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1 Introduction In [27], they obtained new properties by
Fibonacci and Lucas sequences are famous number applying different transformations to the k-
sequences. These sequences have intrigued Fibonacci sequence. In addition, he worked on the
scientists for a long time. Fibonacci and Lucas k-Fibonacci difference sequence, [28]. Moreover,
sequences have been applied to various fields such his another study, found many new formulas on k-
as Algebraic Coding Theory, Physics, Phyllotaxis, Fibonacci and k-Lucas sequences, [29].
Biomathematics, Computer Science, Chemistry, etc. In [30], they made many applications on k-
New sequences are obtained by changing the Mersenne numbers. In [31], they defined hyperbolic
recurrence relation and initial conditions of the k-Balancing and k-Lucas Balancing numbers
generalized Fibonacci sequence. The known octonions. In [32], they defined the Catalan
examples of such sequences are the Horadam, k- transformation of k-Pell, k-Pell-Lucas and modified
Pell, k-Chebyshev sequence, Gaussian Fibonacci, k-Pell sequences. In addition, they found many
Oresme numbers, Perrin, Narayana sequences, etc., properties of this transformation.

[11, 2], [3], [4], [5], [6]. [7], [8], [9], [10], [11], For n >0, Fibonacci numbers F, and Lucas
[12], [13], [14], [15], [16], [17], [18], [19], [20], numbers L, are defined by the recurrence relations,
[21], [22], [23], [24]. respectively,

With the help of the recurrence relation of the Foyz = Fpyqr + By and Ly = Lyyq + Ly,
Fibonacci sequence, Kk-sequences have been with the initial conditionsFo =0, F; =1 and Lo =
introduced, and these sequences have an important 2,L, =1
place in number theory. In [25], they obtained many Binet formulas for Fibonacci numbers F, and Lucas
features related to the k-Fibonacci sequence. Also, numbers L, are given by the following relations,
they showed new properties of k-Fibonacci and k- respectively,

Lucas sequences, and they found correlations E, = at=p% L, = a™ + B".
between these sequences, [26]. a=p

E-ISSN: 2224-2880 856 Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.88

1+/5 1-/5

and f = —— are the roots of

Here a =

the characteristic equation, r2 —r —1=0. The
number « is the known golden ratio.

Fibonacci polynomials were defined with the
help of the recurrence relation of the Fibonacci
sequence. In addition, many studies have been done
with the help of Fibonacci polynomials, [33], [34],
[35].

Dickson polynomials were introduced by L. E.
Dickson (1897). For integer n =2 and a with
identity in a commutative ring R, Dickson
polynomials first kind D,(x,a@) and Dickson
polynomials second kind E, (x,a) are defined by
recurrence relations, respectively:

Dy(x,a) = xDp_q1(x,@) — aDp_(x, @)

and
Ep(x,@) = xEp_1(x,@) —aky_5(x, )

with the initial conditions Dy = 2, D; = x and E, =
1,E; =x.

Dickson Polynomials arise in various areas in
mathematics, such as integro-differential-difference
equations, cryptography and number theory. In
addition, Dickson polynomials played a major role
in the proof of the so-called Schur conjecture
concerning integral polynomials which induce
permutations on the field F, for infinitely many
primes p. Moreover, Dickson polynomials attracted
the attention of scientists, and they did a lot of work
on these polynomials, [36], [37], [38].

As seen above, many generalizations of
Fibonacci and Lucas sequences have been given so
far. In this study, we give new generalizations
inspired by the Dickson polynomial. We call these
polynomials the Dickson k-Fibonacci polynomial
and denote them as DFy, ,, (x).

We separate the article into three parts.

In chapter 2, we define Dickson k-Fibonacci
DFj n(x) polynomials inspired by Dickson
polynomials. We introduce the characteristic
equation, the Binet formulas, and some properties of
these polynomials. For these polynomials, we find
generating functions, sum formulas, Cassini
identity, Melham’s identity, D’ocagne identity, etc.
In chapter 3, we define the Catalan transformation
of DFy ,(x) polynomials, and some properties are
given. In addition, Hankel transformations are
applied to the Catalan transformations of
DFj »(x) polynomials, and the results obtained are
associated with classical Fibonacci numbers.
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2 Dickson k-Fibonacci Polynomials
Definition 2.1. For k € R* and n € N, Dickson k-
Fibonacci polynomials DF) ,,(x) are defined by the
recurrence relation:

DFyn+2(x) = kxDFy pi1(X) + DFy (),

with DFy o(x) = 0 and DF, 1 (x) = 1.

The characteristic equation of these polynomials is:
r2—kxr—1=0.

The roots of this equation are as follows:

_ kx+Vk2x2+4 kx—Vk2x2+4

7 > andr, = >

The relationship between these roots is given with

r+ 1y, =kxory —1r, =Vk?x? + 4,
2 +1f =k?>x?>+2andryr, = —1.

Some values for DFj, ,(x) are given below:
DFyo(x) =0, DFy1(x) =1, DFy,(x) = kx,
DFy3(x) = k?x% + 1, DFy 4(x) = k3x3 + 2kx,

Also, the terms of these polynomials can be found
with the help of the following relation. For n € N*:

DFyn(x) = ZEJ("?‘L')Wx)”‘l‘” :

In the following theorem, we express the Binet
formulas of the Dickson k-Fibonacci polynomials.
Theorem 2.1. Let n € N. DFy,(x) have Binet
formula as follows:
DFp(x) = 2=

=Ty

Proof. The Binet form of a sequence is as follows
DFyn(x) = cry™ +dr™.

Here, the scalars ¢ and d can be obtained by
substituting the initial conditions. For n =0,
DFyo=0 and for n=1, DFy,; = 1. Thus, we

obtain:

1

¢ =———andd = 1

VkZx2+4 Vk2x2+4
Thus,
_ri-r
DTk,n = ﬁ O
1=T2

In the following theorem, it is seen that
DFy »(x) has some important relations with roots of
the characteristic equation for these polynomials.
Please note that these relations are independent of
the choice of roots.
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Theorem 2.2. Let a,b,c,d ENand y =7, or y =
1,. We obtain
I. ya = D:Fk,a—l(x) + yDTk,a(x),

ii.y? = yPDFy g py1(x) + yPTIDFy 4y (%),
oo ad _ Y DFraa(®) . o\ q DFra@-1()
Ly = e~ D orm
iv. (=1)**IDFy g (p—cy (%)

= yaCD?k,ab(x) - yabDTk,ac(x)-

a-1_ ,.a-1
o
DFyq-1(x) + yDFy q(x) = (ﬁ)
112
-t
+r1 (T'l—rz ) -
For y = r,, we have
DF DF (e
k,a—l(x) + y k,a(x)

T

Proof. i. For y = r{, we have

i +1) - T e +1) ra
=n?

-T2

a S WY PO
ir (rla—rza) _n (r2+r1)+r2( 72 —t
r-r; =T 2

The proofs of the others are shown similarly.
O
In the next theorem, the relationship between these
polynomials is examined.

Theorem 2.3. Lets,t € N and k € R*. We have

i-D:Fk,s+t+1(x)
= DFy s(X)DFy¢(x) + DFy 541 (X)DFy 41 (),

ii. (k2x? + 4)DF3 (%)

= DFy 35(x) —3(=1)°DF s(x),
T (_1)5
iii. D.‘F}?‘S(X)DTk,s+3(x) - Dg:l?,s+1(x) = %2x?ta

(DTk,s—S(x)_3DTk,s+1(x) - 2DTk,s+3(x))a
iV. DTk’n(.X) = (—1)n_1Dg:k'_n(X).

Proof. ii. If the Binet formula is used, we obtain
S_..5\ 3
(k?x? + )DF(x) = (k2% + 4) (B=2)

-T2
_ rS—rdS-3rPSri+3rirZs

-
_ S srir(ri—rs)
(ry—12)?

= Dg:k,3s(x) - 3(_1)SD?k,s(x)-

The proofs of the others are shown similarly. O
In the following theorem, some known identities for
these polynomials are calculated.

Theorem 2.4. Let n,7,i,j €N and k € R*. We
obtain

i. (Cassini Identity)

DFy -1 (X)DFy a1 (x) — DFn(x) = ()",
ii. (Catalan Identity)

DTk,n+r(x)DTk,n—r(x) - DTIg,n(x)
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= (D" DFE,(x),
iii. (D’ocagne Identity)
DTk,r(x)DTk,n+1(x) - DTk,n(x)DTk,r+1(x)
= (_1)rDTk,n—r(x)a
iv. (Vajda Identity)
DFyn+i(X)DFyptj(x) = DFyn () Fmpisj(X)
= (—=1)"DFyi(x)DFy, ;(x),
v. (Melham Identity)
DTk,n+1(x)DTk,n+2(x)DTk,n+6(x) - DTI?,n(x)
= s OFianso(®) = DFi3n(®)
+3(=1)"DFyn(x) = (=1)"*°DFy p_3(x)
—(=D™2DFpys5(x) = (=)™ DFy pi7(%)).

Proof. If the Binet formula is used, we get
I. DFyn—1(X)DFp 41 (x) — DTlg,n(x)

_ rln—l_rzn—l r1n+1_rzn+1 _ Tln_rzn Tln_rzn

- -T2 -T2 -T2
_ 7y 2y MLy N1y Ny M=y, 21
(ry—13)?
_ 712" —2r My, 21
(r1—72)?
= (-,

The proofs of the others are shown similarly.
O

In the following theorems, we obtain the summation
formula and the generating function of this
polynomials.

Theorem 2.5. Let n € N and k € R*. We obtain

Z?=O DTk,S(x) — DTk,n+1(x)l:xD:Fk,n(x)_1.

Proof. If the Binet formula is used, we obtain
s_Tzs

Yo DFyo(x) ===

11—?’2
Xs=071" = Ls=0T2")

LSl b)
T e G
- rl—rz( -1 -1 )
_ Frnt1(0)+Fpn(x)-1 -
- kx ’

Theorem 2.6. Let ,s,t €N, ¢ > s and k € RT. We
obtain

i 270 (7) Uex)! DFyej(x) = DFjean (),
i. 27 (1) (ex)! DFp s (x)
= D:Fk,cn+2n+s(x)a

i DFg cnys+j (%)
31 () P

— (=1 2Fken-n+s(®)
_( 1) (kx)m

. ty i
iv. Y70 () (EDFy jost2(X) = kxDFy j-s41(x))
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t
= (;)ntDTk,n—s+2(x) - kDTk,—s+1(x)~

Proof. The following equations are obtained with
the help of the characteristic equation of the
Dickson k-Fibonacci polynomials:

r2 = kxr; + 1and ¥ = kxr, + 1.
. tyi
Iv. Z?:o(;)](w?k,j—mz(x) - kxDTk,j—bﬂ(x))

1 N i i

e 7:0(;)](“7”1] b¥2 _ oy, Jmbt2y
k(le_b+1 _ sz—b+1))

__1 [+ (er, — k) Z?:o(t%)j _

-7y
— tryN §
TP (tr, — 1) Soo(22)]
_ k (r—b‘l'l (tTl)n+1—kn+1 _ r—b+1 (trz)"“—k"“
LTy g+ 2 gn+i
t
= () "tDFyn-p+2(X) = kDFje_p41(X).
The proofs of the others are shown similarly. O

Theorem 2.7. Letn € N and k € R*. We obtain
(o) t
f(t) = Xpzo DFpn(x)t™ =

1-tkx—t2’

Proof. We have
f(t) = Xn=o DFpn ()" =t + X753 DFj n ()L™
=t+kxYn-2 DFypn_q1(x)t"
+ Xn=2 DFynp ("
=t +thx Yn-1 DFj n (X)t"
+t2 Yn=0 DTk,n(x)tn
¢

T 1-tkx—t2

3 Catalan Transform

In this chapter, we define the Catalan transformation
of DFy ,(x) polynomials, and some properties are
given. In addition, Hankel transformations are
applied to the Catalan transformations of
DFj, »(x) polynomials, and the results obtained are
associated with classical Fibonacci numbers.

Definition 3.1. (Catalan Number) For n € N, the

ntt Catalan numbers are as follows:
__c(2nn)
nT oy
With the help of this relation, C,, numbers are

1,1,2,5,14, 132,429, ... [39].

3.1 Catalan Transform of the Dickson k-
Fibonacci Polynomials

Using the Catalan transform, we define the Catalan

transform of the Dickson k-Fibonacci polynomials

as follows. Forn > 1,

CDFyn(x) =

i 2n—1i
o (707 )) DFri()
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with CDF} o (x) = 0.

Now we can give the Catalan transformation of
the first elements of the Dickson Kk-Fibonacci
polynomials. The CDF ,(x) values for the first
four n natural numbers are given below:

e CDFyo(x) =0,

o CDFpi(x) =1,

o CDFy,(x) =kx+1,

o CDFy3(x) = k?x? + 2kx + 3,

o  CDFy4(x) = k3x3 + 3k?x* + Tkx + 8,

o CDFys5(x) = k*x* + 4k3x> + 12k?x?

+22kx + 24.

Definition 3.2. Let the terms of a sequence be
A ={vy,v,,v3,...}. In [40], the Hankel transform
H,, of the terms of this sequence was defined as
follows:

V1 VUy V3 V..

Vy V3 V4 Us...

Hy, = |v; vy v5 v4...|
Uy Vs Ve V7"

Let’s apply Hankel’s work to the Catalan
Dickson k-Fibonacci polynomials. We get;
e HCDF; = det|CDFy 1 (x)]|=det[1] = 1,
. [CDFes(x) CDFyy(x)
¢ HODF, = det| e ) oo
1 kx+1

= det kx + 1 k2x2+2kx+3] =2
e HCDF,
_CDTk,l (.X') CDTK_Z (X) CDTk_g (X)
= det |CDFy,(x) CDFy3(x) CDFpa(x)| =5
_CD.{Fk’3 (X) CDTkA_(X) CDTk‘S(X)

e HCDF, =13,
e HCDFs = 34.

In the next theorem, a very interesting property
is obtained.

Main Theorem 3.1. Applying the Hankel transform

to the Catalan transform of Dickson k-Fibonacci

polynomials, the following property is obtained:
HCDF, = Fyp_;.

Here, n € N and F,, is classical Fibonacci sequence.

Proof. HCDF, # 0 and let us write it as HCDF,, =
detA,detB,. Here, the properties of matrices A,
and By, are as follows.

A, is the matrix with the principal diagonal
{1,1,1,...}, the nxn type lower triangular matrix
and the first column
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{CDF,(x),CDF,(x), CDF3(x), ... }. By is the matrix

with the principal diagonal {1,2,5,

13 34 89 )
25713734

the nxn type upper triangular matrix and the first
row {CDF;(x), CDF,(x), CDF3(x), ... }. So,

HCDF,
CDF;=1 0 0 0 O
CDF, 1 0 0 O
=det| cDF, 1 0 0
CDF, 1 0
CDF, =1 CDF, CDF; CDF, ..
0 2 - : \
5
0 0 0 13

Thus,

HCDF, = detA, detB, = detB,

= b11b22b33b44 bnn
={1,2,5,13,34,89, ...}
= FZn—1~ [m}

4 Conclusion

In this paper, we defined the new Dickson k-
Fibonacci polynomials. Then, we obtained the main
features of these polynomials. Also, we examined

the relationships between the terms

of these

polynomials. In addition, the Catalan transformation

of the Dickson k-Fibonacci

polynomials was

defined, and the terms of this transformation were
found. Moreover, we applied the Hankel transform

to the Catalan transform,

and we found an

interesting feature. If this study is examined, such
features can be found in other sequences such as
Fermat, and Mersenne sequences.
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