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1 Introduction

Sequences of numbers play a vital role in
understanding the complexity of any problem
consisting of some patterns. An example of this is
the Rabbit problem in Leonardo Fibonacci's classic
book Liber Abaci. Inspired by the rabbit problem,
the Fibonacci sequence was developed and the
relationship between the terms of this sequence
became the golden ratio. The Fibonacci and Lucas
sequences are famous sequences of numbers. These
sequences have intrigued scientists for a long time.
Fibonacci and Lucas sequences have been applied in
various fields such as Algebraic Coding Theory [1],
Phyllotaxis [2], Biomathematics [3], Computer
Science [4], etc. Many generalizations of the
Fibonacci sequence have been given. The known
examples of such sequences are the Bronze
Fibonacci, Bronze Lucas, k-Fibonacci, k-Lucas,
Oresme, k-Chebsyhev, Jacobsthal-Lucas, Pell,
Lenardo, Narayana, Padovan sequences, etc (see for
details in [5], [6], [7], [8], [9]. [10], [11], [12], [13],
[14], [15], [16], [17]).
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For n € N, the Fibonacci numbers FE, and Lucas
numbers L,, are defined by the recurrence relations,
respectively,

Fpi2 = Fppq + Fy,and Ly = Lyyg + Ly,
with the initial conditions Fy =0, F; =1 and Ly =
2, L, =1.

Binet formulas Fibonacci numbers F, and Lucas
numbers L,, are given by relations, respectively,

n_pn
E, =" andL, = a™ + ",

where a = 1+2\/§ and g = %g are the roots of the

characteristic equation 72 —r —1 = 0. Here the
number « is the known golden ratio.
In [18], for n € N, he defined the Oresme sequence
0, and Oresme-Lucas sequence H, by the
recurrence relations, respectively;

1

1
Ony2 = Opyq — ZO”’ and H,y» = Hp4q _ZH"’

with the initial conditions 0, = 0, 0; = %and
Hy=2,H, =1

With the help of the recurrence relation of the
Fibonacci sequence, k-sequences were introduced
and these sequences had an important place in
number theory [19].

Volume 4, 2024



PROOF
DOI: 10.37394/232020.2024.4.14

In [20], for n € N, they defined the k-Oresme
sequence Oy, and k-Oresme-Lucas sequence Py,
the recurrence relations, respectively;

1
0k,n+2 = 0k,n+1 - ﬁok,n’ and

Pk,n+2 = Pk,n+1 - %Pk,ny
with the initial conditions 0 =0, Op; =+ and
Poo=2, Py =1
Binet formulas of the k-Oresme and the k-Oresme-
Lucas sequence are given by relations, respectively,

=% and Py, = 1+
k,n (Tl—rz)k k,n 1 2
k+Vk?—-4 k-Vk2-4
where r; = and r, = are the roots

2k 2k
of the characteristic equation 2 — r + k—lz = 0.

In mathematics, quaternions (or quadruplets) are a
number system that expands the complex numbers
into one real and three imaginary dimensions.
The quaternions were first described by Hamilton in
1843. In addition, quaternions are used to control
rotational movements, especially in Kinematics
[21], 3D games [22], mechanics [23], Eulerian
angles [24], and Chemistry [25]. In [26], Horadam
defined Complex Fibonacci and Fibonacci
quaternions, and various features were found.
The algebra of hyperbolic quaternions is an algebra
that is not related to the elements of the form over
the real numbers.

q =xiy +yiy +ziz +tis, x,y,Z,t ER
He gave the properties of the g components defined
in Table 1.

. iy iy i3 iy
A iy i3 iy
iz i iy i, i3
is | s iy b
iy | i i —i, iy

3
Table 1. Hyperbolic Quaternions Units

In [27], he did a lot of research on hyperbolic
quaternions and their properties. An expression of
the general form of hyperbolic quaternions is

h = hyiy+hyiy + hgiz+hyiy = (R, Ry, Rz, hy).
Here, hq, hy, hs, hy are the terms of the sequence
and iy, i, i3, i, are hyperbolic quaternions.
In [28,] he defined the hyperbolic k-Fibonacci and
k-Lucas quaternions and he found properties of
these quaternions. Also, they conducted a study on
the quaternions and obtained many features related
to these quaternions [29]. In addition, they
introduced the Jacobsthal and Jacobsthal-Lucas
quaternions [30]. Moreover, many applications of
sequences have been made on quaternions ( see for
details in [31], [32], [33], [34], [35], [36], [37], [38],
[39], [40).
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As seen above, many generalizations of hyperbolic
quaternions of sequences have been given so far. In
this study, we give new generalizations inspired by
the hyperbolic k-Fibonacci and Jacobsthal
quaternions. We call these quaternions the
hyperbolic k-Oresme and k-Oresme quaternions
and denote them as HOy, ,, and H P, ,,, respectively.
We separate the article into three parts.

In Chapter 2, we define the hyperbolic k-Oresme
and k-Oresme-Lucas quaternions and the terms of
these quaternions are given. Then, we find some
properties of these quaternions.

In Chapter 3, information is given about the
characteristic equations of hyperbolic k-Oresme and
k-Oresme-Lucas quaternions. Then, we obtain the
Binet formulas, generating functions and summation
formulas of these quaternions. In addition, we find
the relationship of hyperbolic k-Oresme and k-
Oresme-Lucas quaternions, Catalan identity, Cassini
identity, D’ocagne identity, Vajda’s identity, etc.
Finally, the terms of the sequence are associated
with their hyperbolic values.

2 Hyperbolic k-Oresme and k-

Oresme-Lucas Quaternions

For n € N, the hyperbolic k-Oresme HOy,, and k-

Oresme-Lucas quaternions HPy , are defined by,

respectively,

HOpy = Ok iy + Ognariz + Ok naaiz + Ognazia
= (Ok,n' 0k,n+1' 0k.n+2' 0k,n+3)

and

HPyp, = Pipniy + Pinsiz + Pinsziz + Penisia

= (Pk,n' Pk,n+1t Pk,n+2: Pk,n+3)

where Oy, is nt™ k-Oresme sequence, Py ,, nt* k-

Oresme-Lucas sequence and iy, i, i3, and i, are the

hyperbolic quaternion units in table 1.

Let us now give the first three terms of the

hyperbolic ~ k-Oresme  and  k-Oresme-Lucas

guaternions, respectively,

Cis + 25 (k2 — Dy,

o HOyy =%i2+;
. 1 . 1
ly +E(k2_1)l3 +E(k2_

~ 1. 1
L Hok’1:;l1+_

k
2)iy,
~ 1. 1 . 1 .
L I;IOk,Z=;ll+F(k2_1)1’2+ﬁ(k2_2)1’3+
L (k* = 3k + 1),
and
7 s , 1 . 1
[ ] HPR,O=211+12+F(k2_2)l3+ﬁ(k2_
3)i41
~= . 1 2 . 1 2 .
L HPk'1=l1+ﬁ(k _2)lz+ﬁ(k _3)l3+
1 .
L (k" — 4k? + )i,
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~ 1 . 1 s
L] HPk,Z=ﬁ(k2_2)ll+ﬁ(k2_3)lz+

= (" = 4k? + 2)i3 + — (k* — 5k? + 5)i,.
Definition 2.1. For n €N, the conjugate of
hyperbolic k-Oresme H Oy and k-Oresme-Lucas
HP;; , quaternions are defined by, respectively,
HO;,n = Oknls = Ogn+1lz = Oknt2iz — Ogns3is

= (Ok,nr _Ok,n+1' _Ok,n+2r _Ok,n+3)
and

T * — . . . .
HPyp = Prpnls — Pens1ls — Prnaziz — Penysla

= (Pk,n' _Pk,n+1: _Pk,n+2; _Pk,n+3)-
Definition 2.2. For n €N, the norms of the

hyperbolic k-Oresme ||H 0y, || and k-Oresme-Lucas
quaternions || Py, || are defined by, respectively,

”HOR,nH = \/Olg,n + 0]%,n+1 + Ol%,n+2 + 0]%,n+3
and

1Pl = [Pn+ PR + Ponea + Phnes

In the following theorems, we examine the relations
between the HOy,, HO;,, HPy, and HP;,
guaternions.

Theorem 2.1. Let n € N. The following equations
are true:

- ~ 1 ~
I. HOgpni2 = HOp i1 — EHOk,ni
- ~ 1 ~
. HPyniz = HPypyq — ﬁHpk,na
e we — 1 3 4
M. HOy 12 = HOpyq — EHOk,n’
H 7T D* I7 D* 1 > %
V. HPy nyp = HPk,n+1 - k_zHPk,n'
Proof. i. If the definition is used, we have
~ 1 = . .
HOpps1 =7 HOkn = (Ognarls + O paaiz +
Okn+3iz + Ok ntals)
1 . . . ,
—ﬁ(Ok,nh + O ns1iz + Ogniaiz + Ognizia)
1 .
= (Ok,n+1 - ﬁok,n) i+ (Ok,n+2 -
1 . 1 .
ﬁOk,nﬂ) i + (Ok,n+3 - k_ZOk,n+2) i3
1 .
+ (Ok,n+4 2 0k,n+3) lg.
Since, O n+2 = Ok ns1 — %Ok,n. Thus, we obtain
— ~— 1 =
HOgni2 = HOp i1 — ﬁHok,n-
The proofs of the others are shown similarly. O
Theorem 2.2. We obtain
i. HOpn + HOj y = 20y 14,
- ~ ~ 2 .
ii. HO?, = 20y, HOy n + (||HOkn||” — 202 )14,
iii. APy, + HPy = 2Py piy,
.= ~ - 2 .
iv. P2, = 2Pe Py + (|| APl = 2P20) i,
v. H0y ,HO;,,, =
’ 2 2 2

2
PrantPran+2tPiontatPrante i zn 12nT2 j2nsd 2nte
k2—4 ’
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. > = % _
VI. HPy n HPy. y = Py onve + PronsatProntz +
p 2 2 2 2

k2n ™ pan T jzn+2 T p2n+s  pente’

Proof. ii. If the definition is used, we have

HO} = (Ogniy + Ogniaiz + Onazis +

Ok n+3ia) Ognis + Ok sz + O nizis
+0k,n+3i4)

= (OI%,n + 01%,n+1 + 0]%,n+2 + 0]%,n+3)i1

+(20k,n0k,n+1)i2 + (Zok,nok,n+2)i3

+(20k,n0k,n+3)i4

= 2Ok,n(ok,nil + 0k,n+1i2 + 0k,n+2i3 +

0k,n+3i4) + (_OI%,n + 01%,n+1 + 01%,n+2 +

OR n+3)is-

Thus, we obtain

HOZ, = 204, HOwp + (|HOA " — 207 )i

The proofs of the others are shown similarly. O

Theorem 2.3. We obtain

I ilﬁok,n - izﬁok,n+1 - i3H0k,n+2 - i4H0k,n+3

= (O\IE,n+6 - 0k£1+4 - 0k,n+2v+ Okl -

ii. iy APy — 12 HPpss — 3Pz — (aHPipis

= (Pk,n+6 - Pk,n+4 - Pk,n+2 + Pk,n)il-

Proof. i. If the definition is used, we have

i1HOyp = i2HOn41 — isHOkpyp — i4HOp i3 =

(Ok,n - 0k,n+2 - 0k,n+4 + 0k,n+6)i1

+(0k,n+1 - 0k,n+1 - 0k,n+5 + 0k,n+5)i2 +

(Ok,n+2 + 0k,n+4 - 0k,n+2 - 0k.n+4)i3

+(0k,n+3 - 0k,n+3 + 0k,n+3 - 0k.n+3)i4

= (Ok,n+6 - 0k,n+4 - 0k,n+2 + Ok,n)il-
The proofs of the others are shown similarly. O

3 Properties of Hyperbolic k-Oresme
and k-Oresme-Lucas Quaternions

In this chapter, we obtain properties of the
hyperbolic ~ k-Oresme  and  k-Oresme-Lucas
guaternions. Then, we examine the relationships
between these quaternions. Also, we calculate the
special identities of these quaternions. In addition,
we find the terms of the k-Oresme and k-Oresme-
Lucas sequences are associated with their
hyperbolic quaternion values.

In the following theorem, the Binet formulas of the
HOy,, HO;,, HP;, and HQ; quaternions are

expressed.

Theorem 3.1. Let n € N. We obtain

.~ _ @a-Bp" R  — n .\ Bon

i. HOyp ——(a_ﬁ)k*, ii. HPy, = aa™ + (",
oo @ a'B AT . o = o B on
ii. HOy ,, = " V.HP , =a a™+ B B",
where

a =i +ai,+a%i;+adi,=1,a a? ad),
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a =(1,—a—a?—-ad),
ﬂ iy + Biy + B2iz + B3iy = (1,8, 8% B?)
B =(1,-B,—F%—F.
Proof. i. With the help of the characteristic

equation, the following results are obtained.

2 _ i_ _ _k+Vk2—4
r+k2—0,a—r1— "

ﬁ=T2=k_\/k2_4,a+ﬁ=1,a—ﬁ=5= klz(—4,

2 1
0!2+,32:1—ﬁ and (Z,B:E.

The Binet form of the hyperbolic k-Oresme
quaternions is

and

HOy, = xa™ + yB™
With the initial conditions, the following equations
are obtained.

HOpo =iz +1is+-5 (k2= Dig=x+y
and
~ 1. 1. 1 . 1
HOk,l = Ell +Elz +F(k2 - 1)13 +E(k2 -
2)ip, = xa +yp.
Thus, we obtain
_ HOp1—-BHOK _ iy tai+a®iz+adi, __a
a=p a-p (a=B)k
_ HOp1—aHOpo _ i1+Bir+B%i3+B%, _  -B
B-a —(a-pB) (a=P)k’
So, we have
o _ @at-Bpm
HOun ==
The proofs of the others are shown similarly. O

In the following theorems, we give special sum
formulas of the HOy ,,, and H P, quaternions.
Theorem 3.2. Letn € N and k € R. We obtain
i. SHOyy = X7 gHOy; = (1 — k*)HOy ,, +
1+k2 k%-2,

HOkn 1+ ki + ki, —Tl3 t— ig,
iI.SHP = Yo APy j = (1 + k?)HPyp, +
APy iy + 2k2iy + (2k? — 2)iy + (2k% = 3)iz +
2k*—4k?+2 ,
Tl4.
Proof. i. Using the definition, we have
Sﬁok,n = Z?:o Hok,j =1l Z?:o O, +
i2 X7=0 Ok j+1 13 Xj=0 Ok jaz +1a Xj=g Ok j43-
Since Z?:O Ok,j =k+ Ok,n—l + (1 - kZ)Ok,n, we
get
Sﬁok,n =[(k+Ogpn-1+ 1 - kz)ok,n)il + (k

+ Ok,n +(1- kz)ok,n+1)i2

L .

+ (_E —k+0kn1+(1 - kZ)Ok,n+2) I3 1
5 .

(_E +k+ Ogniz + (1 kz)ok,n+3) L

So, we obtain
SHOx, = (1 —k®)HOy, + HOp oy + kiy +

2 2_
kiy — iy + .
The proof of the other is shown similarly. m]
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Theorem 3.3. Let k € Rand x,y, z € N. We obtain
I Z; OHOk Xy
kszOknx+H0k0 Hoknx+x+HPk00kx_Hka

1— ka+k2x

ii. Z? 0 HPy xy

kaHPknx"'HPkO_HOknx+x_HPkOka_Hka

n ~ _
Hi. X5-0 HOk xy+z =
1 = - - 1 -
( kz_xHOk,nx+z_H0k nx+x+z Hok,z_kz_xHOk,x—z

if z<x
)
J 1- ka+k2x
1 = - 1 -
kz_xHOk,nx+z_H0knx+x+z Hok,z_kz_xHOk,z—x .
, Oothervise
1— ka+k2x
i)
H n 7 —
Iv. Zy OHkay+z -
—=HP —-HPy ,—HP ——=HP
2x I knx+z k.z knx+x+z 2x kz-x .,
( k k ,ifz<x
1- ka"'kzx
1 = ~ 1 =
kz_xHPk,nx+z_HPk z_HPk nx+x+z‘mHPk,z—x .
, othervise
1— ka+k2x

Proof. With the help of definitions, Binet formulas,
and geometric series, we have

i 7 _ yoo a@V-pp¥y
I. Z?:o HOpxy = En=OW

Ey O(Qx)y_(a B)ka o(B¥)”

" @ ﬁ’)k
_ 1 (aa,nx+x - _ 'Banx+x B) _
T (a-B)k a¥-1 Bx-1 -

1 Ean"*”‘ﬁx—ﬁﬁ"—aanx"'x+R—Eﬁnx+xa"+ﬁa"+ﬁﬁ""+x—ﬁ

(a-B)k

Thus, we get
n ~

Z 0 Hok Xy

Hoknx+H0k O_Hoknx+x+HPk00kx_Hka

1
1—ka,a+k—2x2

kzx

1- ka+k2x

The proofs of the others are shown similarly. O
In the following theorems, we give special
generating functions of the HO,, and HPy,
quaternions.

Theorem 3.4. The generating functions for
hyperbolic  k-Oresme  and  k-Oresme-Lucas
sequences are given as follows, respectively,

n (1 —x)k?HOy o +xk?HOy 1
o(x) = Y= OHOknx K2 — 2 x+x?
and

k xHPk1+k (1- x)HPkO
p(x) = Xn- OHPknx K2 —k2x4x?

Proof. The following equations are written for the
hyperbolic k-Oresme sequence.

o(x) =Y o I\-I/Okrnx” = HOk_O + I:I'Okrlx +
Z?LO=2 Hok,nxn
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HO + H/Okllx +Z$lo=2 H/Ok’n_lxn -

k2 Zn 2 HOk n— Zx

= HOk,O + HOk_lx + X(_Hok,o +

>~ 2 o) >~
Yeo HOpnx™) = 5 Siieo HOpx™.
Thus, we obtain

_ (1-0)Kk2HOy o +xk*HO) 4
o(x) = k2—k?x+x?

Similarly to i, p(x) is obtained. ]

Theorem 3.5. For a,b € N*, b > a and n € N, we
obtain

. ~ HOy o+(HPy 0Ok qa—HOk o)X
o) n _— k,0 koYEka k,a
I ano HOk.anx - ,

1
1—ka,a+k2—ax2
.. ~ HPyo+(—HPy Py q+HP) 0)X
oo n _ k,0 ko0 k,a k,a
il Xpmo HPy gnx™ = ,

1
1-XPy, a+k2ax2

Hokb kaaHokb a

ii. 2_,HO x™ =
Zn—o k,an+b 1— xpka+k2a '

HPk ptX =>4 ZaHPka

iv. Y%, HP A= ——
Zn—o k,an+b 1— xpka+k2a )

: Ee“b"—ﬁeﬁb
x" = ,

Vn! (a—P)k
Vi. Y%, HP:"I’" X" =qe™* + BeP’x,
Proof. With the help of definitions, Binet formulas,
and geometric series, we have

—an_ppan
: o I7 n _ voeo aa®-pp n
L Zn:O HOp anx™ = ¥n-o X

(a=p)
B v
ZTL O(Qa)n (O(—B)k ZnZO(ﬁa)n xn

(a 5)"
1 a B
- (a Bk (1 a%%  1- B“x)
a aaa_EBa
_ @ B)k+[(a+ﬂ)((a b’)k) @Bk ]
1- ka_a+k2ax

Thus, we get
o 7 H0k0+(HPk00ka—H0ka)x
o HOp gnx™ =
Zn—o k.an 1-xPy, a+k2ax2
The proof of the other is shown similarly. m]

In the next lemma, we give the properties that will
be used to prove many theorems.
Lemma 3.1. We have

i.@— B =kSHOy,,
i.a+ B = HPyp,

iii. @ —B = k6HPy,

iv.@ +5 =HP,

v.af = (1+af +a?p?+a3p31
B? + saf, a® + B3 — sap),

Vi.fa = (1+af + a?B? + a3p3,1 +
Sa?p? a? + p% — Sap, a3 + B3 + Sap),

Vii. @ + fa@ = 2HP, o — 2 + 2af + 2a?B% +
2a3[33,

—8a?p?a? +
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viii. @B — fa = (0, a?B3® — a3p2,2a3B —
2a/33 —a?B +ap?) = 8(0,~ =, =, — =),
=2a—1+a?+a*+af,
) —
X.B =2B-1+p%+p*+p°,
Xi. @+ B =2(@+F) - 2Peo + Pes + Pea +
Py,
. —2 =2 =
Xll.a — ﬁ = 2(05 - ﬁ) + 6(0k,2 + 0k,4 + 0k,6)'
Proof. v. If the definition is used, we have
af = (iy + aiy + iz + a®iy)(iy + Biy + f2is +
Biis)
=i, + aiy + a?iz + a3iy + Piy + afi; +
a’Bi, — adPis + f2is — af? iy + a?B?iy
+a3B%i, + B3, + aBf3is — a?B3i, + a3 B30,
Thus,
af = (1+af +a?B%+ a3p3, 1 — a2 a® +
B? + Saf,a® + 3 — Sap).
Other proofs are shown using definitions. O
In the following theorems, we calculate some
identities for 0y ,, and HPy ,, quaternions.
Theorem 3.6. (Cassini Identity) Let n € N. We get

I HOk,n+1H0k,n 1 HOkn_k a2 (— 1___

iX. a

1 1 1 1

prir i —g,p+g+§0k,3—Ok,s;—OkA),
.. ~ ~ ~ _ 1
ii. HPypy1HPyp_q —HPE, = k™2"*262(1 + =+
1 1 1 1 4

ot l el =)

Proof. i. With the Binet formula, we get
HOk,n+1H0k,n—1 - HOI%,n
= n+1_EBn+1 - n—1_EBn—1 - n_EBn
G e R G O
_ Eﬁanﬁn+ﬁaﬁnan_ﬁaﬁn—lan+l_aﬁan—lﬁn+1
(a—p)?
£)+par—n(3)
(@-p)?
_ k—Zn Baﬁ_aﬁa _ k—2n+2 _
= E B - (BB - ).

Then, we have

BaB —afa = (B —a+af?—a’B —a3p? +

aBk‘Zn(

a’f’—a'f+a’ptp—a—a'p?+
a’Bha’f—a® + B3 —ap? +ap* —a*p —
ap* —a’p?,—a* + ).

So, we obtain

HOk,n+1H0k,n 1 Hokn =k~ 2n+2( 1-=-
1 1 1

vl et et Oka - Ou0cs)

ii. With the Binet formula, we obtain
H/Pk,n+1ﬁpk,n—1 - leg,n

— (aan+1 + Eﬂ”“)(&a”‘l + E’Bn—l) _
(@a™ + Bp™)>

= k=2"*2§5(aaf — BRa).

Then, we get
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(aaﬁ ﬂﬂa) 6(1+k2+ +k6'1_

k4'k2Pk2' _ﬁ)'
Thus, we have
Hpkn+1HPkn 1

4
_+E'1 k4,k2Pk2,1 =) O
Theorem 3.7. (Catalan ldentity) Let ¢,n € N. We
get

I. Hok,n+c Hokn c

— HPZ, = k™2 262(1+ — +

H/OI%,n = k_2n+2C0k,c((_1 -

L = )0k —Oke — 5 Pocr— o3 Ok

+ kizpk,c' - %Ok_c - k_zpk,c)i

ii. APy pyc APy — HPZ,, = k~2742¢0, 52

(1 +i+i+i) Oter Ot = 13 P Ot
+Py + PkC,OkC + P35 — kzpk,c)-

Theorem 38. (Vajda’s Identity) Let a,b,n € N,
We obtain

I HOk n+a HOk n+b HOkn Hokn+a+b

= k"0 (1+ + L+ ke)okbiokb

Fpk,bl Okp + Pk,z - ﬁpk,b; Okp + Pr3 +

1
Fpk,b)!
1. HPk,n+aHPk,n+b - HPk,n HPk,n+a+b
1 1

— 1
= k7210, 452 ((—1 — =2 = =) Ok =0 —

%Pk,bl OkpPrz + 12 Py —OksPre — %Pk,b)
Theorem 3.9. (d’Ocagne Identity) Leta,b,n € N.
b = a + 1. We obtain

I HOk bHOk a1~ HOpps1HOpq = k724((1 +

_+k4+k6)0kb a Okbp-a

1
Ok p-aPr2 + ppk,b—a: Ot,p-aPr3 = 37 Pkp-a)s
ii. AP, HPy g1 — HPypy HPy g = k7%¢

) 1 01 1
g ((—1 i g) Ok,p-a» —Ok,p—a
1
—waPrp-ar = Okp-aPr,

1

7z Prb-a)-

The proofs of Theorem 3.7.,-3.9., are similar to
Theorem 3.6., using Binet formulas, Lemma 3.1.,
and definitions.

In the following theorems, we examine the
relationships between hyperbolic k-Oresme and k-
Oresme-Lucas quaternions.

Theorem 3.10. Let n € N. The following equations
are true:

1
~ i Prb-ar

1
— 2z Pep-ar —OkpPis +

k =
I. HOkn = KZ_ HPkn+1 _4HPk,n1
i. HOf , = kz 4HPkn+1 = HPin,
iii. Izpk_n = 2/&11(0,(,,1+1 - kIjOk’n,
iv. HP . = 2kHO}; iy — kHOj .
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Proof. i. The following relation is used for proofs;
I:I’Okrn =ax I:I’Pk_n+1 +bx HPk_n.
For these n values, we obtain;
ﬁO,QO =ax ﬁPk,l +bx HP,(IO,
HOk_l =ax I:I’Pk’z +bx HPk_l.

We find
_ _ Kk
a_ T k2 k2—4'
Thus, we obtain
= 2k = k =
HOk,n = k2_4HPk,n+1 - mHPk,n-
The proofs of the others are shown similarly. O

Theorem 3.11. For any integer s < t, we get
i. HO, sHOy ; — Hoktﬁoks
2 1
=k~ zokt S(O k‘“kz'_ﬁ)’
ii. APy sHPyr — HPy (HPy

— =25 2 _trz _1
- k Ok,t—s5 (0' k4,lk21 kz I

iili. HOy HPy s — HoksﬁPk,t
2 1
= k™%50y,4-56(0, — kykz'—p)-

Proof. With the Binet formula, we obtain
i. HOy sHOy ; — HOy (HOy

_ (aaS—EﬁS) (aaf—ﬁﬁf> _ aaf—ﬁﬁf) (EaS—EﬁS
~ \ k(a=p) )\ k(a—B)

k(a=p) 7~ k(a=p)
_ @B-Ba)(a®B)(a* ==~ 9}
k2(a-p)?
Thus, we get
HOy cHOy — HOy (HOy
= k501,50, — 57,15 — ).
The proofs of the others are shown similarly. O

In the following theorems, we associate the terms of
the k-Oresme and k-Oresme-Lucas sequences with
their hyperbolic quaternion values.

Theorem 3.12. Let a,b,n€N. b>a+1. We
obtain

i. HOp qip + = kza HOyp—q = PyoHOxp,
ii.i‘[lok’a-'-b kZaHOkb a_OkaHPkb’
iii. AP qyp + = kza HPyp_q = PiaHPyp.

Proof. i. If Binet formulas are used, we get
P HOw, = (a4 gay @SB
kalHOpp = (@ + B%)( K(a—p) )
_ Eaa+b_EBa+b+aabﬁa_Eﬁbaa
B _ k(a-pB) 3
_ aaa+b_BBa+b aaﬁa(aab—a_ﬁﬁb—a)

k(a—p) k(a—p)

Thus, we have
HOpa+p + k™?HOy p_q = PaHOy p.
The proofs of the others are shown similarly ini. O
Theorem 3.13. For all a, b > 1, we have
. > ~ 1 -
1. HOg2a+b+1 = Pr2a+1HOkpr1 + 15 Ok2all P,

e = _ ~ 2 ~
. HPyoa4p+1 = Pr2as1HPrps1 — 6“0 2 HO p,
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see FT 2Pk2a+1
Ok2a—2 77
(k2-3)k8 " " kb

Py,
kz 2a+1 HPk,b+3 +

V. HPy 2q4p41 = w23

Okza
52 l’;; 3§H0k b.
Proof i. If Binet formulas are used, we get

- 1 -
Pr2a+1HOkpyq + w2 Ok, 2aH Py p

— b+1_Tppb+1
_ (p2a+1 | p2a+1y (@a”T1-BB )
o )< kap )T
aza_ﬂza

1 . _
F( k(a—B) ) @a® + BB

__ 1 — 2a+b+1 1\ _ Tp2a+b+1

~ k(a-p) [aa (a + akz) ‘Bﬁ (‘8 +

1
7))
Since,a + B =1and aff = % Thus, we obtain
~ ~ 1 ~—
HOk2a+p+1 = Pr2a+1HOkp+1 + 33 Ok 2aH Prp-

The proofs of the others are shown similarly ini. O
Theorem 3.14. For all a, b, ¢, d € N, we obtain

i. HOparp = KOk p HOp g1 — lOkb 10y,

ii. HOp g42p :PkaORaHJ HO

iii. HOy qupq = Ok Ogidbbyoka,
iV. k72240 b c—ayH Ok g = HOp g4ba O pc —

HOy 04bcOk pa-
Proof. i. If Binet formulas are used, we get

~ 1 [
kOk,pHOka+1 =3 Okp-1HOkq
_ ab—Bb aaa+1_ﬁﬁa+1 _
=k (k(a—ﬁ)) ( k(a—B) )
l(a’b_l—ﬁb_l) (Eaa_EBa)
E\ k(a—p) k(a—p)
— 1 — ,a+b _ i
T k2(a—Pp)? [0(0( (ka ka)

BB+ (kB = )1

1 .

Since,a + B =1landaf = et Thus, we obtain
— — 1 —
HOya+p = KOk pHOka41 = 3 Ok,p-1HOp .

The proofs of the others are shown similarly ini. O
Theorem 3.15. If a, b € N and a < b, we obtain

i. HOk 2045 = Ok2aH Oy p12 — k_140k,2a—2ﬁ0k,bv
ii. APy 2a+p = KOk 2aHPips2 — %Ok,Za—ZHPk,ba
iii. HOk 2045 = Ok2aHPip+1 — %Pk,ZaAHOk,b,
V. APy 2a+p = k?O2a6°HOppr1 +
%Pk,Za—lﬁpk,b-
Proof. iv. With the Binet formula, we have
k?0y,246*HOy p11 + kl_sz,za—1HPk,b
I R
(@71 + B2 ) (@a® + BY)

k2b 2

bd 1
H k,a+b — Kk2b-2
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= gqg?ath (0( +k%) + ,8,82““’(,8 + —
Since, aff = k—12 Thus, we get
~ ~ 1 ~—
HPy2a+b = k?012a6*HOp p 41 + 15 Piaa-1HPicp.
O

Theorem 3.16. Let x,y,z€ N and x,y = z. We
obtain

kzﬁ’

2 1

i. (k2 —4)HOE, — HPE, = kzx 20, _F'kz'_ﬁ)’
. HOk x+yHPk X+z HOk x+zHPk Xty
1
kzmz Opy—z(HPpo — 1 + =)

Proof. With the Binet formulas we have

i. (k2 —4)HOE, — HPE, = (k* — 4)
aa*-pp*\ (@a*-BB*\ _ x | Box X
gk(a—ﬁ) )( k(ap) ) (@a” +pp7)(aa” +

BBY)

= —2@fa’*f* - 2B@p*a* = ~2a**(@P — Ba).
Thus, we obtain
(k? = D0, — iPE, = 22 (0,- %, 2, 1),
ii. H0k7x+yiipk,x+z - HOk.x+ZHPk,x+y
(BB (o + e

k(a—p)

_ M) qarty + BRXHY

( wap) )@ AT
_ Eﬁax+yﬁx+z_ﬁaax+z‘8x+y_aEax+sz+y+EEax+yﬁx+z

xﬂx BZ( y [gy )k(a_ﬁ)

a aZ?B%(a¥Y " %- -zZy __— —
- k(a—p) (@p + fa)
Thus, we get

HOk x+yHPk xX+z — HOk x+ZHPk,X+y

1 1 1
Oky Z(HPkO 1+§+F+F. O

k2x+22

4 Conclusion

In this study, we defined the hyperbolic k-Oresme
and k-Oresme-Lucas quaternions. Then, we
obtained some properties of these quaternions. Also,
we examined the relationships between these
guaternions. In addition, we found relations among
the hyperbolic k-Oresme and k-Oresme-Lucas
quaternions and their conjugates. Furthermore, we
calculated the special identities of these quaternions.
Moreover, we found the terms of the k-Oresme and
k-Oresme-Lucas sequences are associated with their
hyperbolic quaternion values. In the future, we can
spread a new approach to hyperbolic k-Oresme and
k-Oresme-Lucas octonions and sedenions.
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