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Abstract: In this paper, we explore an essential concept in mathematics: Taylor’s series.

To examine its

behavior in fractional calculus, we utilize the modified conformable operator, which provides significant results
by satisfying most properties of the classical derivative and establishing a strong connection between the usual
and fractional derivatives. We then present theoretical results for the fractional Taylor series using the proposed
operator. Finally, we demonstrate the effectiveness of this approach through numerical examples and simulations

in Mathematica, which validate the obtained results.
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1 Introduction

Fractional derivatives have been an area of
mathematical interest since the early development of
calculus. In 1695, L’Hopital posed a fundamental
question about the interpretation of the derivative

C[Zf when n = % Since then, researchers have made
continuous efforts to define and develop fractional
derivatives. The Riemann-Liouville fractional
derivative, [[l], Caputo fractional derivative, [],
Atana—Baleanu fractional derivative, [2], and
Caputo—Fabrizio fractional derivative, [3], are some
of the several formulations that have surfaced.

The fact that many fractional derivatives do not
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completely meet classical features like the product
rule and the chain rule presents a significant issue.
A recent study, [4], covers this gap by proposing a
new local fractional derivative based on the local
fractional derivative — the conformable fractional
derivative defined as follows:

Definition 1 /4/.

The conformable fractional derivative of order « for
a function f : [0,00) — R is provided by
LT et~ ()
e—0 €

f () =

forall z > 0and o € (0,1), provided the limit exists.

)
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We define
F90) = lim f*(=),

z—07t
if f is a-differentiable on some interval (0, a) where

a > 0 and the limit lim f(®)(z) occurs.
x—0+t

This derivative, which stems from a simple limit
definition, still retains many significant features of the
traditional integer-order derivative. Numerous works
have produced important theoretical and practical
results, [5], [6], [[7], [8], [9], [[10]. for the conformable
derivative that has been built and generalized upon.
While this work has attracted much attention, in [[11],
authors explained the conformable derivative using
fractional chords in terms of geometry who placed
it under the spotlight. Since then, this derivative
has been subject to increased interest, leading to
the solution of numerous mathematical and physical
problems. Additional information and applications
are available in [[12], [IL3], [[14], [15], [IL6], [L7].

Within this context, the focus of our work is on
a modified conformable operator recently proposed
in [[1§], which has been thoroughly examined
regarding its enhanced characteristics and potential
applications.

One of the most important tools of mathematical
analysis is the Taylor series, which allows the
representation of a given function as the sum of
an infinite number of the functions’ derivatives at
a specific point. This remarkable technique, which
enables balancing and analyzing functions in a wide
range of areas, was first suggested in 1715, [[19]. The
Taylor series is recognized as the Maclaurin series,
[20], but was referred to as Mclaurin series because of
the 18th century use of this technique when evaluating
at zero by Colin Maclaurin.

Our aim in this study is to investigate the behavior
of Taylor series through fractional calculus using the
modified conformable operator, [|L§]. This operator
is quite helpful as it provides a broad generalization
to the fractional case while retaining most of the
properties of the classical derivative. In addition,
we use this operator to obtain results for fractional
Taylor series which we verified through Mathematica
computational simulations and numerical.

This paper’s remainder is organized as follows:
The theoretical underpinnings and mathematical
formulation of the modified conformable operator
are presented in Section 2. Section 3 discusses
the derivation and properties of the fractional Taylor
series using this operator.  Section 4 presents
numerical examples and graphical simulations to
illustrate the effectiveness of our approach. Finally, in
Section 5, we conclude with key findings and possible
future research directions.
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2 Fundamentals of the Modified

Conformable Operator

In this section, we present key definitions and
properties of the modified conformable operator,
denoted as D“, of order o, where 0 < o < 1.
Notably, this operator reduces to the identity operator
for o = 0 and to the classical differential operator for
a=1.

Definition 2 (Modified Conformable Differential
Operator), [|18].

Let 0 < a < 1. A differential operator D%is termed
a modified conformable operator if and only if it
satisfies the following conditions:

D°f(x)

d /
J@), D' f(@) = —f = f (&), ¥ € R.
6]
Definition 3 (4 Class of Modified Conformable
Derivative), [I1§].

Let 0 < a < 1, and let the functions ko, k; : [0, 1] x
R — [0, 00) be continuous and satisfy the conditions:

r . o . .

algng ki(o,z) =1, alin(ﬁ ko(a,x) =0,

Vr € R,

lim ki(a,x) =0, lim ko(a,x) =1,
a—1- a—1-

Vr € R,

k‘1<0£,x)7é07 OS [071)7 kO(aax)%Ov ES (071}7
Vz € R.

2
Then the following differential operator D% defined

by
Df(x) = ki(o, 2) f(z) + ko(e, 2) f (z)  (3)

is termed a modified conformable operator, provided
that f(x) is differentiable.

Example 4 Some classes of the modified
conformable operator.
(1) Let ky(a, ) = (1 — )z and ko(a, x) = ax! =

Jorany x € (0, 00) we find

ki (o, @) f () + ko(or, ) f ()
(1—a)z®f(x) + oz~ f (z).

D f(x)

Based on the obtained operator, we get:

D°f(z) = f(z) and D°f(z) = f (x)
It means D satisfy condition ([l)), and one can easily

prove that D* satisfy condition (B]), then we say that
D% is a class of modified conformable derivative.
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(2) Let k1 (a,x) = cos (%) x* and
ko(a,z) = sin (%) 2~ for any x € (0, 00) we get

Df(x) = ki(a,2)f(x) + kol 2) f ()
= cos ( ) % f(x) + sin <%> g
Similarly, the resulting operator satisfy conditions

() and @l), then is a class of modified conformable
derivative.

However, an important limitation is that in
general: D*DP = DP D,

Definition 5 (Partial Conformable Derivatives),
[118].

Let 0 < «o < 1, and let the functions
ko, k1 : [0,1] x R — [0,00) be continuous and

satisfy (B). Given a function f(x,s) : R? — R such
that % f(z, s) exists for each fixed s € R, the partial

modified conformable differential operator DY is
defined as:

DL 1(2,5) = ka0, 7)1 (,5) + oo )5 (2,5
@

Definition 6 (Modified Conformable Exponential
Function), [I1§].

Let 0 < a < 1, s,z € Rwiths < =z and
let the functions m : [s,x] — R be continuous.
ko, k1 : [0,1] x R — [0,00) be continuous and
satisfy (B) with m/kq and ki /ko Riemann integrable
on [s, x]. Then the modified conformable exponential
function with respect to D is defined to be

IT m(A)—kq (a, A)dA

ko (a,X) z koo, )

)

Based on (B) and (H), the following fundamental
properties hold:

em(z,s) =e ,eo(z,s) =e

Lemma 7 (Basic Derivatives), [|1§].

Let the modified conformable differential operator
D begiven as (B), where 0 < a < 1. Let the function
m : [s,z] — R be continuous and the functions
ko, k1 : [0,1] xR — [0, 00) be continuous and satisfy
@) with m/ko and k1 /ky Riemann integrable on
[s, x]. Assume the functions f and g are differentiable
as needed. Then:

(i) Linearity: D*[af + bg] = aD*[f] + bD"|g], for
all a,b € R.

(ii) D% = cki(«, x), for all constants ¢ € R, x €
R.

(7it) Product Rule: D[fg] = fD%[g] + gD“[f] —
faki(a, x), for all z € R.

(iv) Quotient Rule: D" [ﬂ £D°]

gD*[f]— gl
72 +
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gkl(a, x), forall z € R and g # 0.

(v) For a € (0,1] and fixed s € R, the exponential
function satisfies

Dilem(z,s)] = (6)

(vi) For o € (0, 1] and for the exponential function
eg given in (B), we have

[/ fkoeo 5 ] = fl@).

Proof 8 Back to [1§].

m(x)em(x, s).

(7

Definition 9 (Modified Conformable Integral), [1§].
Let0 < oo < land xo € R. In light of () and Lemma
7 (v) and (vi), define the antiderivative via

/ Df(2)doz =

In the same way define the integral of f over the
closed interval [a, b] as follows :

/f s)eo(w, s)d /fkoeo a:)s)d (8)

aS

f(x) + cep(x,zp), c€R.

/'60(04 s)

Therefore, we can write:

N kq(a,))
z kg(e,\)

dX s
eo(z,s) =e = i Fa(@A)da

The next lemma outlines some fundamental

properties of the modified conformable integral.

Lemma 10 (Basic Integrals), [I1§].

Let the conformable differential operator D be given
as in (B) and the integral be given as (§) with

0 < a < 1. Let the functions

ko, k1 : [0,1] xR — [0, 00) be continuous and satisfy
) and let f and g be differentiable as needed. Then:
(i) The derivative of the definite integral of f is given

by N
D [ [ e s)das| = @)

(ii) The definite integral of the derivative of f is given
f(8>€0(x7 8) |§:a

/ ol
£(&) = fa)eo(za).

(iii) An integration by parts formula is given as follow

froms

s)ep(z, s)dqs]

z)leo(b, 2)daz = f(x)g(z)eo(b,x) |7,
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—/“mquUQM—kmmxvm»%wwmwa

(iv) A version of the Leibniz rule for the differentiation
of an integral is given by

pe [ / "t s)eo(:n,s)das}

[ D515 = a0, (0,9 ol 9)as £ 2.2)

If eo(, 5) is absent then by () we have

D~ [/x f(:v,s)das} = /x DS f(x, s)dos+f(x, ).
Proof 11 Founded in [|1§].

3 Theoretical Results

In this section, we introduce functions that serve
a role similar to polynomials in the Taylor series
expansion. Our analysis is based on the modified
conformable operator, which enables a comparative
study between the standard derivative (when o« = 1)
and its fractional counterpart.

Definition 12

Let the functions rko,k1 : [0,1] Xx R — [0,00) be
continuous and satisfy the conditions given in (B) are
hold. When o = 1 and n € Ny, the polynomials are
given by:

bu(t,s) = %(t —s)".

To generalize this concept in our framework, we
define the functions b, : R> x R — R,n € Ny, as
follows:

b() (t, S) = 1,

Vt,s € R (9)

and

t
bn(t,s) = / bn—1(A\,s)da A, meN, Vit,seR.

(10)
Lemma 13 (Key Lemma)
The following key relationship holds:
Dby (t,s) = bp—1(t,s) + k1(a, t)by(t,s) (11)

Proof 14 This result follows directly from Lemma 7
(73) and Lemma 10 (iv).

To establish and prove a Taylor-type expansion

using the modified conformable derivative, we first
introduce the following auxiliary result.
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Lemma 15 (Auxiliary Lemma)

Let n € N, and assume that f is n-times
differentiable. Suppose that the functions my,0 <
k < n—1, aredifferentiable at some t € R and satisfy
the recurrence relation:

my(t) + k1 (o, t)mpgq(t),(12)
VO<k<n-2.

DMmy1(t)

Then, the following identity holds:

(=1)" gy (DY) f(O)+(D%mo — ka(a, t)mo) f(2).

Proof 16 By applying Lemma 7 (i) and (iii) along
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with equation (), we obtain:

|
—

n

S
Q
2
iy

(=1)*my. (D) f(t)]

0

(=1)*D* [me (D) £ (1)]

Il
TIPS
- O =

(=1)* (me (D) 1 (1)

+k‘
/-\g

Dy = (o, hmy) (D) £(2))

i
L

kmk (Da)k’-i-l f(t)

I
x
o
| —~
- |
—_
~—

(=1)® (D*my, — ka1 (e, tymy) (D*)* £(2)

3 4
“ 1M

(=1)* (e (D) (1)
(-1

n—1

2 (-1

™
[en]

a1 (D) f(1)

Dmy — 1(a, tymy) (D*)* f(ﬂ)

+

© (Dmo — ralan 1ymo) S0
n—2

= 31 (i (D F(1)
k=0

_|_

(=1)" g1 (D) £(t)

— (—l)k (mg + k1(a, t)mg1 — k1o, t)mygq)

[\
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Theorem 17 (Taylor’s Formula for the Modified
Conformable Derivative)

Let n € N, and suppose that f is n-times
differentiable on [ty,0). For t,s € [ty,0), define
the functions by, recursively as:

bO (tv

s)=1 Vt,seR,

and

t
brt1(t, ) —/ br (A, s)doA,  fork € Ny.

Then, the following Taylor-type expansion holds:

i
L

() = eo(t, s) D (=1)*bi(s.£) (D*)* f(s)

0

i

t
+ / b1 (0 1) (D)™ F(N)eo(t \)da,
Sorallt € [ty, 00).

Proof 18 By utilizing equation (B) and Lemma 15, we
obtain

n—1
D° [Z(—m’fbku,t) (D%’“f@)] =
k=0

(=1)" ot (X 1) (D)™ F(V), YA € [to,00).

Integrating both sides from s to t and using Lemma 7
(i), we obtain:

t n—1
/ D- [Z(—n’fbm,t) <Da>’“f<A>] co(t, \)daA
$ k=0

k=0
x (D) f(t)) + (D%mo — K1 (e, t)ymo) f (1) = / t(—1)"—1b,€_1(x, ) (D)™ f(N)eo(t, N)daA
n—2 5
_ _ km ayk+1 R S an n—1 t
- k:O( 1) k (D ) - f(t) + ( 1) ! n—1 (D ) f(t) Z(_l)kbk<)\7t) (Da)k: f()\)eo(t, A)
n—2 k=0 A=s
= 2 (=1 (0 S f(n) - / (~1)" bt (A ) (D) F(Nen(t, Ao
+ (D%mgy — k1 (a, t)mo) f(t) n-1 - "
= (—=1)" Ymn_1 (D™)" £(t) + (D*mg — k1(a, t)mo) f(t) f(t) - k:O(_l) k(s, 1) (D%)" f(s)eo(t, s)

holds at t.

The desired result follows by applying the
differentiation rule and rearranging terms, thereby
completing the proof of Lemma 15.

The following theorem, representing a key
component of the main result, establishes Taylor’s
formula for the modified conformable derivative.
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4 Numerical Methods

This section presents an application of the obtained
results, focusing on two aspects: the analytical
solution and the computational analysis. To clarify
our method and approach, we utilize specific classes
of the modified conformable operator, which depend
on the functions xg and k1.

4.1 Analytical Solution

In this part, we derive the analytical solution for
selected numerical examples to compute the function
bn(t,s) and the modified conformable exponential
function e, (¢, s).

Example 19 For o € (0,1] and uy € (0,00), let K1
satisfy (B). Now, consider the function:

11—«

ko(a,t) = a(upt) ™%, t€]0,00).
Using (§), we obtain:
1 )\afl
doA = ——=d\ = ——dA\.
Ho(a, )\) auo @

Starting with the initial condition by(t,s) = 1, we
compute by (t, s) as follows:

t t )\a—l
bl(t, S) = / b()()\7 S)da)\ = / ﬁdA
S S OZUO
Evaluating the integral gives:

t* — 5%

2, 1—a”
(6] uo

b1 (t, 8) =

Next, for ba(t, s), we have:

t t ya _ L«
bg(t,s):/ bl(A,s)daA:/ %da)\.

2
a“ U

Solving the integral yields:

1 [t —s2\?
b2(t7 ) S) = ? (W) :
) 0

By continuing this process, we derive the general

expression:
1 (to‘ — s ) "
“a \ a2yl )
n \ « Uy

Notably, when o = 1, this formula simplifies to:

(t—s)"
n!

by (t, )

by (t,s) =

9

which aligns with the classical case, as expected.
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Example 20 Consider the functions

ko(a,t) = t'*cos? (5(1 — a)t?),

ki(c,t) = sin? (5(1—a)t).

1t is straightforward to verify that these functions
satisfy equation (£). Since by(t,s) = 1, we obtain

t t )\a—l
bi(t.s) = | o\ s)dah = A,
1(t, 5) /S 0(A, 8) /S cos” (Z(1 = a)A%)

Using the substitution u = \*, with du = aX®~1d\,
we rewrite the integral as

b(ts)l/ta L du
BT 0 Je cos? (21— a)u)

Evaluating the integral, we obtain

e =
2

10 examine the limiting behavior as o« — 1, we define
x = (1 — &)% and take the limit x — 0% (which
corresponds to o« — 1). Using the Taylor series
expansion, we obtain

tan (xt®) — tan (ys® t% — xs
bi(t,s) = 2L Cs?) _ X x5 o0,
ax ax
Thus, in the limit,
lim  bi(t,s) =t —s.

x—0t a—1

For by(t, s), we compute

t
bo(t,s) — / b (A, 5)da

1 tan (YA%) — tan (ys®) X)‘_ld/\
oax /s cosZ Y\ ’

Using the same substitution u = A\, we obtain

1 te _ o
/ tan (yu) — tan (xs >du.

ba(t,s) =
2(t,5) 202x ) cos? yu

Evaluating the integral, we get

ba(t,s) = sec? yt® — sec? ys®
2(1, ) 20<2x2( X X

2tan xt* tan xs* + 2(tan Xsa)2)

Taking the limit as x — 0T, o« — 1, we obtain

lim
x—0t a—1

bolt, ) = %(t—s)?
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Similarly, we can analyze the modified conformable
exponential function,

Em—Ey(a, N)

ko(O&, )‘) A

em(t,s) =e’s

The integral evaluates to

tm — k1(04,)\)d)\ _ (m—1)tan (201 - a)o)
e JoN R a(l—w)f
+£ +C.
where
oo moDE (o) s
= a(l — a)% —
Thus,
em(t,s) = Ae G5 T

where A = €.

For the special case m = 1, we obtain
e1(t,s) = Ae'x .

Taking the limit as x — 07, — 1, we recover the
standard exponential function,

lim  e,(t,s) = Ae™.

x—0t a—1

This concludes the example.

4.2 Computational Analysis

To analyze the behavior of the modified conformable
Taylor series, we utilize Mathematica to examine
the impact of the operator classes, which depend on
the functions (ko, k1), the fractional order «, the
standard case « 1 and the coefficient n. The
following example illustrates this study.

Example 21 For o € (0,1), let ry satisfy @), and
define

Ko(a,t) = aud™ | g € (0,00).
Applying (B), we obtain
1 1
Ao = ———=d\ = ———=dA\.
Ko(a, \) aug_l

Since by(t, s) = 1, we compute

t
bl(t,s) / bo()\,s)da)\

t
1
/ =) dA
s Qg

t—s

a—1"
auo

E-ISSN: 2224-2880 323

Ahmed Bouchenak, Fakhreddine Seddiki, Lahcene Rabhi

For the next term, we get

t
ba(t, s) / b1 (A, $)daA
S

t —

/ _ATE
s (aug™)
(t—s)*

21 (aug‘fl)z'

Extending this process,
formula:

we derive the general
(t—s)"
n! (aug‘*l)n'

As expected, in the special case o = 1 we recover the
standard result

by (t,s) =

(t—s"

but,5) = <

The following figures illustrate the comparative
study, showcasing the behavior of the modified
conformable Taylor series in contrast to the classical
and fractional case. These visual representations
highlight the impact of different fractional orders «,
the choice of operator functions ko and k1, and the
variation in coefficients n.

Figure 1: The function by(¢, s) in all cases.
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= Figure 5: The function b,(¢,s) withn = 1, u =
3, a= %.

Figure 3: The function b,(t,s) with n = 2, u = Figure 6: The function b,(t,s) with n = 2, u =

3, a=1. 3,04:%.

Figure 4: The function b, (t,s) with n = 20, u = Figure 731 The function by,(t,s) with n = 20, u =
3, a=1. 3, =15

For a € (0,1), assume that ky satisfy @), and
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define
ko(a, t) = sin (%) e

Under this assumption, we obtain the following
results:

bO(tv S) = 1’
bl(t, 8) . - (1a7r) (ta ; 30‘)
2

a SOé 2
= (1(>> <(t o )

B 1 (t* —s*)"
bn(t,s) = (Sil’ln (ogr)> ( nlam® )

Discussion:

Based on the computational analysis of the previous
example and considering that the functions by(t, s)
form part of the Taylor series, we conclude the
following:

e Figure 1 represent the function by(t, s) which take
the same behaviour under all conditions and in all
cases.

o Different classes of the modified conformable
differential operator yield the same results in the
standard case (o« = 1) but produce distinct results
in fractional cases (o # 1).

o The choice of the modified conformable differential
operator significantly influences the Taylor series
expansion.

e Figure 2, Figure 3, and Figure 4 demonstrate that
the coefficient n impacts the Taylor series.

o Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7
indicate that the fractional order « affects the Taylor
series behavior.

o A smaller n provides a more stable approximation,
whereas a larger n leads to greater variations.

o The fractional order « has less effect on the function
by (t, s) than the number of terms (n).

5 Conclusion and Future Work

5.1 Conclusion

This research represents the first attempt where
traditional results are advanced toward a more
complex framework based on fractions by
implementing a Taylor-type expansion with the
conformable derivative. = Our investigation also
produced notable theoretical contributions with a
Taylor-series representation under the modified
conformable operator and accompanying essential
lemmas which were incorporated into the expanded
framework. Moreover, [ provided numerical
examples that together with o = 1 demonstrate the
formulations consonant with traditional scenarios
confirm the value of this result. The derived formulas
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illustrate the impact of the modified conformable
operator on functions resembling polynomials,
thereby enabling more flexible approaches to
studying fractional calculus.

5.2 Future Work

The application of the modified conformable Taylor
series to differential equations and dynamical
systems is reserved for later studies focusing
on modeling anomalous diffusion processes and
memory-dependent processes. Moreover, developing
efficient numerical methods for approximating
solutions within this framework will be the primary
focus of our future investigations. These results
will also be applied in greater dimensions, and the
stability and convergence properties of the proposed
extension will be studied. Another very interesting
problem which is useful to study the place of
modified conformable operator in fractional calculus
is: how to relate this operator with other fractional
derivatives.
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