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1 Introduction

The fixed point theory is one of the most powerful
tools in many fields such as nonlinear analysis, op-
erator theory, differential equations, integral equa-
tions, theory of fractals, engineering, computer sci-
ences, mathematical modelling, econometrics, opti-
mization problems, game theory, etc., [1]. In 1922
[2] first established a theorem concerning a contrac-
tion mapping. Due to its wide range of applications
in mathematical research, several authors have ob-
tained many interesting extensions and generaliza-
tions of the Banach contraction principle, either by
weakening the conditions of contraction mapping or
by changing the abstract structure. So, many differ-
ent metric-type spaces have been considered, among
which quasi metric, partial metric, rectangular metric,
b-metric, Super metric, fuzzy metric spaces and many
other their combinations, [3]], [4]], [3]], [6]], [I7], [8], [9],
(1O}, [T11, [12], [13], [14], [13], [16].

A partial metric space is one of the most influ-
ential generalizations of ordinary metric space. It
was first introduced in [[I7], replacing the equality
m(a,a) = 0 in the definition of metric with the in-
equality m(a,a) < m(a,b) for all a, b, therefore the
self distance of any point of the space may not be
zero. Further, in [[I7], it was showed that the Banach
contraction principle is valid in partial metric spaces
and can be applied in program verification. In 2014,
the partial metric space was generalized to M -metric
space, [4], and the rectangular metric spaces and par-
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tial metric spaces were extended to partial rectangular
metric spaces, [[14].

On the other hand, [3]], gave a generalization of the
notion of metric spaces, which are called Branciari
distance spaces, by replacing triangle inequality with
trapezoidal inequality, and he gave an extension of the
Banach contraction principle in these spaces. In 2018,
[13]], introduced the rectangular M -metric space and
obtained some theorems related to these spaces.

In this paper we introduce the notion of gener-
alized 6-contraction to extend both previous notions
in rectangular metric spaces. Moreover, we provide
some examples to illustrate the obtained results and
we derive some useful corollaries of these results.

2 Preliminaries

Definition 2.1. [5] Let X be a non-empty setand m :
X x X — R be a mapping such that, forall a,b € X
and for all distinct points ¢,d € X \ {a, b}, one has

(1) m(a,b) =0 & a=1b;
(i) m(a,b) = m(b, a);
(iii) m(a,b) < m(a,c) +m(c,d) + m(d,b).

Then (X, m) is called rectangular metric space.

Note that every metric space is a rectangular metric
space.

Later, the partial rectangular metric space was in-
troduced as follows.
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Definition 2.2. [14] Let X be a non-empty set and
m: X x X — R be a mapping such that, for all a, b
€ X and for all distinct points ¢,d € X'\ {a, b}, one
has

(i) a =b & m(a,b) =m(a,a) = m(b,b);
(ii) m(a,b) = m(b,a);
(i) m(a,b) < m(a,c)+m(c,d)+m(d,b)—m(c,c)—
m(d,d

Then (X', m) is called partial rectangular metric
space.

Remark 2.3. [14] In a partial rectangular metric space
(X,m) ifa,b € X and m(a,b) = 0, then a = b but
the converse may not be true.

In 2014, [4], generalized the partial metric space
to the M -metric space and obtained certain theorems

related to M -metric spaces.
Let us denote

min{m(a,a), m(b,b)},
max{m(a,a),m(b,b)}.

Mab
My

Definition 2.4. [4] Let X be a non-empty setand m :
X x X — R™T be amapping such that, forall a,b € X
and for all distinct points ¢,d € X'\ {a, b}, one has

(i) a=0b < m(a,b) =m(a,a) =m(b,b);
(ii) m(a,b) = m(b,a);

(it) map < m(a,b);
(iv) m(a,b)—mqp < m(a,c)—mgc+m(c,b)—mep.
Then (X, m) is called M-metric space.

In 2018, [13], introduced the rectangular M-
metric space as follows. In the sequel we will use the
following notations:

My, , = min{m,(a,a), m,(b,b)},

M, , = max{m,(a,a),m,(b,b)}. 1)

Definition 2.5. [13] Let X be a non-empty set and
m, : X x X — R* be a mapping such that, for all
a,b € X and for all distinct points ¢,d € X' \ {a, b},
one has

(i) a=b & m.(a,b) =m,(a,a) = m,(b,b);

(it) m,(a,b) = m.(b, a);

(i) m,, , < m,(a,b);

(iv) m.(a,b)—m,,, <m.(a,c)—m,, +m.(c,d)—
mTc,d + mT(d7 b) - m""d,b
(rectangular M -inequality).
Then (X, m,) is called rectangular M-metric space.
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Example. [13] Let (X, m,) be a rectangular M-
metric space and m¥(a,b) : X x X — [0,00) be
a function defined as

m;(a,b) = m,(a,b) — 2m,,, + M,

a,b?

forall a,b € X. Then, m¥ is a rectangular metric and
the pair (X, m¥) is a rectangular metric space.

Example. [13] Let (X, m,) be a rectangular M-
metric space and m(a,b) : X x X — [0,00) be
a function defined as

my(a,b) = my(a,b) —m,, ,,

foralla,b € X suchthat, if m?(a,b) = 0, thena = b.
Then, m? is a rectangular metric and the pair (X', m?)
is a rectangular metric space.

Remark 2.6. The connections among the spaces de-
fined above are described in [[13]]:

* metric space = rectangular metric space =
partial rectangular metric space =- rectangular
M -metric space

* metric space = M -metric space = rectangular
M -metric space.

Definition 2.7. [13] Let (X', m,.) be a rectangular M -
metric space. Then

(i) Asequence {ay}, oy in X converges to a point a
if and only if

ngrfw(mr(anv a) - mran,a) = 0.

2

(ii) A sequence {an}ﬂeN in X is said to be m;-
Cauchy sequence if and only if

n,rrlbiil}koo(mr(an’ am) - mrﬂnv“'ﬂl) 3)
lim (M"'an,a - m7'anyan1)

n,m—+00
exist and are finite.

(iii) A rectangular M -metric space is said to be m,.-
complete if every m,- Cauchy sequence {a, }
converges to a point a such that

nBI}-loo(mr(an’ CL) = Mrg,, a) = O’ (4)
lim (M,, ,—m,, ,)=0.
n—+00

Lemma 2.8. [13]] Let (X, m,) be a rectangular M-
metric space. Then,

(1) {an} is am,-Cauchy sequence in (X, m,) if and
only if {a,} is a Cauchy sequence in (X, m¥)
(resp. (X, m?)).
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(2) (X, m,) is m,-complete if and only if (X, m¥)
(resp. (X, m?)) is complete.

Lemma 2.9. [13] Assume that a,, — a as n — o0 in
a rectangular M- metric space (X, m,). Then,

nli}rq{loo(mr(a‘n7 b) - mran,b) = mT(a7 b) = My s

Vbe X.

Lemma 2.10. [13]] Assume that a,, — a, b, — b, as
n — oo, in a rectangular M-metric space (X, m,).
Then,

ngrfw(mr(an: bn) — mran,bn) =my(a,b) — Mrg p-

Lemma 2.11. [13]] Let a,, be a sequence in a rect-
angular M-metric space (X,m,) and there exists
k €10, 1] such that

my(ani1,an) < kmp(an,an—1), foralln e N.
Then,
(A) lim m,(an,an,—1) =0,

n—00

(B) lim m,(a,,a,) =0
n—o0

©

nJl'ér—r)loo mranza'm = O

(D) {ay} is a m,-Cauchy sequence.

Definition 2.12. [5] Let (X,m,) be a rectangular
metric space. m, is said to be complete if every
Cauchy sequence {a,}, in X convergestoa € X.

The following definitions was given by [§]], [[18]].
Definition 2.13. Let ©¢ be the family of all functions
6 : 10,400 — |1, +o0] satisfying:

(A1) 0 is increasing;
(02) for each sequence (1) C |0, +0o0],

lim v, =0 ifandonlyif lim 0 (v,) = 1;

n—00 n—oo

(03) there exists & € ]0,1[ and [ € |0, +o00] such that
Ov)—1 l

ve
Definition 2.14. Let O, be the family of all functions
6 : 10,400 — |1, 400 satisfying:

lim
t—0

(A1) 0 is increasing;
(A7) for each sequence (1,) C 10, +00],

lim v, =0 ifandonlyif Ilim
n—oo n—oo

(vn) = 1;

(f3) 0 is continuous.
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In [8], the authors introduced the following con-
cept of fg-contraction and proved a fixed point the-
orem that generalizes the classical Banach contrac-
tion mapping principle. They proved that any 6O-
contraction has a unique fixed point.

Definition 2.15. [[18] Let (X, o) be a rectangular met-
ric space and 7 : X — X be a mapping. 7T is said
to be a fg-contraction if there exists § € O and
k € ]0, 1] such that, for any u,v € X,
o(Tu,Tv)>0 =
0 (0(Tu, Tv)) < [0(M (u,0))]",

where
M (u,v) = max{o (u,v), 0 (u,Tu),0(v,Tv)}.

Theorem 2.16. [[18] Let (X, o) be a complete metric
space and let T : X — X be a Og-contraction. Then
T has a unique fixed point.

Remark 2.17. These two sets O and O¢ are differ-
ent.

Example. Define 6 : (0,4+00) — (1, +00) by
o(t) = { Vi1,

eVt
Then 6 € O but, for any ¢ > 0,

ift € (0,3]
ift € (%, +00)

1
lim 0(t) =4/= +1
=37 2
and
lim 0(t) = e\/g.
t—1%

Since \/g +1# e\/g so0, 0 does not satisfy the con-
dition (63) of the definition|2.14] then 0 ¢ ©¢.
Example. Define 6 : (0,4+00) — (1, +00) by

Then 6 € ©¢, but, for any r > 0,

—1
.0t —1 L | . e
lim (*) = lim = lim ‘
t—0+ tr t—0+ tr t—o0+ t7
1
= lim 41— =0.
t—0t —

et

So, 0 does not satisfy the condition (f3) of the defini-

tion[2.13| then 6 ¢ O.
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3 Main Results

The following definition is a new version of the 6-
contraction for a rectangular M -metric space.

Definition 3.1. Let (X, m,) be a rectangular M-
metric space and 7 : X — X be a mapping.

T is said to be a # — G-contraction on X’ if there exist
0 € O¢g and 0 < k < 1 such that, for any u,v € &,

my (Tu, Tv) >0 =

0. (Tu. Tv) < B, (0.
Theorem 3.2. Let (X', m,) be a complete rectangular
M-metric space and let T : X — X be a continuous
0 — G-contraction. Consider the sequence {a, }nen
defined by any1 = Tan, n=0,1,.... Then T has a
unique fixed point a € X and, for every ag € X, the
sequence {T"(ag) }nen is convergent to a.

Proof. Suppose that there exists ng € N such that
apn, = T ap,. Then a,, is a fixed point of 7 and the
proof is finished. Hence, we assume that a,, # T a,,
i.e. my (apy1,ay,) > 0 forall n € N. We have

tn # ap, Ymyn €N, m £ n. (6)

Indeed, suppose that a,, = a,, for some n # m. Put
n = m + h with h > 0, so we have

an41 = Tan = Tam = Om+1-

Denote m,, = my (Gy, Gni1) Then

(3.1) implies that

Mg, 0y

6 (m'f"m) = 0 (mr (ayr“ am+1) N m’l'am,am+1>
=40 <mr (am an+1) - mran,an+1)

6 <mr (Tan-1,Tan) — mrnn,l,nn>

9 (mr (Tam+h_1’ Tam+h) - mTTam+h—l ’Ta'm+h)

IN

k
0 <mr (am+h717 am+h) - mram+h717am+h>}
m,

IN

k2
(am+h727 am+h71) _mram+h72,am+h,1 ):|

g

IN

k3
|:9 (mT (am+h737 am+h72) _m7.a7n+h—3 YAmth—2 >:|

kh
. < [9<mr (Amy Q1) — mram,am,+1)] .

IN

Therefore
0 <mr (CLn, an—i—l) - mran,anJA)

kh
< [9 (mr (Amy @my1) — mram,anl+1):|
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Since k € (0,1), we conclude that

0 (mT (an, Gpt1) — mmn,an+1)
< 9 (mT‘ (am7 am+1) - mr"vm""nz+1> )

which is a contradiction. Thus, in what follows, we
can assume that (6] holds.

Substituting v = a,_; and v = a, in , for all
n € N, we have

0 (my (an, an+1)) < (0 (my (an-1, an)))k (N

Repeating this step, we conclude that

(9 (mr (an—la an)))k
(0 (M (a2, an-1)))"

n

. < (0 (my (ag,ar)))*".

IN

0 (m, (an, ant1))

IN A

By the property of 6 we get,

1 <6 (my (an,ant1))
< (8(m, (ag, a1)))"

By letting n — oo in inequality (8)), we obtain

" ®)

1< lim 0 (m, (an, ant1))

n—oo

< lim (6(m; (ao, a1)))"

n

Therefore,

lim 6 (my (an, ans1)) = 1. )

n—00
By (65) in Definition|2.13] we obtain

lim m, (an,any1) = 0. (10)

n—oo

Substituting u = a,—1 and v = a4 in , for all
n € N, we have

0 (my (an, ang2)) < (0 (my (an-1,an41)))". (11)

Repeating this step, we conclude that

0 (mr (CL7L,1, an+1)))k
k2

0 ((m; (an—2,an)))

. < 0((my (ag, az))"

0 (my (an, ant2)) < (

IN

n

IN

By property of 6 we get,

1 <0 (my (an,ant2))

< (0 (m, (ao,ax))"". (12
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By letting n — oo in inequality (12)), we obtain

1< lim 0 (my (an, anyo))

n—oo

< lim (0(m, (ao,ag)))kn.

T n—oo

Therefore,

nlLrIQOO (my (an, ani2)) = 1.

By (62) of the Definition 2.13] we obtain

(13)

lim m, (an, ania) = 0. (14)
n—oo

Next, we shall prove that {a,},y is a m,-Cauchy
sequence, that is,

lim m, (ay,am)—m;,, . =0, foralln,mecN.
n,m—00 m
By (03) in Definition[2.13] there exists o € ]0, 1] and
[ € 10, 400] such that

O(my(an,any1)) — 1

(m(aman))®

lim
n—oo

Suppose that [ < oco. So, there exists n; € N such
that

O (m ans)) =1 (F Loy, o
(M (an, ans1))® 2

Taking M = %, we have

n [my(an, an+1)]a <M - n[0(m(an, ani1)) — 1],
Vn > ni.

Suppose now that [ = oo. Let N’ > 0 be an arbitrary
positive number. So, there exists ny € N such that

O(my(an,ant1)) — 1
(mr (an7 an-‘rl))a

>N, Vn > ns.

Taking M = %, we have
n[mp(an, any1)]” < M-n[0(m(an, ani1)) — 1],
Vn > ns.

Thus, in both cases, there exists M > 0 and n, € N
such that

n [m(an, an+1>]a <M -n[0(m(an, ani1)) — 1],
Vn > ng.
By induction, we obtain
n [my(an, an-i-l)]a <M -n[0(m,(an, ani1)) — 1]
< ... <
<M-n [(H(mr(ao,al)))k

n

_1]

E-ISSN: 2224-2880

867

Maria Rosaria Formica, Abdelkarim Kari

Letting n — oo in the above inequality, we obtain

lim 7 [my(an, ant1)]* = 0.

So, there exists n3 € N such that

1
my(an, Gpy1) < —, Vn > na.
n«

By property (65) in Definition [2.13] there exists o €

(0,1) and h € ]0, +00] such that

g(mr(ana an+2)) -1 _
(mr(ana an+2))a

lim h.

n—oo

Suppose that h < co. So, there exists ny € N such
that

O(my(an, ani2)) — 1
(M (an, ant2))®

h
—h <§,Vn2n4.

Taking P = %, we have

n [mr(an>an+2)]a <P -n[0(m(an, ani2)) — 1],
Vn > ny.

Suppose now that h = co. Let Q > 0 be an arbitrary
positive number. So, there exists n5 € N such that

e(mr(any an+2)) —1

(mr ((Il‘n, an+2)a

> Q, Vn > ns.

So by taking P = %, we have, for any n > nj

n [mr(aman+2)]a <P -n0(m,(an,ani2)) —1].

Thus, in all cases, there exist 7 > 0 and w € N such
that, for any n > w,

n[me(an, ani2)]® < P-n[0(m,(an, ania)) — 1.
By induction, we obtain

n [my(an, an+2)]a <P -n0(m,(an,ani2)) — 1]
<...<P-n [(Q(mr(ao,ag)))kn — 1] .

Letting n — oo in the above inequality, we obtain

lim n[m;(a,, ani2)]” = 0.
n—oo

So, there exists ng € N such that

1
My (s Gny2) < —, V0 > ng.
mn o

Next, we show that a,, is m,-Cauchy sequence, that
1S
= ()7

lim (m,(an, Gnip) —m

n— 00 Ta"’“’“rp)
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forall p € N.

Case 1. Firstly, let p odd, thatis p = 2m+1 forany
m > 1, n € N. From the condition (iv) of Definition

2.4] of the m,-metric, we get

my (aru an+p) - mra,n,an+p
= My (an, Antom+1) — Mo,
S mr(ana an+1) - mTan,anJrl

+ mr(an-l-ly an+2) -

An42m-41

m
Tapt1:0n42

+ mr(an+2, an+2m+1) - mran+2,an+2m+1

< myp(an, Gngr) — My,

Ap4+1

+ my (an—l—l s Ap+2 my,

n+1:9n+42

+ mr(an+2a An+3 Tapn+2:9n43

) —
)—m

+ mr(an+3) an+4) mra,n+3,an+4
)—m
) —

+ mr(an+4a An+5 Tap44:an45

+ mr(an+5’ An+6 my

An+5:9n46

S mr(ana an+1) - mran,an+1

+ mr(an+1’ an+2) T Mra, ants
+ m, (an+27 an+3) — My,
(

+ my(any3, an+4) -

n+2:4n+43

m
Tapy3,an44

+ mr(an+2m—la an+2m) -

+ mr(an+2m7 an+2m+1) -
Then

mr(ana aner) - mran,

4n+p

< Zmr(aiaaiJrl) Mrg, 0y

IN

Z M (i, Qit1) = Mig, 0,
< Z iy

From the convergence of the series we have

Q\H

[ee]

1
E -] <0 =
~ ia
lim m,(a,,a —-m =0.
n—oo T( n n+p) Tan,anyp

Case 2. Firstly, let p even that is p = 2m for any
m > 1, n € N. From the condition (iv) of Definition
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2.4] of the m,-metric, we get

My (A, Qntp) —

S mr(any an+2)

mran An+p

— Moo

+ m, (an+27 an+3) - m"'an+2,an+3

=+ my (an+37 an+2m) - mran+3aan+27n

< mr(a an+2) - My,

ng2
+ my(an+2, Gnis) —
+ My (@nis, Gnra) —
+ my(an+a, anis) —
+ My (@nys, Gnge) — Mrq, sants

+ my (an+2m—17 an+2m) -

mrﬂn+2 Jan 43

m
Tapy3,an44

mrﬂn+4, Ants

Taptom—1:9n42m

< mr(ana an+2) - My,

An 42

+ my (an+27 an+3) -

+ my (an+37 an+4) -
(

+ me(Qn+4, an+5) -

mr”‘n+2’an+3

m
Tapy3,an44

mrﬂn+4«an+5

+ my (an+2m—27 an+2m—1) - mmn+2m—2,an+2m—1

+ my (an+2m—17 an+2m) — My,

Then

n+2m—1:%n+2m

My (@ App) — Mg anyp

< mr(anu an+2) - m’"an,an.m
m+p—1

+ Z my (G, Qip1) — Mg, 0 s
Li=n+2

< My (ans Gng2) = Mg, o0
[ oo

+ Z mr(aia aiJrl) Mrg, 0y
Li=n+2

< mr(anaan+2) M, a api2 + Z
i=n-+2 la

IN
?\»—“ =
_I._
0

| =

From the convergence of the series we have

o

1
E —] < o0 =
~ ja
lim m,(a,, a —-m =0
n—00 T( w n+p) Tan,an4p

By Lemma[2.9| we obtain that, for any n, m € N,

mi(an, a/m) == m’l’(aTL?am) - m"’an,am —> 0

as n — oQ.
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This implies that {a,, } is a m,-Cauchy sequence with
respect to m. and converges by Lemma Thus,

. S
lim m; (an,@niom+1) =0
n,M—»00

and

. S
lim m; (an, aniom) = 0.
n,M—00

We received by Lemmal2.8]that {a,, } is a m,-Cauchy
sequence. From the completeness of X, there exists
a € X such that

lim a, = a.
n—oo

Thus, by Lemma 2.9}

nl;ngo my(an,a) —m, ., =0.

Finally, the continuity of 7 yields

m, (a, Ta) —my, .

= lim m, (a,, Ta,) — mp,

n—o0 Tan
— nh%n;o My (G, Q1) — My, =0
Soa="Ta.

Now, we show the uniqueness of the fixed point of 7.
Assume that 7 has two distinct fixed points a, b € X,
such thata = Ta and b= Tb.

From the condition , we have

0(m, (a,b)) = 0(m, (Ta, Th))
< [0(m, (Ta, TH))]".

So, since 0 < k£ < 1, we conclude that
O(m, (a,b)) < O(m, (Ta,Th)) =0(m, (a,b)),

which is a contradiction. Hence 7 has a unique fixed
point. O

Definition 3.3. Let (X, m,) be a rectangular M-
metric space and 7 : X — X be a mapping. 7T is
said to be a § — C-contraction on X, if there exist
f € O¢ and 0 < v < 1 such that, for any u,v € X,

my (Tu, Tv) — My7u10 >0 =
0 (mr (TU, TU) - mT’Tu,Tv)
< [0 (mr (U, U) - mru,v)}'y

(15)

Theorem 3.4. Let (X, m,) be a complete rectangular
M-metric space and let T : X — X be a continuous
6 — C-contraction. Consider the sequence {a, }nen
defined by a1 = Tayn, n=0,1,.... Then, T has a
unique fixed point a € X and for every ag € X the
sequence {T"(ag) }nen is convergent to a.
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Proof. Similarly to the proof of Theorem[3.2] we can
conclude that

nlgrolo My (G, Ang1) — My an ey =0 (16)
and
n11_>ngo my (an,an+2) T My s T 0. (17)

We shall prove that {a,} is a Cauchy sequence in
(X, m,), that is

=0 for all n,m € N.
(18)

If otherwise there exists ¢ > 0 for which we can find a
sequence of positive integers {an, }, and {an, }, of
{ay} such that, for all positive integers k, with ny, >
my > k,

nl;rlgo My (G, Q) — Mry o

> €,

ang —

my (amk 9 ank> - mr“mk’

(19)

my (amk,ankfl) — <e

ranbk?ank_l

Now, using (16), (17), and the rectangular M-

inequality, we find

e<m, ammank) - mramk,ank

(
<m, (amk ) amk+1) - mrﬂ-mk Ami g

+my (a’mk+1 ) amk—l) - m?”amk+1 Wamy, 4

+ my (amkfl ) ank) - m7‘amk71 ang,

< my (amk ) a’mk+1) - Tn””am,C Amp g

+ My (@g sy s Gy ) — Mgty TE
Since
lerEo my (amk,amHl) Mg g, = 0.
and
kll)ngo O (S S Moy = 0.
Then
klglolo My (A, Oy ) — Mrg, an, = E- (20)

Now, by M -rectangular inequality, we have

mT‘ (amk+1 b ank+1 )

S my (amk+1>amk) -

—my
Amp 10941
mranzk_'_l sAmy,

+ my (amkaank) - m’"amk,

ang

+my (@ Gngyy) = T gy
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anp

Tamk Ang g

+ my (ank—l ) ank"'l) - mTa"k_l 2 g

+m, (ank+1 , ank) T Mgy

Letting £ — oo in the above inequalities, we obtain

Jim 2, (s 1+ Q) Mg, =€ @D
and
lim m, (amk,ankﬂ) = Mrg o, = E (22)

k—o0

By , let B = 5 > 0, from the definition of limit,
there exists ng € N such that, for all n > ny,

[, (amk+1’ank+l) - mra1nk+1»ank+1 —e|<B, .
This implies that, for all n > ny,
My (amk+1>ank+1) T Mg =B >0,

Applying with v = a,,, and v = a,, , we obtain
0 (mr (Tamk , Tank) - mrTQMk,Tank )

< [9 (mT (amy,, any) — Mrarmany, )} ' '

Letting £ — oo in the above inequality and using
property (63) in Definition [2.14} we obtain

0 (klggo (mr (Tam,, Tan,) — My, ,Tank))
. vy
o b))
Therefore,

0(e) < [0()]" < b(e).
It is a contradiction. So

n,’}f%/rl)loo my (am> an) - mrﬂ’maa'n - O

From the completeness of X, there exists a € X such
that

lim a, = a.
n—oo

We show that m,. (Ta,a) — m,., , = 0. Arguing by
contradiction, we assume that

m, (Ta,a) —my,, , > 0.
By the rectangular inequality we get,

my (Tan, Ta) = myr,, 7,

S my (Tana an) - mrTan an (23)
+my (an, a) — My, .o
+m, (a, Ta) —m,, ;.
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and

mr (a7 Ta) - mTa,Ta
<m, (a’ an) -
(24)
+ my (ana Tan) — My, Tan,
+m, (Tan, Ta) — Mrra,, Ta
By letting n — oo in inequality and (24), we
obtain
mr (a7 Ta) - mraA,Ta
< I —
< nll)ngo my (Tan, Ta) —me,, .,

<m,(a,Ta) —mp, r,-
Therefore,

Jim m, (Tan, Ta) =myr,, r,

25
= My (a7 Ta) - mra,Ta' ( )

Applying with © = a and v = a,,, we obtain

0 (mr (Ta,Tay) —

S [9 (mr (aa an) - (26)

with 0 < v < 1.
Letting n — oo in the above inequality and using
property (03) in Definition [2.14} we obtain

0 (nli_>ngo (m, (Ta, Tan) — mTTa,m))
< [o (tim, (e (0.0 =, ))]

Therefore, by ([23),
1<6 (m, (a,Ta) —my, -,) < [60) =1.

Thus m,. (a, Ta)—my, ., = 0. Hence Ta = a. Sim-
ilarly to the proof of Theorem we can conclude
that a is the unique fixed point. O

Example. Let X = [1,+00). Define m, : X x X —
[0, +00) by
o = bl
ab) =0
me (a.5) = 12

and consider
1
V2
Then (X, m,) is a complete rectangular M -metric

space, k € (0,1).
Since

0(t) =€V, k=

lim Vi1
t—0 \/i

then 8 € O¢ ﬂ O¢.
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Define 7 : X — X by

T(t) =/t forallt € [1,+00).
case1: 1 <a <.
m.(Ta,Tb) = \/5_2\/&,
N

NG

0 (m.(Ta,Th)) =eV ™ 2
Since a, b € [1,+00), then

Thus )
7z

Vb—+y/a b—a
e 2 < |eV 2
hence

a(mT(TaaTb)) S
case2:a>b>1.

[0 (m(a,))]".

my(Ta, Th) = f;‘[
Va—vb

0 (m,(Ta,Th) =eV "2
Since a, b € [1,+00), then

Thus

hence
0 (m,(Ta, Tb)) < [0 (m,(a,b))]".

Hence, the conditions (5]) and are satisfied, since
My7a 7 = 0 and m,,;, = 0 and, consequently, we
can apply Theorems|[3.2]and [3.4] respectively. There-
fore, 7 has a unique fixed point z = 1.

4 Application to Nonlinear Integral

Equations

In this section, we apply Theorems [3.2] and [3.4] to
prove the existence and uniqueness of the solution of
the integral equation of Fredholm type:

t) = V/nH(t, s, u(s))ds

where m,n € RY, u € C([m,n],R) and H :
[m,n]* x R — R is a continuous function and v is
a constant depending on the parameters m and n.

27
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Theorem 4.1. Let m,n € R and let H, u be func-
tions as above, such that
‘,H(t: S, u(s)) - H(t> S, U(S)” S ’u(s) - U(S)‘>
Vt,s € [m,n|, Yu,ve C(m,n],R).

Then the equation +#as a unique solution u €
C([m,n],R)and|v| <™ - (n—m)"L.

Proof. Let X = C(|m,n],
fined by

R)and 7 : X — X de-

n

T(u)(t) = 1// H(t, s, u(s))ds,

VueX, te[m,n].
Letm, : X x X — [0, +oo[ given by

(t) —v(t)
sup “ v

m,(u,v) =
te[m,n] 2

Clearly, X is a complete rectangular M -metric space.
Assume that, u,v € X and t,s € [m,n]. Then we
get, for any ¢ € [m, n,

| Tu(t) = To(t)|

<'/ (5, uls / H(t,s,0(s))ds

/ (H(t,s,u(s)) — H(t,s,v(s))) ds

<ol [ s, uls) -
< v / " Ju(s) — v(s)| ds

< |V|/ ( s[up lu(s) U(S)|> ds
s€[m,n]
= [vl-(

—m) sup |u(s) —v(s)|-

= [v|

H(t,s,v(s))|ds

s€[m,n]
Thus
m,(Tu,Tv) = sup [Tult) —To)]
te[m,n| 2
<Pl (n-m) sup 1000
s€[m,n]

=y (n—m) m,(u,v).

As m,(Tu,Tv) > 0 and m,(u,v) > 0 for any
u # v, then we can take natural exponential sides
and, taking 0(t) = €', we get

l-(nm)_

exp (m,(Tu, Tv)) < [exp(m;(u, v))]
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hence, since |v| < — - (n — m)~", we have

13

0 (m,(Tu, Tv)) < [0 (me(u,0))]*,  (28)

for all u,v € X, with k = ™ < 1. Then T satisfies

n
the conditions and , since M1, 7, = 0 and
My, = 0and, consequently, we can apply Theorems
and respectively. This completes the proof.

O]

Remark 4.2. Particular cases of rectangular M -metric
spaces are the Grand Lebesgue spaces considered in
[19], [20], were an application to a linear convolu-
tion integral equation was given, using the contraction
property and the fixed point theorem, [[19].

5 Conclusion

We introduced a new version of the §-contraction for
rectangular M -metric spaces and we proved fixed
point theorems, as an extension of previous existing
results in literature. Moreover we illustrated an ex-
ample and we gave an application to a nonlinear inte-
gral equation of Fredholm type. As future project, we
aim to investigate other practical applications of the
obtained result to some areas mentioned in the Intro-
duction.
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