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1 Introduction

In differential geometry, vector fields are used in
three-dimensional and four-dimensional spaces and
higher-dimensional spaces to determine the
geometric properties of curves and surfaces. The
best-known and most widely used vector fields are
the Frenet vector fields, the Darboux vector fields,
tangent vector fields, and normal vector fields.
Frenet vector fields form an orthonormal frame
along a space curve. This frame field is called the
Frenet frame which includes important knowledge

about the curve. Frenet formulas, which consist of
the derivative equations of the Frenet frame, can be

rewritten using the Darboux vector field in
Euclidean 3-space [E3, [1], [2]. If a curve lies on a
surface, then by using the tangent vector field of the
curve and the normal vector field of the surface, we
can construct a different frame called the Darboux
frame. Using the vector fields of the Frenet frame,
and the Darboux frame, some new frames, curves,
and surfaces have been defined and characterized in
different spaces, [3], [4], [5], [6], [7], [8]. Among
these surfaces, ruled surfaces have many
applications in CAGD, architecture, and physics.
Developable surfaces which are special kinds of
ruled surfaces have also been studied in many
spaces, [4], [5], [9], [10]. Also, since special surface
curves such as lines of curvature, and geodesic
curves play an important role in surface analysis and
geometric design, several methods have been given
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to construct a developable surface or hypersurface
possessing a given curve as the line of curvature or a
geodesic curve of it, [4], [5], [6], [11].

The Darboux frame field has been extended into
Euclidean 4-space E* and the extended Darboux
frame field of the first kind, and the extended
Darboux frame field of the second kind have been
defined in [12]. Some special curves according to
this extended Darboux frame field have been
defined in [13].

Defining some new vector fields along a space
curve with nonvanishing curvatures in E*, the
Frenet formulas have been rewritten as ternary
products of Frenet vectors in [14]. Later, some new
planes, curves, and ruled hypersurfaces have been
introduced and then some characterizations related
to these planes, curves, and ruled hypersurfaces
have been given [14]. The results of [14] have been
studied in Minkowski 4-space by [15].

This paper aims to define new vector fields
along a geodesic curve on an orientable
hypersurface with nonvanishing curvatures of
extended Darboux frame of the second kind in E*
and to rewrite the derivatives of the extended
Darboux frame field vectors of the second kind as
ternary products of these vector fields. This study
also aims to define new planes and curves using
these new vector fields. In addition, we construct
some ruled hypersurfaces associated with these
vector fields.
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2 Preliminaries
Let a be a unit speed curve in E3, and {T,N, B, k, 7}
denote the Frenet apparatus of a. By using the
Darboux vector field D = 7T 4+ kB of a, the Frenet
formulas:

T'=kN, N'=—xT+1B, B ' =—-1N

can be rewritten as [1]:
T"=DxT, NN=DxN, B'=DXxB.

Let S © E3 be an oriented surface and a be a
unit speed curve on S. Let T be the unit tangent
vector field of a, and N be the surface unit normal
vector field restricted to a. Then, the Darboux frame
field along the curve a is given by {T,V, N}, where
V = N X T. Then, the derivative equations of the
Darboux frame field are given by [1].

T = xzV+iyN,
Vi = —i4T+1yN,
N = —,T—1,V,

where kg, ky, and 7, denote the geodesic curvature,
the normal curvature, and the geodesic torsion of «,
respectively. By using the Darboux vector field:
W=1,T —k,V+ry4N
of a, we can rewrite the above equations as:
T=WXT, VV=WxV, N =WXxN.

Definition 2.1 Let {e, e, e3,€e,} be the standard
basis of R*. The ternary product of the vectors X =
Yhixie, Y=L, yie, and Z=3} ze is
defined by [16]:

€1 €2 €3 €

X1 X2 X3 Xy

Yi Y2 Y3 Yaf

Z1 Zz Z3 Zy

XRQYRZ=

Let § be a unit speed curve in E* and
{T,N, By, By, k1, k5, K3} denote the Frenet apparatus
of 6. By using the vector fields [14]:

D; =B, Dy =k,T+ k1B,
D3 = k3N + KBy, Dy=T

along &, the Frenet formulas:
T’ = K]_N, N’ = _K1T+ K2B1,
Bi = —KzN + K3B2, Bé = —K3B1

can be rewritten as [14]:

T = D;®D,QT,
N = D;®D, ®N,
Bi = D;®D,®By,
B, = D;®D,®B,.
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Let M c E* be an orientable hypersurface
oriented by the unit normal vector field V', and § be
a unit speed Frenet curve of class C™ (n > 4) on
M. Let T denote the unit tangent vector field of §,
and N denote the hypersurface unit normal vector
field restricted to 8. Then, if the set {N,T,&"'} is
linearly independent, one can construct the extended
Darboux frame field {T,E,D,N} of the first kind
along & [12], where:

8// _ (6”, N)N

E=—— , D=N®TQ®E.
[|67 — (6", N)N||

In this case, the differential equation of this
frame is given by [12]:

(T = IGE+ KN,
E' = —kgT+KiD+ 15N,
_ 2 2
D' = —kjE+ 1N,
N = —k,T—15E—1D.

If the set {N, T,&"} is linearly dependent, then
one can construct the extended Darboux frame field
{T,E, D, N} of the second kind along & [12], where:

5”[ _ <5III’ N)N _ <6”’, T)T
”5”[ _ <5III’ N)N _ <6”’, T)T” ’
and D=NQ® T Q® E. In this case, the differential
equation of this frame is given by [12]:

(T" = kyN,
1o 2 1
E = KgD + TgN, M
D' = —KiE,
N = —K,T—14E,

where k, denotes the normal curvature of the
hypersurface, K; denotes the geodesic curvature of
order 2 and T; denotes the geodesic torsion of order
1.

Definition 2.2 Let §:1 € R —» E* be a curve with
unit tangent vector eg, and {e; (t), e;(t)} denotes an
orthonormal basis of generating plane along 8. Then
the hypersurface:
(L, v1,v2) = 6(t) + vie1(t) + vae(8),

is called a ruled hypersurface represented by the
map @:1 X R? - E* in E*. If

rankleg, e, e,,e1,e;] = 4, )
then the ruled hypersurface is called non-
developable. If

ranklegy, e, e,,e1,e3] = 3, 3)

then the ruled hypersurface is called developable,
[17].
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3 New Vector Fields and Curves in E*
Let M c E* be an orientable hypersurface, § be a
unit speed geodesic curve on M with nonzero
curvatures ky, kg, 7z, and {T,E,D,N} denotes its
extended Darboux frame of the second kind. Let us
define the following vector fields along §:
W; =D, W, =—14T + i,E, A
W, = k2N — 71D, W,=T. @
Note that the set {W;, W,, W;,W,} is linearly
independent along § and {W;,W,}, {W;,W,} and
{W,, W5} are orthogonal sets. Let us denote the
subspaces spanned by {W;,W,}, {W3; W,} and
{W,, W3} as W; W,-plane, W;W,-plane, and W, Ws-
plane, respectively. We may rewrite (1) by using the
vector fields W; (1 < i < 4) as follows:

T = WRW,QT,
E' = W; @ W, ®E, (5)
D' = W;QW,Q®D,
N = W, ®W, ®N.

So, according to (5), T and N rotate around the
W; W, -plane, and E and D rotate around the W3 W, -
plane. This means the W; W,-plane and the W3 W,-
plane play the role that the Darboux vector W =
74T — kpV + kg N plays in 3-space.

Now, we will define some new curves and call
them W; W,-curve, W;W,-curve, and W, W;-curve,
respectively.

Definition 3.1 If the position vector of a geodesic
curve on an orientable hypersurface M c E*
always lies in its W; W,-plane, it is called a W; W,-
curve.

Theorem 3.1 Let § be a geodesic curve with arc-
length parameter s lying on an orientable
hypersurface M with nonvanishing curvatures
Kn, K5, and 75. Then, § is congruent to a W;W,-
curve if and only if the curvatures of § satisfy the
equation:

{ 1 (ms)(c—s))’}' kn(IEEE=s) _

K5 (s) 75(5) 75(8)

(6)

where ¢ = constant.

Proof. (=) Let § be a W;W,-curve with non-
vanishing curvatures k,,, KZ;, and T; on M. Then, we
can write:

8(s) = A1(s)W1(s) + A2(s)W(5) (7)
for some functions A;(s), (i = 1,2). Taking the
derivative of (7) according to s and using (1) gives
us:

E-ISSN: 2224-2880

10

Bahar Uyar Daldul

(2()7g(s)" +1 =0,
(A2()Kn(5)) = A1 () (s) =0,
21(8) + A2 ()ken()Kg (s) = 0.

®)

If we use the first equation of (8), we obtain:
c—S
A;(s) = % >

where ¢ denotes an integration constant. The second

equation of (8) gives:
1 (kn(s)(c—s))’
2 1 :
Kg(s) T5(s)

A1(s) =
Thus, we obtain equation (6) by substituting the
obtained results into the third equation of (8).
(&) Let us assume that the curvatures of &
satisfy the equation (6). Differentiating the vector:

1 [x,(s)(c—5) '
2o ) we
g g
c—s W
T; (S) 2 (S)
according to s yields zero vector. This means A(S)
is a constant vector. Then, §(s) is congruent to a

W; W,-curve.

A(s) = 6(s) -

Definition 3.2 If the position vector of a geodesic
curve on an orientable hypersurface M c E*
always lies in its W3 W,-plane, it is called a Wz W,-
curve.

Theorem 3.2 Let ¢ be a geodesic curve with arc-
length parameter s lying on an orientable
hypersurface M with nonvanishing curvatures
Kkn K5, and 7. Then, { is congruent to a W3W,-
curve if and only if the curvatures of { satisfy the
equation:

1 (k3 ,+
Ve (r;,(s)

where ¢ = constant.

Ckn (K5 (s)
75(5)

+1=0, 9)

Proof. (=) Let { be a W3W,-curve with non-
vanishing curvatures k., Kﬁ, and T; on M. Then, by
the definition, we can write

¢(s) = m(SIW3(s) + p2(s)Wa(s) (10

for some functions y;(s), (i=12). If we
differentiate (10) according to s and use (1), we
obtain:

(1 (s)75(5)) =0,
(1 ()G () + U2 (S)Kn(s) = 0,
o () — ua (S)kn()Kg(s) =1 =0.

(11)
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From the first equation of (1 1) we have:
u(s) =
' 3(s)’

where ¢ is an integration constant. The second
equation of (11) yields:

2 !
ha(s) = —— ("?(s)>.

Kn(S) Tg (s)

If we substitute these results into the third
equation of (11), we get (9).

(&) Let us assume that the curvatures of {
satisfy the equation (9). Let:

B(s) = {(s) — ——
(s) =4(s) g() W;(s)

c (kg (s))
+ W, (s).
Kn(S) (Tg( )
If we differentiate B(s) according to s, we

obtain a zero vector. This means B(s) is a constant
vector. Thus, {(s) is congruent to a W3 W, -curve.

Definition 3.3 If the position vector of a geodesic
curve on an orientable hypersurface M c E*
always lies in its W, Wjs-plane, it is called W, W5-
curve.

Theorem 3.3 Let 0 be a geodesic curve with arc-
length parameter s lying on an orientable
hypersurface M with nonvanishing curvatures
Kn,Kg, and Tj. Then, o is congruent to a W, Ws-
curve if and only if the curvatures of o satisfy the
equation:

iZIO)Y -
c1 (Kn(s)) + ckp(s)+1=0,

Tl(S) Y 5 (12)
g —
Cy <_K§(s)) —1kg(s) =0

where ¢; = constant and ¢, = constant.

Proof. (=) Let ¢ be a W,W;-curve with non-
vanishing curvatures kp, k7, and 75 on M. Then,
from the definition of the W, W;-curve, we can write

a(s) = v1(W2(s) +v2()W3(s)  (13)

for some functions v;(s), (i = 1,2). Taking the
derivative of (13) according to s and using (1) yield:

((2()en()) =0,
(V2 ()K2(s)) = 0,

{ (V1(8)Th () + Vo (S)ken(s)K2(s) +1 =0,
\(v2(8)TA(5)) — V1 (8)Kn(s)K2(S) = 0.

(14)

If we use the first equation of (14), we get:
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v1(s) = (s)

where c; is an integratlon constant. The second
equation of (14) gives:

v,(s) = 2

HON

where c, is an integration constant. Then, we obtain
the equation (12), if we substitute these results into
the third and fourth equations of (14).

(&) Let us assume that the curvatures of the
curve o satisfy the equation (12). If we consider the
vector:

Cs)=a(s) —— (S) Wa(s) — 2() W3 (s),

and differentiate it according to s, we find zero
vector. So, C(s) is a constant vector. Then, a(s) is
congruent to a W, W-curve.

Example 3.1 Let us consider the hypersurface M
with its parametric equation:

X(w,v,w)=(1+ 3—)sm(£’1u) - 3—\/2_1wcos({’1u),

V10 14
1+ j:)cos(flu) .3 o wsin(6yuw),
(1- \/—_)sm(fzu) + 35 weos(fou),
(1- \/—_)cos(ﬁzu) ’ T wsin(éow),

where £, = %, t, = ‘/; It is easy to verify that the
curve

6(s) =X(s,0,0)

= (sin(#;5), cos(¥415), sin(£,5), cos(¥,5))
is a geodesic on M, where s € I € R. Then, we can
construct the extended Darboux frame of the second
kind along §. If we use the formulas given in [12],
we find the curvatures of § as

Kn(s)_ \/—' 2( ) 1( )___
Thus, we can see that these curvatures do not
satisfy the equation (6). It means & is not a W; W,-
curve in E*. However, the above curvatures satisfy
(9) with ¢ = — % This means § is a W3 W,-curve in
E*. If we substitute the results into (10), we have:

4
5(s) = _ﬁwﬂs) + 0. W, (s),

where

3 1
Ws(s) = \/% (N(s) — ED(S))'
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Moreover, the curvatures of § satisfy also the

equation (12) with ¢; = 0,¢c; = —% which yields

8 as a W,Ws-curve in E*.

4 Ruled Hypersurfaces Obtained by
the Vector Fields W;

Let § be a geodesic curve with arc-length parameter
s lying on an orientable hypersurface M with
nonvanishing curvatures k5, and 5. Let us
consider the vector fields W; (1 < i < 4) defined in
(4). If we normalize the orthogonal sets {W;, W,}
and {W,, W5}, we find the orthonormal frames
(W, W,} and {W,, W3}, where
AT _ Wy(s)

W2l = fw o

N S [, ($)E(s) — T2 ()T ()]

[KKE () +(T5)2(s)

Ws(s) = ||ng3||
d  _ ! [K2(s)N(s) — T2 (s)D(s)),

[()?($)+(rg)*(s)

respectively. Differentiating these vector fields
according to s give:

W, () = p1(5)[Kn ($)T(s) + T ()E(S)]
+ p2(s)D(s)

and

W (s) = —p3(s)T(s)
+p4(8)[KZ(s)D(s) + T2 (SIN(5)],

where

! 142
p1(s) = [(K_n> ) 3/2 (),

T4 (k3 + (z2)?)
Knkg
p2(s) = (s),
K + (1)
Knks
p3(s) = (s),

(k5)? + (1g)?

_ "_§> (rp)*
P4(s) [(T; ((K§)2+(T3)2)3/2 (s).

Now, let us consider the orthonormal frames
(W, (s), W,(s)} and {W,(s), W3(s)}. We define the
ruled hypersurfaces:

(s, u,v) = 8(s) + uW, (s) + vW,(s), (15)

and
Y(s,u,v) = 8(s) + uW,(s) + vWs(s),
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where u, v € R, s € I, and call them as W, W,-ruled

hypersurface and W, W;-ruled hypersurface of &,
respectively.

Theorem 4.1 Let § be a geodesic curve with arc-
length parameter s lying on an orientable
hypersurface M. Then, (sg,ug,vg) is a singular
point of the W;W,-ruled hypersurface of § if and
only if the equation

Kn(So) — U (Kéfé)(so) + vo[p1 ((kn)? +
(z)%)](s0) = 0. (16)
holds.

Proof. If we calculate the partial derivatives of
o(s,u,v), we find:
@s = [1+vp1($)kn()IT(s)
+[vp1()74(5) — urg($)]E(s) + vp, (s)D(s),
¢y = D(s),

00 = < —t_ )(s)T(s)
’cn+(7g)2
+< tn )(S)E(s).
/x%+(r},)2

So, we get :
Os QP Q ¢, =
_ kn()-u(k§75) () +v[p1 (KE+T5)?)](s) N(s). (17)

(Jri+ap?)

It is known that (sg, ug, V) is a singular point of
the W;W,-ruled hypersurface of § if and only if

(s @ 9y ® ©,)(Sg,Ug, vg) = 0. Thus, the claim is
clear from (17).

Corollary 4.1 If we write u =v =0 in (15), we
find the points of the curve §. Then, &(s) is a
regular point of ¢ (s,u,v) forall s € I.

Proposition 4.1 Let § be a geodesic curve with arc-
length parameter s lying on an orientable

hypersurface M. The W,;W,-ruled hypersurface
associated with § is developable.

Proof. We get:
rank[T, Wy, W,, W{.Wz’] =

1 0 0 0
0 0 1 0
1} ¥n
0 0
= rank \/x,21+(t£1,)2 \/Kﬁ+(r},)2 =3.
0 —K5 0 0
| P1Kn pl‘E; P2 0.
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Then, from (3), the W;W,-ruled hypersurface
associated with 6 is developable.

Theorem 4.2 Let § be a geodesic curve with arc-
length parameter s lying on an orientable
hypersurface M. Then, (sg,ug, Vo) is a singular

point of the W,W5-ruled hypersurface of & if and
only if the equations

Kn(So) + uo[p1 (k2 + (T;)z)](so)
—Vo(knp3)(So) =0,
Vg [P4((K5)2 + (Té)z)](so) + uo(’{éﬂz)(so) =0

(18)
hold.

Proof. If we calculate the partial derivatives of

Y(s,u,v), we obtain:

s = [1 +up;()Kn(s) — vp3(s)]T(s)

+[up1 ()75 ()IE(S) + [up(s) + vp4a(s)kg(s)ID(s)
+[vp4(S)T$ ($)IN(s),

;)
\ o / ($)T(s)
\ = (71)2> ($)E(s),

2

Kg
Yy = | —== | (IN(s)
/(Kg)2 + (14)?
1
- —— | D).
/(Kﬁ)z + (79)?
So, we have:

s @ Py @ Wy, = Iy (—Kp ()T(s) — 75 (S)E(s))
+T, (K; (5)D(s) + 75 (S)N(s)),

(19)
where
(09 + @) + u(zc;pz)@
_
\[xn T (@ly? \[ocg)z + (1)
and

_ n(8) +u{pa (15 + (1)*)}(5) — v(knp3)(s)

\[x% T (@ly? \[ ()2 + (z1)?

Thus, the claim is clear from (19).

E-ISSN: 2224-2880

Bahar Uyar Daldul

Corollary 4.2 6(s), Vs € I, is a regular point of the
W, W;-ruled hypersurface.

Proposition 4.2 Let § be a geodesic curve with arc-
length parameter s lying on an orientable

hypersurface M. The W,Ws-ruled hypersurface
associated with § is non-developable.

Proof. We have:
rank[T,Wz,Wg,Wzl,W3’] = 4.

Then, from (2), the W,W;-ruled hypersurface
associated with § is non-developable.

Example 4.1 Let us consider the unit speed
geodesic curve § given in Example 3.1. Since:

1
Wa(s) = W(SE(s) V3T(s)),
W3(s) = —(2N(s) — D(s)),
3£ )_ @( (s) = D(s))
we obtain the W,W;-ruled hypersurface of § as:

3VZT
W(s, 1) = (1 — —)sin(e;s) — ‘1/4_

7 ucos(#45),
v 3v21 |
(1- ﬁ)cos({’ls) + 2 usin(¢1s),
(1- %)sm(t’zs) + gucos({’zs)

(1 = )cos(l,s) — ﬁusm(fzs))

V2

If we consider the equation (18), we find the
singular points of the W,W;-ruled hypersurface of
0 as (n,O,\/E), vn el

5 Conclusion
This paper focuses on a geodesic curve on an
orientable  hypersurface =~ with  nonvanishing
curvatures of extended Darboux frame of the second
kind in Euclidean 4-space E*. We define the linearly
independent vector fields:

W; =D, W, =—1;T + k,E,

Ws =KkZN—1,D, W, =T
along the curve. These vector fields enable us to
rewrite the derivatives of the extended Darboux
frame field vectors as ternary products of related
vector fields. We also defined the W;W,-plane,
W3 W, -plane, and W, W;-plane along the curve and
showed that the W; W,-plane and W5 W, -plane play
the role of Darboux vector. Furthermore, we
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introduced the W;W,-curve, W;W,-curve, and
W, W;-curve and obtained their characterizations.
Finally, two ruled hypersurfaces related to the newly
defined vector fields have been constructed. Two
examples have been given as applications of our
results. Similar investigations can be researched for
the extended Darboux frame of the first kind, or any
other special frames along a curve in Euclidean 4-
space or other spaces.
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