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Abstract: - The present article deals with the thermoelastic behavior of a nonhomogeneous isotropic material. This
study is carried out in the context of an advanced thermoelastic model involving a higher order memory dependent
derivative (MDD) with dual time delay terms. The thermoelastic interactions and evolved stresses into the medium
are analyzed subject to external mechanical load as well as laser-type heat source. It is observed that the material
moduli of the medium have a significant impact on its thermodynamic behavior. The analytical expression of the
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1 Introduction

A conventional method that has been widely used to
investigate the thermoelastic behavior of a material is
Fourier’s law of heat conduction. Even though
Fourier’s law is well established, it predicts the
infinite speed of propagation of thermal signals, and
one of its potential drawbacks is its accuracy, which
leads to failure in situations involving incredibly low
temperatures, extremely high heat flow, and very
short periods. To surmount the drawbacks, various
modified generalized thermoelasticity models have
been introduced. The hyperbolic type heat transport
equation present in generalized thermoelasticity
theory predicts that thermal signals will propagate
with a finite speed in a wavelike fashion. Numerous
generalized thermoelasticity models have been
developed by different researchers, the widely
acceptable models are mentioned in the articles, [1],
[2], [31, [4], [5], [6], [7], etc. Under different kinds of
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circumstances, the unique property of the solutions
was established by many researchers, [8], [9], [10].
The monograph, [11], describes a brief history of
generalized thermoelasticity. The Dual-phase lag
model, which was proposed by Tzou, is one of these
newly presented models. [12], introduced a three
phase lag generalized thermoelasticity model.
Recently, a modified G-L theory with strain rate has
been introduced in the article [13] and a modified L-
S theory with decomposed heat flux has been
introduced in [14].

Non-homogeneous properties of the material
moduli played an important role in the field of
mechanics. Variation in temperature distribution is
another significant domain and received great
attention in the industry connection with the rapid
growth of society. Material response at low
temperatures and at high flux rates is extremely
important in fields like the aviation industry, nuclear
explosion, etc. In the thermoelastic domain, most of
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the researchers studied deformation and temperature
distribution based on the medium having constant
material moduli. Discarding the influence of elastic
deformation of the medium as well as the temperature
variations on the material moduli leads the analysis
towards a smaller region in terms of applicability.
Practically, the material moduli viz., modulus of
elasticity, thermal conductivity, and coefficient of
linear thermal expansion is no longer constant in the
high-temperature range, [15]. By considering
temperature-dependent properties, Noda, in his article
[16], examined the characteristics of thermal stresses
in a thermoelastic material. [17], dealt with a
generalized thermoelastic problem by taking the
dependency of material moduli on the reference
temperature. The [18], reports that mechanical
rigidity and chemical inertness varies with the
temperature dependence of Young’s modulus of a
single-crystal ~diamond.  Furthermore, Young’s
modulus of a Si-crystal plays an important role in
determining thermal stress inside the ingot during the
cooling process for crystal growth, [19].

In 2014, implementing the idea of derivatives
with sleeping intervals, Wang and Li developed the
idea of memory-dependent derivative in the
generalized thermoelasticity in terms of the fractional
derivative due to [20], [21], [22]. In this modern
generalized thermoelasticity model, the time delay
factor is conveniently used as the length of the
slipping time interval. The first order memory
dependent derivative can be expressed as an integral
form of a common derivative using a freely chosen
kernel function k(t — &) on the sliding interval [t — 7,7]
as follows:

t
D.f(0) == [ ke-)see

where 7 > 0 is the time delay.

Memory-dependent  derivatives  outperform
fractional order generalized thermoelasticity at
establishing the memory effect (the preceding state
affects the immediate rate of change). It is simple to
define in terms of the physical environment, and the
memory-dependent differential equation signifies a
higher level of expressiveness.

The heat transport equation has been modified in
the perspective of MDD. The differential equations
that emerge from using memory-dependent methods
are more effective in practical applications because
the definition of MDD is more intuitive in how
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physical importance is observed. Other efforts have
recently been attempted to modify the conventional
Fourier law to improve on earlier models using
governing equations that incorporate higher-order
derivatives. In 2021, based on MDD, a new model of
generalized thermoelasticity has been proposed by
considering the time delay factor, [23]. An advanced
model in the field of thermoelasticity from the
perspective of higher order MDD with dual time
delay factors has been introduced in [24]. The
Memory-dependent ~ derivatives in  magneto-
thermoelastic transversely isotropic media with two
temperatures has been discussed in [25]. The impacts
of stiffness and memory on energy ratios at the
interface of different media have been investigated in
[26]. Thermal wave propagation in an unbounded
medium with a cavity has been discussed in [27].
Recently published few articles have shown
significant developments in-terms of capturing the
nonlocal response of the materials, [28], [29], [30],
[311, [32], [33], [34].

Moreover, several aspects of the thermoelastic
medium have been studied in [35], [36], [37], [38],
[39], [40]. Modified Moore—Gibson—Thompson on
rotating semiconductors and on orthotropic hollow-
cylinder have been studied in the articles [41], [42].

Recently quick thermal processes using an ultra-
short laser pulse are receiving attention from a
thermoelasticity viewpoint. The primary reason for
this attraction is that it requires a study of the coupled
temperature and deformation fields. This suggests
that the energy absorption of the laser pulse causes a
localized temperature increase that causes thermal
expansion and prompts fast reactions inside the
structure of the elements, increasing the vibration of
the structure. There have been several significant
studies on the impact of laser pulses on generalized
thermoelasticity, some of which are given in [43],
[44], [45], [46].

The main objective of the present article is to
analyze the impact of the inhomogeneity of material
characteristics ~ interacting  with  generalized
thermoelastic models containing higher order
memory dependent derivatives. The homogeneity of
the medium varies in the form of variable material
moduli. The nature of the deformations and
distribution of the temperature are predicted through
this present analysis. The wvariation of stresses,
displacement, and temperature are depicted
graphically for different kernel functions and
empirical constants.
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2 Statement of the Problem

In the present problem, we are taking into
consideration a thermoelastic problem for an
isotropic medium with a laser pulse heat source in the
X1 —X3 plane.

The constitutive equation: The
temperature relation is given by [11],

1ij = (Aex — vT)6ij + 2uey; ()

stress-strain-

The equation of motion: The equation of motion in
absence of body force is given by [11],

Tijj = Pl (2)
The heat conduction equation: The generalized
heat conduction equation from the perspective of
higher order memory-dependent derivative with dual
time delay factors as glven in [24] is:

‘-Illz .u”,u |'v,._1'_||.IT‘—.|'.:"" II,I'I' T by Tokre — pid)
3)

we shall take the heat Q input as given in [47].
Q(X1,%3,8) = 1oJ(1)g1(X1)g2(Xs), 4

where
| 2 J i

mlx )= |_ ol — =5 ), faldg) = Mg eXp — Tz ), Jit
2nri i

Here r;, and v are the radius of the beam and
absorption depth of heating energy respectively.
The operator Dfi f(t) is defined as:

D jit)= L [ k{t — £)7(£)de,
(6)
with the kernel function k(t — @ as:
k(t—§) = 1——(t—f)+ z(t—f)z =
1 lf b=0, a= 0
-= ifb=0a=1/2
t—£1? e _
- ] ifb=1 a=1
(7

where €i is the strain component defined as:
—|,.u g+ uiih '}:'rIS

Kronecker delta, y = (34 + 2u)ar, 4 and u are
material moduli, ot is the coefficient of thermal
expansion, 7jj is the stress component, T is the
absolute temperature, To is reference temperature, T =

€ii =
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T — To, p is the material density, K is the coefficient of
thermal conductivity, 7s, and 7q are two-time delay
factors. For the detailed discussion about the heat
conduction models on kernel functions, [48].

The equation (3) is simpler to comprehend in
terms of its physical significance, and the equivalent
differential equations based on memory dependence
have stronger expressive capabilities. When N; = N,
it represents a diffusive behavior, and when No= N; +
1 it explains a wave behavior. For N;=1 and N,= 2
it gives a dual phase-lags model. In this case, the
system is exponentially stable when 7q < 27y and
unstable when 74> 275. For N; = 2 and N>= 2, it also
represents a dual phase-lags model. In this case, the
system is exponentially stable when 743> (2 — v/3).
Thus, the values of the parameters N; and N; are not
allowed to be selected arbitrarily but rather
accurately depending upon their stability.

3 Governing Equations
We shall consider the material moduli in the way
described below as given in [49].

y=r9(T), u = wg(T), 4 =49(T) ®)

where Q(T) is a dimensionless function of
temperature given by:
gM=1-0To 9)

where the o*is the empirical material constant when
o* = 0 it implies temperature independent material
moduli.

Now by introducing (1) and (8) in equation (2)
we have the following equations of motion:

Py s i, a1 i,
-r.l — + Iy - -T J||'|“.|I.:|_,—,—“--"|:..|r“—_ = ;
: dri * iy Oy Hil ihrs ted J:'J..", e
(10)
where
i i1q Py P ar T
||r . T |||"-:| T {i |? .| , i | -|r | =} ..
Yor2 T Chrdzs Y o MY e, T e
by =glT0A + 2000 0= g A+ )
(11)

We shall take the dimensionless quantities as follows:

1
Iy
<1

(12)
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where

ol
n=Ee)? ——I}

By introducing (12) in equations (10) and (11) the
following equations are obtained:

EF-'H I:.J"II:I. l::-i'.'l-'-'l it i u)
I Tt e B P ™= (13)
Py Py iFug M DFug
n:.l.r'i ' il s o P l'.f day i (14)
(= gl T .u.g.li i
Ay = Condhe =
where ! wiand”? T el

The nondimensional form of the heat conduction
equation (3) becomes:

& 75 & 75 g S
————— X
1+ E p—g!Dfe V2o =1+ § p—g!DZ, <9+10V2¢——e T )

p=1 p=1

where
.'ll:- = .'-.II' 5 |I| =

|':||l|.l':| —
Feld _|||| b” _

L
T Tra T
2rriln tpog ’ e

Now we shall introduce the potential functions ¢ and
v as follows:

v = o B

i ihirg

. i r}z
H f'l'r.!, e . (16)

By introducing (16) in the equations (13),(14),
and (15) we obtained the following system of

equations:
2%¢
2%y
70 = AV, (18)
<1 + Z;—%%) V20 = <1 + Z ] p? ) (9 + 1,726 — l;_ote—%—é-boxg)
(19)
2= 0% 0%
where V o2 + et

Now we shall introduce the Laplace transform
defined as:

f(xlvxZ:S) = f;of(xl,xz,t)e_“dt
By applying the Laplace transform to the

memory-dependent derivative Dfi we have:
L[LDEF©)] = L[, k(t = O (©)dg] = P76 (s, f () (21)

(20)
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where

._’l._l'l

— -','"v': T — 24 ")
(22)

Now by taking the Laplace transform on both
sides of equations(17),(18), and(19) and considering
homogeneous initial conditions the following system
of equations is obtained :

s2p=V2p—0 (23)
s?) = A,V (24)
i "L_'.i'" fll_-l‘-r' t |I|_"'l.__:Il '.|_'|" '_.‘-:':.".|:-| % Il'.'iC||: -I.l.|.| L. (25
dp =1+ EII‘ ' a1 s, ma) , dy =14 E ':, e ), s
l_'n':.. 1=

Now we shall use the Fourier transform as
described below:

.'l:[{‘- Ty, 8) = _/‘_._\_ fley, oy, 805" dry (26)

By applying the Fourier transform on both sides
of equations (23), (24) and (25) we obtained the
following system of equations:

(D> +E))¢p—-6=0, (27)
(D? 4+ E)Y =0, (28)
(D? — d3)8 = dy(D? — {®)$ — dsF(exp(—byx3), (29)
where

D= B =@ +57), By = —((2 2 dy=—(2+%), d, =
Lot gy =190 (g = rmexp (- £5).

Thus, ¢ satisfies the following ODE:
{ n* - fJn'f:l::f.J.'l — ng:lrj.l = d=: F'(() [‘-};]][_h".!-.!_],

(30)

where™7, #143 are the roots of the equation:
m*+ (E; — d3 + dso)m? — (E;d; — dal®) = 0.

Here we assume that the solutions are bounded as
X3 — o and P is not a root of the above quadratic
equation of m?. The solutions for ¢, 6 and y are
obtained as:

expl —byag)

f.-j:{...".;. 5= Z H.,-'..",'.'[ m;rs) s F(( l'J.-
1=1

— ||iT':||l':|'; — |ri-::;|

€2))
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-‘-i:-::...l';!,.h: = z W Hexpl —myrg) + Nyg expl —gag)
=1

(32)
ll)~(CX3,S) = H3exp(—m3x3), (33)
where Hi, H,, H; are arbitrary,
Refmg) =0, 3 =1,2,3 and Ny, = mf } f':|’
Ny =m3 + F, r.'l;'; R =10, Ny = Carle) (e 4+ )

i I'.'. my ks mag )

Now introducing (20), (26) in (16) and using
(31), (33) we have the following solutions for
displacement components:

. ) ) X[ fgry )

iy, a8 = —iC| Y Hperpl—mry) + dF =

4G, 1. 8) N LI. e . ' I"I"I'-; I"'-I"I.'JI-; “'I%I ()
ey Hyerp —myxy ),

B 2 P e ez —hyeg)

thg({, r5,8) = T m; Hjexpl =mjry) + dsFi{) = 2 (et 1

| L [ ] (b5 — my Jihs msll | 35)
il ” af _,-||.|| —MigTy)

The nondimensional forms of shearing stress 73

and normal stress T33 are:
_ 5u1 au3

T3 =50 T om, (36)
_Afp dus 0wy _
T35 = | by G+ 252 — by 6) (37)

Introducing (20), (26) in (36), (37) and using
(32), (34), (35) we have:

(g, 8) = }:.\,..‘f,u;- —tn gy ) + NygHoeepl—mgry) 4+ Nagexrp( —lyry),
-
(C,ry,n }__ Ny, H expld ~m 73} + NyyHyerpl ~mary) + Nyjezp(—byrs),
(49

where
Naj = 2i{m; forj =1,2, Nyy =nf + (%, Noy = iy s F €
.1'-:1_| = :. II"\_I th Ey Nyy = ==2(A=by |, Ny = III (A th Ey :',,,I.I__.I.I.-.;} lI

4 Mechanical Conditions
(i) 713 acting on the plane X; = constant, here X; = 0,
along the direction of X3 axis. (ii) 733 is the
longitudinal stress along X3 axis. On the line X3 =

0,
713=0,
0=0, (40)
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733 = —200(X1)x(t)

where yo is a constant and J(X;) is the Dirac-delta
function. It represents a point load with intensity yo at
the origin.

The applied mechanical loads can be
characterized based on the involved functions. For
example; (i) a continuous load:

A% '.,.;.m'n['_:j_ i<y, |m|<a
(ii) a continuous point load:

T4y = m:nf.r.]w.-[;ij. D<t<T

For computational purposes, we shall consider
two different forms of loads in the equation (40) on
the boundary plane, as follows:

(6, for impact load
x(6) = {H (t), for continuous load S

where H() is the Heaviside step function.

4.1 Continuous Load

In this case, after introducing (20), (26) in (40) we
obtained the following system of equations:

+ Noa s + NonHy + Nay =100

.1;“ .”| T .1;{:.{.!': T .1.;{'5,.”;5 - .1'&.,|| — —E

Nay H,
(42)

Using the matrix inverse method we have:

H Nip Nz 0 I Ny
Ha| = |Nax Naz  Nay — Ny
.”,1_ _1'--..“ '\".-1._’ ‘1"'..'I.Z!- — —"-ﬂ — _‘\-;“ (43)

4.2 Impact Load

Here, in thigcase, we obtain the following system of
equations after introducing (20), (26) in (40):
NiiHi + Ni2H, + Nisa =0

N21H1 + Na2Hz + NasHs 4+ Nag =0

N3iH1 + N32H2 + NssHs + N3y = —y

(44)
Using the matrix inverse method we have:

H, Ny Na 0] Ny
Hy| = | Nay Nog  Nog —Nay
Hy Nyp Naa Nag —x0 — Ny (45)

5 Numerical Analysis
The solutions have been determined in the Laplace-
Fourier trans®®h domain and are functions of Xs, as
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well as the parameters S and {. With the help of the
numerical inversion methods as described in [50],
[51], the solutions of temperature, displacement
components, and stress components in the physical
domain are obtained numerically. Numerical
simulations have been carried out based on
analytically determined solutions that illustrate the
nature of temperature, displacement components, and
stress components.

We consider a copper-like material for the

numerical purpose. The values of the used parameters
are as follows, [14]:
p = 8954 kg/m?, C, = 383.1 m¥s’K, ui = 3.86 x
10'°N/m?, ;= 7.76 x 10" N/m?, k = 386 W/mK, o;=
1.78 x 107° K™, vo= 0.5 m™!, To= 293K, lo=10%, r;=
100 um, 7q=0.07s, 9= 0.01s.

The nature of physical quantities for various
empirical constants and kernel functions are
presented graphically. For the case of various
empirical constants, the kernel function is taken as b
=1, a =1 in (7) whereas in the case of different
kernel functions the empirical constants have the
value a*=0.1, Ny=5, N,=6.

To demonstrate the characteristics of temperature,
displacement components, and stress components
under continuous and impact loads in the presence of
a laser pulse heat source, numerical simulations are
performed.

5.1 The shearing Stress (zi3)

Figure 1, Figure 2, Figure 3 and Figure 4 in
Appendix show how the shearing stress (zi3) varies
under continuous and impact load in various
situations. Figure 1 and Figure 2 (Appendix) depict
characteristics of shearing stress (713) under
continuous load using various kernel functions and
various empirical constants respectively.

Figure 1 and Figure 2 (Appendix) clarify that the
shearing stress (z13) under continuous load has a small
variation in 0 < X3< 0.5 and then varies highly in the
region 0.5 < x3< 1.5. Thereafter in the region X3 > 1.5
it eventually vanishes.

Figure 3 and Figure 4 (Appendix) depict
characteristics of the shearing stress (z13) under
impact load using different types of kernel functions
and various empirical constants respectively. Figure 3
and Figure 4 (Appendix) clarify that the shearing
stress (713) under impact load varies highly at the very
bottom of the x3 axis and then up to Xx3= 1.5 it has a
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significant variation. Eventually, the shearing stress
(113) converges to zero in the higher region X3 > 1.5.

5.2 The Normal Stress (z33)

Figure 5, Figure 6, Figure 7 and Figure 8 (Appendix)
show how the normal stress (733) varies under
continuous and impact load in various situations.
Figure 5 and Figure 6 (Appendix) show the
characteristics of the normal stress (z33) under
continuous load, respectively, using different kernel
functions and empirical constants.

It is noticed from Figure 5 and Figure 6
(Appendix) that the normal stress (z33) under
continuous load varies slowly in the region 0 < X3 <
0.5 and then it has a large variation in the region 0.5
< X3 < 1.5. Thereafter in the region X3 > 1.5 the
normal stress (z33) eventually goes to zero.

Figure 7 and Figure 8 (Appendix) depict, using
different kernel functions and different empirical
constants, the characteristics of the normal stress
(r33) under impact load. It is noticed from Figure 7
and Figure 8 (Appendix) that the normal stress (33)
under impact load varies significantly in the region 0
<X3<0.5 and then it varies rapidly in the region 0.5 <
X3 < 1.5. Thereafter in the region X3 > 1.5 the normal
stress (733) eventually goes to zero.

5.3 The Displacement Component u;

The nature of the displacement component U, varies
under continuous load and impact load in various
situations, as shown in Figure 9, Figure 10, Figure 11
and Figure 12 (Appendix).

Figure 9 and Figure 10 (Appendix) illustrate the
nature of the displacement component U; under
continuous load, respectively, using different kernel
functions and different empirical constants. It is
clarified from Figure 9 and Figure 10 (Appendix) that
the displacement component U; under continuous load
gradually varies in the region 0 < X3 < 0.5 and then
variations occur quickly in 0.5 < x3< 1.5. After that,
the displacement component U; ultimately converges
to zero in the higher region X3 > 1.5.

From Figure 11 and Figure 12 (Appendix) it is
clarified that under the impact load, the displacement
component U; gradually decreases in the very lower
region of X3 thereafter up to X3 = 1.5 the displacement
component U; varies highly. After that, the
displacement component U; ultimately converges to
zero in the higher region X3 > 1.5.
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5.4 The Displacement Component us

Figure 13, Figure 14, Figure 15 and Figure 16
(Appendix) illustrate the nature of the displacement
component Uz under continuous load and impact load
in various cases. Figure 13 and Figure 14 (Appendix)
describe the nature of the displacement component U3
under continuous load wusing different kernel
functions and empirical constants, respectively.

In Figure 13 and Figure 14 (Appendix), it has
been noticed that the displacement component Uz
under continuous load has a slowly varying nature in
the region 0 < X3 < 0.5, and then a rapid variation
occurs in the region 0.5 < X3< 1.5. Eventually, in the
higher region x3 > 1.5, the displacement component
Us converges to zero.

Figure 15 and Figure 16 (Appendix) describe the
nature of the displacement component Us under
impact load using different kernel functions and
empirical constants, respectively. In Figure 15 and
Figure 16 (Appendix), it has been noticed that in 0 <
X3 < 1, the displacement component U3 under impact
load firstly increases to a higher magnitude thereafter
it varies slowly. In 1 < X3 < 2, the displacement
component Us varies rapidly thereafter in the higher
region X3 > 2 it finally converges to zero.

5.5 The Temperature (6)

Figure 17, Figure 18, Figure 19 and Figure 20
(Appendix) describe the nature of the temperature (6)
varies under continuous load and impact load for
various cases. Figure 17 and Figure 18 (Appendix)
describe the nature of the temperature (6) under
continuous load using various kernel functions and
various empirical constants, respectively.

In Figure 17 and Figure 18 (Appendix) it is
observed that under continuous load, in 0 < X3 < 0.8
the temperature (6) has a small variation, and then in
0.8 < x3< 1.5 it varies rapidly. Finally, in the higher
region X3 > 1.5, the temperature () eventually goes to
Zero.

Figure 19 and Figure 20 (Appendix) describe the
nature of the temperature (¢) under impact load using
different kernel functions and empirical constants,
respectively. In Figure 17 and Figure 18 (Appendix)
it is noticed that in 0 < x3 < 0.8 the temperature (0)
varies slowly thereafter in the region 0.8 < x3< 1.5 it
has high variation. Finally, in the higher region, X3 >
1.5 the temperature (6) goes to zero.
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5.6 Effects of Kernel Functions and Empirical
Constants
The considered empirical constant and different
kernel functions have their advantages in the analysis
of thermal thermal deformation of the solids, [52],
[53]. Three different kernel functions are used in the
current study. The findings are demonstrated clearly.
The identical behavior of all the thermodynamic field
functions is an important and notable fact. Moreover,
all the field variables depend significantly on the
kernel functions as well as an empirical constant in
the analysis of thermoelasticity. These findings show
that different kernel function structures reflect
various memory influences, allowing one to select a
kernel function that improves the effects of the MDD.

6 Conclusions
In this study, a non-homogeneous thermoelastic
medium under mechanical loads with a laser pulse
type heat source has been considered. Non-
homogeneity with temperature-dependent material
moduli responses has been investigated in the context
of an advanced thermoelasticity model involving
dual time delay factors and higher order memory-
dependent derivatives.

The evaluation of theoretical and numerical
results can lead to the following conclusions:

i) The kernel functions and empirical constants
have a significant impact on the physical
quantities, therefore their selection can be
made on the situation as well as the
requirement.

ii) In the case of instantaneous load (impact load),
when values of the elastic moduli are decreased
deformations and temperature fluctuations
increase. Thus, the values of the materials’
elastic moduli are inversely proportional to the
entropy changes of the system. In the case of
continuous load, this phenomenon is observed
steadily.

iii) All of the computed results indicate that the
physical quantities are non-zero in a finite zone
and converge to zero at the outside of that
region. This property of the physical quantities
leads to the characteristics of the behavior of
the hyperbolic type thermoelasticity models.

iv) Thermoelastic model with Non-linear kernel
function can predict more accurate values of
the field functions.
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Higher-order differential parameters have a
considerable influence on all of the field
variables under investigation.

The present study may be applicable in various
fields in the aviation industry and places where the
deformation of the medium varies widely with
temperature. This analysis can be extended in the
nonlinear deformation of continuum solid as well as
non-Fourier thermal conduction environment.
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