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1 Introduction

First, we note that the present paper is the
continuation of [1]. Therefore, we strictly follow the
notations and concepts of [1].

The speed of convergence of sequences can be
treated in different ways, see, for example, [2], [3],
[4], [5], [6], [7], [8]. We use, as in [1], the tools,
introduced in [2] and [7].

However, in general, we do not expect the
boundedness of A, the most important case is

A, #0(1), because in this case relation
(D

allows to

limx, :=s and 3 (x, —s)
for a convergent sequence x=(x,)
evaluate the quality of convergence of converging
sequences. Indeed, let X and X2 be two convergent

sequences with the finite limit s. If v,)ec (or
k

v, :0(1)) for x=xb> and (Vk)ec(or Vk¢O(1))‘ for
x— 2> then the sequence . converges "better"
(more precisely, faster) than sequence .. Thus
in the case A, #0(1), Mmeasures the speed of
approaching to the limit s for the observed
sequences.

Let 5_ ( be an arbitrary matrix with real or

a,)
complex entries. Following [6] (see also [2]), a
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sequence is called A*-bounded (A”-

x=(x,)
summable), if 5, - j# (correspondingly 4, o).

Definition 1. If Axe/ﬁ, then we tell that a

convergent sequence X,) is o -absolutely A*-
k

x=(
summable,

Let ( | )A - the set of A*-bounded sequences,
© /A

¢+ - the set of all A* -summable sequences, and
A

().~

sequences. Let

the set of all « -absolutely A*-summable

(c). ::{xecj:Axecj},
C, :={xea):Axec}.

It is easy to see that

(1) =(e); =i = (L), e,
and

(L)y=ci=(%),=¢

a bounded 2

Matrix transformations, boundedness and
convergence with speed are widely used in
approximation theory to transform non-convergent
sequences into convergent ones or to transform
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convergent sequences into “better”
sequences, [6], [9], [10], [11].

In general, the problems of improvement of the
quality of convergence of sequences by matrix
transformations are considered in many works, [1],
[12], [13], [14], [15], [16]. Moreover, the
applications in theoretical physics can be found, for
example, in [17] and [18].

Let further z£:=(z,) be another speed, B=(b,,)
a lower triangular infinite matrix, and a matrix

A=(a,) is normal or A -reversible. We recall that A

convergent

is normal, if a, =0 for k>n, and a,, #0 for each
n, and A-reversible, if the system of equations
z,=A x has a unique solution for each sequence

(z,)ec”. Matrix transforms from X —Y, where X is

A A
¢, 17,

one of the sets ¢?, /f’ Cj' (Co )j’ (/oo )j or

(ll)j, and Y one of the sets ¢, ¢/, I, I" (a>1),

0° Two
¢ (e ): . (L ):

and in several works of the authors of the current
paper, we mention only [1] and [2].
In this paper, we characterize the matrix

or (1,); have been studied in [6],

transforms from cj“,(co)j, (L) and (Il)jinto

(1,), (a>1).

2 Auxiliary Results

In this section, we present some results, which we
use in next sections in the proofs of the main
theorems of the present paper.

The following Lemmas 1 — 3 have been proved
in [19] and [20].

Lemma 1. For A=(a,,)e(c,,c) it is necessary and
sufficient that

Jlima,, :=a, (finite) ()
Sup Y[, | <oe. 3)
n k
Moreover,
“4)

I|,r1nAnx=Z‘akxk
k

for every x=(x,)ec,.

Lemma 2. For A=(a,)<(c,c) it is necessary and
sufficient that conditions (2), (3) hold, and

Jrsuchthat lim) a, :=7. (5)
"%
Moreover, if Ii{nxk =sfor x=(x,)ec, then
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limA,x= ST+Zk'(Xk -s)a,.

Lemma 3. Next assertions are equivalent:
(@) A=(a,)ell,,c).
(b) Relations (2), (3) hold and

Iimz a, —ak| =0. (6)
"

(c) Relation (2) is satisfied and

> "|a| <o uniformly with respect to n. (7)

k
In addition, if one of the assertions (a)-(c) holds,
then (4) is satisfied for each x=(x,)e/_.

The following Lemmas 4 — 6 have been proved
in [20].

Lemma 4. For A=(a, )€ (/,,c) it is necessary and

sufficient that (2) holds, and
supa,, <oo.
n,k

@®)

In addition, is valid for each

x=(x)el.

relation (4)

Lemma 5. For A=(a,)e (/,l,) it is

necessary and sufficient that
sup ) la,|" <.
k n

(a>1)

Lemma 6. For A=(a,)e (/,,1,)=(c,.1,) (a>1) it
is necessary and sufficient that

sup >

n |kek

a
<

for all finite subsets K from N: = {0,1,2,...}, or

229

n |kek*
for every K*cN..
Let A=(a,) be a A-reversible matrix. For

a
<0

Xe cj , let

¢:=Iirr7nAnx, d =1 (Ax—9), d:=|irr7ndn,
and 17:=(n,), @:=(9,), (n,) (for every ) satisfy the
system y =Ax respectively to y=(J,,), y=(J,,/4,)
y=y’ :=(8,) (where ,=1 ifn=j and J,=0 if
n#j).

Lemma 7 ([2], Corollary 9.1). For a A -reversible
A=(a,), each member of a sequence

x=(x,) ecj can be represented in the form

Xk
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X, =1, +dop, +Z%(dn —d), > el oo, (9)

n

M.
A

n

Remark 1. If x=(x,)e(c, )j , then d=0. Hence for

A .
every member x, of x=(x,)€(c,), we may write

X, = 41, +Z’;k" d,-a),>

< 0.

(10)

s
A

n

3 TheSet ((L)),(L);).a>1

Let throughout in this section A=(a,) be a normal
matrix with its inverse matrix A~ :=(r,.), B=(b,,)
a triangular matrix, and M=(m,) an arbitrary

matrix
In the beginning, we find necessary and
sufficient conditions for the existence of Mx on

(L, )j In this case for all x:=(x,)e(/, )j we can

write
J J k J
J— —_— n [p—
Zmnkxk _Zmnkznklyl _Zhﬂyl y,=Ax,
k=0 k=0 =0 =0

where H" :=(hj’.}) is the lower triangular matrix for

each n, defined by

j
hf, :=Zmnk77k,, 1<,
k=1

Consequently, for the existence of Mx for each
xe(l, )j it is necessary and sufficient that

H"e(l*,c) for all n. Thus,
Proposition 8.1)

we obtain ([2],

Proposition 1. For the existence of Mx on (/, )j it
is necessary and sufficient that for every n,

Jlimhj :=h,, (finite), (1
J
Jj
3 i h?, (finite 12
im>_h, (finte) (12)
h
supZ—<oo, (13)
j ! /1/
hy —h
limY -0, 14
my (14)
Moreover, instead of (13) it is possible to set
|hn/|
Y <o (15)
1 2'/
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for all n

Remark 2. With the help of Lemma 3 c¢) it is
possible to prove that instead of (13) and (14) we
can put

Z—ﬂ <oo uniformly in j for all n.
A

(16)
Next, we need the matrix G=(g,, )=BM;i.e.,
ok = an/m/k ’
1=0

and lower triangular matrices I'" := (7/;', ), where

B,
Yo ::Zgnknkl' [<].
pan

Theorem 1. Let A4, #0(1) and a>1. For

I\/Ie((lw )i (1, );‘) it is necessary and sufficient that
(11) - (14) hold,

3 limy,, ==y, (finite), (17)
J
|imzwzo, (18)
n 5 ﬂ“/
|}/nl|
supZ—<oo, (19)
n T
supz,un ZM <o (20)
K n lek ﬂ“/
for every finite K =N, where
Vi 1=“m7/é), (21)
J
and
J
(pn)EI:' pn =|ImZ)/,’], (22)
L
Moreover, instead of (19) it is possible to set
7]
T2 <o, (23)
2%

Proof. Necessity. Suppose that M e((/w)l (1) )

A’ B
In this case Mx exists on (/, )j This implies that
(11) - (14) hold by Proposition 1, and

By =G,x (24)
on (I, )j , since B is lower triangular.
Hence G e((loo )j ,I;‘) by (24) .
Moreover,
ignkxk = j VAX (25)
k=0 /=0
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for all xe(/,),. As A is normal, then we can find

A
A
xe(l, )j satisfying  the

Consequently (22) holds by (25).
As A is normal, then for every bounded

equality Ax=e.

sequence (f,) we can find xe(/, )j satisfying the

relations
limA x:=06 and B, =4 (A x—-0). (26)
As from (26) we have
AXx=0+ & ,

n

then, using (25) and (26), we obtain for all x (1, )j
that

j i
Zgnkxk :527’41"'2%@- (27)
par =0 =0 4

Since G,x converges on xe(/, )j, and there
the p, by (22), then
| ::( v, 12 ) e(l,,c) for all n. Consequently, using

exist finite limits

Lemma 3, we conclude from (27) that

Yol
IA/I

for every xe(, )j We note that the existence of

G x=0p,+ (28)

the finite limits y,, (see (21)) follows from the
existence of the transform Mx on (I, )j Moreover,
the finite limit limp,:=p exists by (22). Hence

from (28), we can conclude that the matrix
L, :=(y,/4)ell,,c). This implies that conditions
(17) - (19) hold and

Iiman:5p+Z%ﬁ, (29)
n ; ,
for every xe(l,, )j by Lemma 3. Writing
#,(G,x=limG,x) = o, (p, — p)+
(30)

'
Iunzyll Iﬁ/
/

1

for every xe(l, )j , we obtain with the help of (22)

that I , ::(,un(Vn/_7/)//1/)6(Ioor/a)-
condition (20) is satisfied by Lemma 6.

Therefore

Finally, (23) holds by (18) and (19).
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Sufficiency. Let relations (11) — (14) and (17) — (22)
be fulfilled. In this case Mx exists on (/, )i by

Proposition 1, and (24) — (27) are satisfied on (/, )j .
Similarly to the necessity part, with the help of (22)
and Lemma 3, it is possible to show that (27)
implies (28) for all xe(/ )j . As (22) holds and

o0

I', e(l,,c) by Lemma 3 (due to the validity of (17)
—(19)), then from (28) we can conclude (again by
Lemma 3) that equation (29) is valid for every

xe(l, )j Hence relation (30) also is satisfied on

(loo)j’ and ', e(l,,/,) by Lemma 6. Therefore

Me((L.);(1,);) dueto (22).

Finally, instead of (19) we can put (23) since
(19) holds by (18) and (23).

If supA, <oo, then limf, =0 in (26). Therefore,

in this case I"} €(c,,c) for every n. Thus, applying
Lemma 1, we can immediately to formulate
Let and a>1. For

Theorem 2. A,=0(1)

I\/Ie((lw Vo (1, );‘) it is necessary and sufficient that
(11) - (14), (17) and (19), (20), (22) hold.
Remark 3. With the help of Lemma 3 c¢) we obtain

that in Theorem 1, instead of (13), (14) we may set
(16), and instead of (18) and (19) — the relation:

zm < oo uniformly with respect to n.
A

Remark 4. 1t is possible to show with the help of
Lemma 6 that instead of (20) in Theorems 1 and 2
we can put:

>u,

<o (VK*cN). (31)

i d
27

lek* 1

4 The sets (¢t (1,); ) ((c)1(1.))
and ((1);.(1,); ) er>1

Let throughout in this section A=(a, ) be a A-
reversible matrix, B=(b,,) a triangular matrix, and

M=(m,,) an arbitrary matrix
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Proposition 2 ([2], Proposition 9.5). For the
existence of Mx on c; it is necessary and sufficient
that (11), (13) hold, and for every n,

D m, 1, <o, (32)
k

Zmnk(ok <o,
k

(33)
Proposition 3. For the existence of Mx on (co)j it

is necessary and sufficient that (11), (13) and (32)
hold.

Proposition 4. For the existence of Mx on (I,); it is
necessary and sufficient that (11), (32) hold, and
h
—=0,01).
ﬂ“/
Propositions 3 and 4 can be proved in a similar

fashion to Proposition 2 (presented in [2]);
therefore, we omit the proofs of these propositions.

(34

Further, we apply matrices I'" := ( 7, ) , where

, j
Y = Zgnknk/'
]

If Mx exists on cj (on (co)j, or on (Il)j ), then
finite limits (21) exist.

Theorem 3. Let a>1. For Me(cf,((g);’] it is

necessary and sufficient that (11), (13), (17), (19),
(20), (32), (33) are satisfied, and

n,goe(la)z. (35)
Proof. Necessity. Suppose that Me(cj,(la ). ) In

this case Mx exists on cj. This implies that (11),
(13), (32), and (33) are satisfied by Proposition 2,
and relation (24) is valid on cj since B is lower

triangular. Consequently c; <(/,)., and G,x
converges on cj. This implies that condition (35)
holds due to n,goecj. As each member x, of
x:=(x,)ec, may be presented in the form (9) by
Lemma 7, then, we have:

j j j j
Zgnkxk = ¢Zgnk77k +dzgnk(pk +Zﬁ(d/ —d) (36)
k=0 k=0 k=0 A

for all xec,. As G x converges on C,, then from

(36) it follows, by (35), that the matrix I} for each
n transforms this sequence (d, —d)ec, into c. We

show that T} transforms every sequence (d,)ec,

E-ISSN: 2224-2880
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into C. Indeed, for every sequence (67,) ec, there
exists a sequence (d)ecwith d, =d,—d, where
limd, =d. Then ((d,—d)/ 4)ec,.Moreover, for
this sequence, we can find z=(z,)ec so that
(d,—d)/ A =2-9¢, ¢:=limz,,
As A is A-reversible, then for each z=(z))ec
with ¢::Ii5nz,, there exists a convergent sequence X

with z,=Ax. So we showed that, for each (d,)ec,
we can findxec, so that d,=A4(Ax—¢). Hence
I} €(c,,c). Therefore (36) implies, by Lemma 1,
that:

an=¢Gn77+dGn(p+Z%(d,—d) (37)
4

for all xecj. From (37) we conclude by (35) that
I', e(c,,c). This implies that

conditions (17), (19) hold and:

by Lemma 1

Iiman=¢IimGn77+dIimGn(o+z%(d,—d) (38)
n n n |

1

for every x e cj. Consequently we can write:

M (an—liman) —du (Gnn —IimGnn)+

du, (Gn(p—limGn@)wnZ%(d/ —d)
n ] y

(39)

for each x ecj. From (39) it follows, by (35), that
I, €(c,.1,). Thus (20) holds by Lemma 6.

Sufficiency. Let relations (11), (13), (17), (19),
(20), (32), (33) and (35) be fulfilled. In this case

Mx exists on ¢, by Proposition 2. Hence (24),

(36) are satisfied for every xec; and I"} (c,,c)

for all n. Then it is possible to take the limit under
the summation sign in the third summand of (36) by
Lemma 1. Thus, using (35), from (36) we obtain

that (37) holds on Cj by Lemma 1. Moreover,
I', e(c,,c) by (17) and (19). Hence from (37) we
have, by (35) and Lemma 1, that (38) holds for
every xec,. Then relation (39) also is satisfied for

every xec,, and r,, €l,l,) by Lemma 6

because  condition (20) holds.  Therefore

Me(cj,(/a);‘) by (35).
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If instead of ¢, to take (c, )j in Theorem 3,

then d =0 in the proof of this theorem, and instead
of Proposition 2 it is necessary to use Proposition 3.
Therefore, we can immediately to formulate the
following result.

Theorem 4. Let a>1. For I\/Ie((cO )j(/axs) it is

necessary and sufficient that (11), (13), (17), (19),
(20), (32) are satisfied, and (/) .

Remark 5. As in Section 3. it is possible to show by
Lemma 6 that condition (20) in Theorems 3 and 4
can be replaced by condition (31).

Theorem 5. Let a>1. For Me((/l)j,(/a )‘) it is

B

necessary and sufficient that (11), (17), (32), (34)
are satisfied, 7 <(/,)., and

}/n/

<00

’

sup

n,l

1

1 a
sup—-2 44, |1 7| <o0.
n I n

5 Conclusion
This paper is the continuation [1]. Let a>1, and

A, 1t be speeds of convergence; i.e., monotonically

increasing strictly positive sequences In the current
paper, we characterized the matrix transforms from
the A-boundedness domain of a normal matrix A
(with real or complex entries), and from the A-
convergence or from the absolute A-convergence
domain of a A-reversible matrix A into the o -
absolute u-convergence domain of a triangular

matrix B (with real or complex entries), .

Further,  we intend to generalize the results
of this paper to abstract structures. For example, we
will study matrix transforms over ultrametric
spaces. Also, we try to apply our results in
approximation theory, for example, for the
estimation of approximation orders of Fourier
expansions.
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