 0<a<1. Then Me((/a)j,(co)g‘)

if and only if conditions (7), (8), (12), (13), (22),

(23) with r, =0, and (27) are satisfied, and

j .
(P)ecs, pyi=lim> 7). (30)

1=0
Theorem 9. Let 0<a<1. Then Me((la)j,(/w)g‘)

if and only if conditions (7), (8), (12), (13), (22),
(27) are satisfied, and

L
(p)ell, p,=limd y). (31)
Ay
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Let now A=(a, ) be a normal matrix satisfying
the property a ,=1 for every n. Then 7, =5,, by

Lemma 7.3 of [1]. Hence, with the help of (26) we
obtain

i i
Dohi=m, and Y yi=g,.
/=0 1=0

Therefore, we immediately get from Theorems
6-9 the following corollary.

Corollary 4. Let A=(a,) be a normal matrix
satisfying the property a,=1 for every n. Then

condition (27) is redundant in Theorems 6-9, and
condition (28) can be replaced by condition

e’ (l,). in Theorem 6, condition (29) by condition
e’ ec’ in Theorem 7, condition (30) by condition
e®e(c,), in Theorem 8, and condition (31) by

condition e° (/). in Theorem 9.

In the following we apply Theorems 6-9 for the
case if A is the Zweier matrix z,,,.Using (5) we

obtain that
j _ j
h=2>"(-1)"m, 7, =2>.(-1"g,, 1<j, (32
k=1 k=1

and

1/2*

hn/ = 22(_1)k_/ mnkl yn/ :22(_1)k_lgnk’ (33)
k=I

k=l

if the series in the right-hand side of last equalities
are convergent. Moreover,

J {Z(mn0 +m,, +..+m,), if jisevennumber,

2=
=0

j .
Z%ﬁ/ = {
=0

2(m,, +m,, +...+m, _,),if jisoddnumber,

2(9,,+9,, +--+9,), if jisevennumber,
29,0 +9,, +--+9,,,),if jisoddnumber.

Therefore, for the validity of condition (7) it is
necessary and sufficient that the series
Z(—l)k m_, are convergent for every n,
k
and for the validity of condition (27) it is necessary
and sufficient that the series

Zmnlk are convergent for every n.  (35)
k

(34)

Hence from (32) and (34) follows that
=0,(1) for every fixed n, and this implies the

h
Jjl
validity of condition (6), since A is bounded from
below. Thus, from (34) and (35) follows the validity
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of all conditions of Proposition 1. Therefore (34)
and (35) imply also the existence of finite limits y ,

and
pn = Zgn,Zk' (36)
k
Consequently, we obtain the following
corollaries from Theorems 6-9.
Corollary 5. Let O<a<p<1. Then Me

((/a Yo, )‘B’) if and only if conditions (34), (35),
and conditions (12) — (14), (28) are satisfied, where
v, and p_are determined correspondingly by (33)
and (36).

A

Corollary 6. Let 0<a<1. Then Me((/a) c“)

2, B

if and only if conditions (34), (35), and conditions
(12), (13), (22), (23), (29) are satisfied, where y,,

and p, are determined correspondingly by (33) and
(36).

Corollary 7. Let O<a<l Then
Me((1,);, co)i) if and only it conditions (34),
(35), and conditions (12), (13), (22), (23) with r,=0
, and (30) are satisfied, where y 6 and p,  are
determined correspondingly by (33) and (36).

A

Corollary 8. Let O<ar<1. Then Me((1,); ,(.); )

if and only if conditions (34), (35), and conditions
(12), (13), (22), (31) are satisfied, where ., and p,

are determined correspondingly by (33) and (36).
As an application of Corollaries 5 — 8, we

present some examples, where M is the factorable

matrix M’ defined by (6).

Example 1. Let 0<a < <1. We prove that M’

((Ia ). (1, ):) for an arbitrary speed A if and only

if the series S, := Y _(~1)s, is convergent, (37)
k

the series S,:= Y _s,, is convergent, (38)
k
there exist finite limit limB t .=k, t:=(t,), (39)

> (40)

n

4, (Bt —K)| <eo.

For the proof of this assertion, it is sufficient to
show that conditions (37) — (40) are equivalent to all
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conditions of Corollary 5. First, we see those
conditions (37) and (38) are correspondingly
equivalent to conditions (34) and (35), since:

D (<1)m, =S,

k

and
Zmn,Zk = SZtn .
k
ASs
gnk = Sant’
) J
vy =28t (-1)"'s,,
k=1

then

7nl = 2’SIBnt'
where the series

S = (-1)"s,
k=l
is convergent for every | by (37). Hence
y,=limy, =2KS,,
so condition (39) is equivalent to (12). As A is
bounded from below and |S,|=0(1) by (37), then

condition (13) is also holds by (39).
Condition (40) is equivalent to (28). Indeed,
using (36) and (39), we obtain

P =0, =SBt and limp, =S,k.
k n
Therefore, we can write
”"(p"_'impn)ZSzﬂn(Bnt—K) (41)

and

H, (Bnt _K)|ﬂ'

g
=|52|ﬂ2

n

2

n

un(pn—limpn)

This implies that condition (40) is equivalent to

(28).
As
Yo =7 =25/(B,t—K), (42)
then
I o_(s]Y s
FZﬂn }/nl_7/1| = 7 Z/un(Bnt_K)| .
1 n 1 n

Hence condition (14) holds by (40), since:

A )

by (37) and lower boundedness of A. Thus,
conditions (37) — (40) are equivalent to all
conditions of Corollary 5.
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Example 2. Let 0<a<1. Then M’ e ((la)j/ ,c;;)

for an arbitrary speed A if and only if conditions
(37)—(39) hold and there exist finite limit:

limg, (Bt—K):=R. (43)

For the proof of this assertion, it is sufficient to
show that conditions (37) — (39) and (43) are
equivalent to all conditions of Corollary 6. First,
conditions (37) — (39) are equivalent to conditions
(34), (35), (12) and (13) (see Exercise 1). Using
(42), we get that condition (43) is equivalent to
condition (23). As:

3| _ o
1

by (37) and lower boundedness of A, then condition

(22) holds by (43). Finally, condition (29) holds by

(38) and (41).

Example 3. Let O<a<1. Then M e
((Ia )jm (¢ ):) for an arbitrary speed 1 if and only

if conditions (37) — (39), and condition (43) with
R =0 are satisfied. Indeed, similarly, to Exercise 2 it
is possible to show that conditions (37) — (39), and
condition (43) with R=0 are equivalent to all
conditions of Corollary 7.

Example 4. Let O<a<1. Then M e
((Ia )j/z (1, ):) for an arbitrary speed A if and only

if conditions (37) — (39) are satisfied, and
4, (Bt—K)=0(1). (44)

For the proof of this assertion, it is sufficient to
show that conditions (37) — (39) and (44) are
equivalent to all conditions of Corollary 8.
Similarly, to Exercises 1 and 2 we obtain those
conditions (37) — (39) are equivalent to conditions
(34), (35), (12) and (13), and condition (44) is
equivalent to condition (22). Then condition (31)
holds due to (38) and (44).

In the next examples we assume that stk is

an absolutely convergent sequence, B=(

triangular matrix defined by:

(I+12)

(n+1)*"

and t=(t,), x=(u,) are sequences defined by
t,=(+1)

b,) a lower

I<n, ceR,d>0,

i =

,qeR and u =(n+1)° p>0.

E-ISSN: 2224-2880

844

Ants Aasma, Pinnangudi N. Natarajan

Example 5. Let 0<a <1 and c+qg>-1.We prove
that the following assertions hold:

LM e((1,);

7’
Zip

(Iw):) for an arbitrary speed
A, if -1<c+g<d-p-1, or
. m e((/a)jl (co);’) for an arbitrary speed

—1<c+g<d-p-1,

A, if c+g<d-p-1.
. m’ e((la)jm ,(/ﬂ):) for an arbitrary speed
A, and for < <1, if c+g<-1+d—p-1/p.

For the proof of these assertions, it is sufficient
to show that corresponding conditions from
Example 1 and from Examples 3 and 4 hold. First, it
is easy to see those conditions (37) and (38) are
satisfied for all assertions 1 — Ill. For c+g>-1 we

obtain:

D (n+1) =0(1)(n+1)7 .
1=0

d

Hence K=IlimBt=0 for c+qg<d-1. If c+qg=-1,
then

cra _ In(n+2)
n d 1) d "’
(n 1) ( +1)
and again K=0, since d>0. Thus, condition (39)
holds for all assertions | — 11l. Further,

T,:=u, (Bt —K)=0(1)(n+1)" 7,

if c+g>-1,and

In(n+2)

(n+1)*"’

if c+g=-1.Thus T =0O(1) in assertion I, and
R:Ii:nTn =0 in assertion Il hold, i.e., condition (44)

T =0(1)

n

for assertion I, and condition (43) with R=0 for
assertion 1l are satisfied. Hence assertions | and Il
are proved.

Further, we can write

V, =3 |u, (Bt—K) =3

|ﬂ

|(n n 1)p+c+q+1—d

for c+q>-1,and

In(n+1)
(n+1)""°

Y i

For c+g=-1. Hence for c+g>-1, V, =0(1), if

(p+c+g+1-d)B<-1, or
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c+g<—-1+d—p-1/p. For c+g=-1 itis possible
to show with the help of the logarithmic
convergence criterion that V, =0(1),if (d—p)S>1,
or d—p—1/>0. Summarizing, V. =0(1), if
c+q<-1+d-p-1/p, i.e. condition (40) for
assertion 111 holds. Hence assertion 111 is proved.

There exists a collection {a,p,c,d,p,q}
satisfying all conditions of Example 5, for example,
a=1/4, pB=1/2, c=1/2, d=6, p=1 and
g=1/2.

Example 6. Let 0<a <1 and c+g<-1.We prove
that the following assertions hold:

LM ()], (0 ); ) and M e((1,); ek )

for an arbitrary speed 4, if p<d.

n. m* e((la )2/2 (), ) for an arbitrary speed
A, if p<d.

A H .

. m* e((/a )., (1 )B) for an arbitrary speed

A, and for < p<1, if p<d-1/p.
For the proof of these assertions, it is sufficient

to show that corresponding conditions from
Examples 1 - 4 hold. First, it is easy to see those

conditions (37) and (38) are satisfied for all
assertions | — Il1. In this case K=IlimB,t=0, since

d >0 and the series

D (+1)" <o,

/

(45)

i.e., condition /3)) holds for all assertions | — I1I.

Then

1 o0
T = S(l+1).
’ (n+1)""’§( )

Hence
R=limT, => (n+1)" =0

for p=d,and R=0 for p<d. Therefore conditions
(43) and (44) hold for assertion I, and condition
(43) with  R=0 holds for assertion Il. Hence
assertions I and Il are proved.

Further,
B

V,=>l(n+1)"" Z":(/ +1)7

n
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=0(1))_(n+1)*" =0(1),

if (p—d)B<-1, or p<d—1/ . So condition (4) for
assertion Il holds, and thus, assertion Il is proved.
There exists a collection {a,f,c,d,p,q}

satisfying all conditions of Example 5, for example,
a=1/4, f=1/2, c=-3, d=4, p=1and g=1.

5 Conclusion

In this paper, we continued the investigations started
in [8], where we studied the matrix transforms from
the set of all « -absolutely A-convergent sequences,
where A1 is a strictly positive monotonically
increasing sequence, i.e., the speed of convergence,
and O0<a <1, into the set of all x-bounded or p-

convergent or [ -absolutely  x-convergent
sequences, where u is another speed of
convergence and O<a < <1.

Now we found necessary and sufficient
conditions for a matrix M (with real or complex
entries) to map the «-absolute 4-convergence
domain of a 1 -reversible or a normal matrix A (with
real or complex entries) into the x-boundedness, or

the u-convergence or the f-absolute -

convergence domain of a triangular matrix B (with
real or complex entries), if O<a<f<1. As an

application we consider the case, where A is the
Zweier matrix z,,,. For this case we present some

1/2°
examples for the case, then M is the factorable
matrix.

In the future, we intend to extend our results to
the case where we consider matrix transformations
in abstract spaces, for example, in the ultrametric
space. Also, we wish to study the possibilities of
applying the findings of the present paper and [8]
for solving real-life problems.
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