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Abstract: The main goal of this paper is to find some new identities containing k-Pell and k-Pell-Lucas
numbers. In addition, we use these identities to prove binomial properties of k-Pell, k-Pell-Lucas, and
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1 Introduction

The Fibonacci sequence is one of the most
renowned and exceptional integer sequence in
number theory and has been regularly studied in
different branches of mathematics. There is the
Pell number, which is as crucial as the Fibonacci
number. Like the Fibonacci number, the Pell
number can also be generalized by changing
recurrence relations, initial conditions or the
two of them. One particular example of Pell
number is k-Pell and k-Pell-Lucas numbers. In
last few years, different authors studied Pell and
Pell-Lucas numbers, see [14}, 111,10, 2} [1, 13]]

In recent years, many researchers have en-
gaged in the study of the generalizations of
specific sequences of positive integers. In
particular, the study of the k-Pell sequence, the
k-Pell-Lucas sequence, and the modified k-Pell
sequence, see [4,17,9,5,18, 15].

The purpose of this paper is to examine
some properties of the k-Pell, k-Pell-Lucas,
and modified k-Pell numbers. All three k-Pell
numbers, k-Pell-Lucas and modified k-Pell
numbers are generalizations of the Pell numbers,
which are used to calculate area of cycloid.
Binomial properties of these numbers help us to
understand their behaviour and applications.

Definition 1.1. (Catarino [4]). The k-Pell numbers
satisfy the recurrence relation

Oknt1 = 20kn + kpkn—1, for n > 1 with prg = 0
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and px1 = 1.

Definition 1.2. (Catarino [4]). The k-Pell-Lucas
numbers satisfy the recurrence relation 0y i1 =
20k n + ko n—1, for n > 1 with oxg = 2 and gx1 = 2.

Definition 1.3. (Catarino [6]). The modified k-
Pell numbers satisfy the recurrence relation Gy 11 =
2Ckn +kCi 1, forn > 1with o = 1and G 1 = 1.

The Binet formula of py ,,, 0k, and C ,, is given by
(Catarino [6])

-4
A @
Okn = C’f + gg ’ (2)
-0
Crp = 2 5 )

The characteristic roots {; and {, appeared in
), and satisfy the following relations
(Catarino [6]):

1=1+V1+k, 4)
0 =1-V1+k, @)
01— 0o =2V1+k =25, (6)
G1+02=2, )
0102 = —k, (8)
0; =20 +k )
33 =20+k (10)
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For k = 1, the k-Pell number converts into a
well-known Pell number. These numbers are the
source of many fascinating properties. In the last
few years, many authors devoted in the studies of
these numbers, see [4,7,19, 15,18, 115 16, 12] and the
references cited in there. Some of these identities
are listed below.

Lemma 1.1. (Catarino [6])). Let n,m € Z*. Then

(1) prnt1 +koku—1 = Qkns (11)
(2)  Prnt1 = Prn = Gk (12)
(3) ok +kokn-1 = 20kn(1+k), (13)
(4)  Prn—rPrntr = Pow = —(=K)", (14)
(5)  Pkn1Pkni1 — P = —(=K)", (15)
(6)  Qen—10kn+1 — Gk = 4(=K)""'(1+K). (16)

Carlitz [3] in 1970 formulated distinct Fibonacci
and Lucas identities. In the year 1997, Zhang [16]
established varied identities for second-order in-
teger sequences. Motivated necessarily by the
above-cited works, we focus on investigating var-
ious binomial sums for the numbers py ,,, 0x , and

gk,n .

2 Binomial Identities Involving
pk,nr Qk,n and gk,n

We aim here to obtain some essential identi-
ties involving py , and ¢y , numbers. In this sec-
tion, we formulate some binomial sums for py ,,,
Ok n and (i ,. First, we prove the Lemma which
%ys a crucial role in the proofs of the Theorems

to

Lemma 2.1. Let u = (q or (5. Then

(a) u" = upgn+koxn-1, (17)
(b) " =u"gp, — (—K)", (18)
(C) utt = unw N (_k)npk,(tfl)n, (19)

Ok,n Pkn
(d) usnpk,rn - umpk,sn = (_k)snpk,(r—s)n' (20)

Proof. We apply P. M. L. on n_to prove (a). For
n = 2, we have from (@) and

03 = C1oxa + kox 1,
03 = {opra + Kok 1.

Now consider that the result is true for n. Thus,
we have

(21)
(22)

0t = Cipin + kokn—1,
gg = gZPk,n + kpk,nfl-
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Moreover, by applying (9) and 21), we achieve

T =00"
= 01(Z10kn + koru—1)
= 01%Pkn + kC1pkn1
= (201 + k) prn + kG101
= (20 + kpru—1)01 + kpku
= Pkn+1801 + Kok

Similarly, we can prove that

0 = 00k ni1 + ok

Thus the proof of (a).
(b) By using the result (a), we can write

2n n+1
U™ = Pkl

+ kunpk,n—l
- pk,ﬂ(upk,n-i-l + k.ok,n) =+ kunpk,n—l
= UPknPrn+1 + kpkn—1u" + kpin

= (" — kpin—1)Prns1 + kprn—1u" + ko,

= 1" (o ns1 + kokn—1) + k(0F , — P10k n—1)-

At last, by applying and , we achieve
2n __ n_ (k)"
u™ = gpau" — (—k)".

(c) Let u = (1. By employing the Binet formula of
Ok, We can write

n Pk,tn n Pk, (t=1)n
Plin:_(_joynteAi=2m
gl pk,n ( ) pk,n

B 1 gltn o €2tn - ; él(tfl)n _ €2(t71)n
_Pk,n{(Q—Cz)gl (2122)"( e
:1{Wq—wa—@?+ﬁy}

Pk,n gl — gz
:1{?@?f9}

Pkn 01— 0
_L(gtn )
_pk,n 1 Pk

tn

Similarly, if u = (» then, we get the desired result.
The proof of (d) is analogous to (c). Hence, we
discard the proof. O
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Theorem 2.1. Let n,r,s,t € Z" witht > 1. Then
prove that

(1) Pkntt = PruPrtr1 + kPku—10kts

(2)  Okntt = PknOkt+1 + Kok n—10k1

(3)  Ckmrt = PruChit1 + kokn-18ks

(4)  Pr2ntt = QnPrnst — (—k)"oxts

(5)  Ok2ntt = QnQkn+t — (—k)" 0kt

(6)  Ckantt = QuCimrt — (—Kk)"Crr

(7)  OrsnttPrn = PrsnPrknrt — (—K)" Ok (s—1)nOkts

(8)  QsnrtPn = PsnQinrt — (k)" Pr (s 1)n 0kt

(9)  CrsnttPrn = PrsuSknrt — (k)" 0k (s—1)nCk.ts
(10)  PrsnttPkim — Pkrn+tPksn = (—K)™ Ok 1Ok (r—s)ns
(11)  QksnttPkrm — Ckrn+tPksn = (—K)™ Ok 1Ok (r—s)ns
(12)  CksnttPrrm — CkrntPhsn = (=) CrtOk (r

Proof. The proofs of (2) to (12) are analogous to
(1). Hence, we prove the result (1). Applying the
Lemma la) we can write

(23)
(24)

01 = PinC1 +korn-1,
05 = PknC2 + kprn—1-

Now, by multiplying (23) by 7 & o by
t
! and subtracting, we achieve
01— 02
n+t n+t t+1 _ t+l t t
1~ 62 1 G —0
G (55 o (55)
L- " ( o ) P\ 0 =0

In conclusion, by employing the Binet formula of
Ok,n, We get

Okntt = PknPkt+1 T KOk n—10k -

Thus the proof of result (1).
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Theorem 2.2. Let n,r,s,t € Z+ witht > 1. Then

n
(1) kst = Y <l>k OO 1Pk it
i=0
n
(2) Okrn+t = Z <z>k PkrPky 1ka+t,
i=0
" In
(3) Ck,rn+ = Z <1>k pkrpkr 1€k1+t1
i=0
3 n n—iypn—i n
e e 1 (3 [C I
i=0
n < n n— l n— l
(5) Okn+tPkr = 2 (Z>( ) k pkr 1ri1+t1
i=0
" /n
N () [C Vi
i=0
n l - n n— l n— l
(7) Pk tPrr—1 = kTZ() i (_ ) pkr anr(r 1)i+ts
i=
1 - n n— l n— l
(8) thpkr 1= FZ (l)( ) pkr On+(r—1)i+ts
i=0
n 1 ¢ n n—i n—i
) Gtk 1= 1 () 0Bl e v
i=0

Proof. Starting with the Lemma[2.1(a), we have

01 = PrrC1 + korr—1,
05 = PirC2 + kprr—1-

By making use of the binomial theorem, we get

™m n
=) (l)k( PkrPkr TP (25)
i=0
n n (
=Y (KDl o
i=0
Moreover by multiplying an equation (25) by
, equation (26)) b and subtracting,
o -0 o &
we obtain
;n—&—t rn+t z+t é—i—t
gl é’z _E)( > pkrpky 1( g _€2 )

Finally, using the Binet formula of py ,,, we get the
required result

n

)3

M\ (n—i) i n—i
(i)k( )pk,rpk,r—lpk,i-i-t'
i=0

Pkrn+t =
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Again, by multiplying equation @) by ¢!, @) by
% and adding, we achieve

n . . . . .

p gt = 3 ()R D el ),
i=0

Furthermore, by applying the Binet formula of

Ok,n, We get

n

Ok rn+t = Z

n N .
<i>k(n Z)P;c,rPZ,rile,ith-
i=0

Thus, the result (2).
The proof of (3)-(9) is similar to (1) and (2). Hence,
we discard the proof. O

Theorem 2.3. Ifn,r,s,t € Z* witht > 1 then

n r n—i)r(n—i) i
1) pramec= Y- (7) OO0
i=0
= (n (r+1)(n—i)1.r(n—i) i
(2) Qk,2rn+t = Z l (_1) k Qk,er,ri+t/
i=0
- n r n—i)yr(n—i) i
(3) Ck,27n+t - Z <Z> (_1)( I l)k ( l)Qk,rgk,ri—O—t/
i=0
" n )
(4) Pk,rn+th,r = Z (z) (_ky(n_l)Pk,Zrith/
i=0
n ! n r(n—i
6) aumtie =1 (1) (0 gz
i=0
n . n r(n—i
<6) gk,rn+tQk,r = Z <l> (_k) ( )gk,27i+t/
i=0
" n i
7) pualk" = 3 (1) 1" i
i=0
7 n n R
L ol () [V W
i=0
m g n n—i i
ORCVELES ol (4 [T
i=0

Proof. By using the Lemma Etfb), we rewrite
V= Lok — (k)
3 = Thor — (k)"

By making use of the binomial theorem, we get

g =3 (1) (-0, g, @)
i=0

%rn _ i <7;l> (_1)(r+1)(nfi)Q;'{,r Ei(k)r(nfi). (28)
i=0
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t
by Clg—lgz

and subtracting, we obtain

Multiplying an equation
&

(28) by ——*—

e

g%rnth _ C%rn+t n

01— 0 =L

i=0

, equation

(7) Q;{,r(_l)(n—i)(r+1)kr(n—i)

Now, using the Binet formula of py ,, we achieve

- n n—i)(r r(n—i) i
Ok2mit = 3 () (1)t )Qk,rpk,ri+t'

i—0 \!

Thus the result (1).

Moreover, by multiplying equation q2_7]) by ¢ i, qZ_SP
by b and adding, we get

C%rnth + g%rn+t _

_ i <n> Q;'{r(_l)(nfi)(ﬂrl)kr(nfi)

i=0 i
G+,

Again, using the Binet formula of ¢y ,, we obtain
the desired result

Qi,r(_l) (n—i)(r+1)2r(n—i) Ok rist-

n
Ok2rn+t = E <:l)

i=0

Hence the proof of result (2).

The proofs of (3)-(6) are analogous to (1) and (2).
Hence, we omit the proof. ]
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Theorem 2.4. Let n,1,s,t,1 € Z witht > 1. Then

" /n ) )
1\ (r+1)(n—i) 3.r(n—i)
£ (1) oo

i=0

(1)

n
Pk trn+1Pkr =

p;'c,trplgln(t__l)l)rpk,ri-i-l ’

- n (r+1)(n—i)qr(n—i) i
Z . ( 1) k pktr

n
Ok trn+1Pkr =
i—o \!

(n—i) ]
pk,(t_n,,Qk,errl/

" /n . N
(3) Ck,trnHPZ,r — 2 <i>(_1)(r+1)(n i)jr(n l)p;{,tr
i=0
P]({’f(i)l)r(:k,ri+l/
noo__ = (n _p\r(n—i) 4i
@) pemerply = Y- (1) (07,
i=0

P]Eii(l)l)rpk,triﬂz

n = (n r(n—i) ,i
(5) Qk,rn+lpk,tr:Z<i>(_k)( )pk,r
i=0
(n—i) '
pk,(t_l)er,trz—i-l/
" /n o
©) Gt =1 () R0
i=0
(n—i) C: .
Pk,(t_l), ktri+-ls
o0 =5 (M) (—1y )
RNCTL IS ol G [
i=0
P;((Ti)Pk,riH,
rn n - n
®) (0 ety =L (1) D" ek
i=0
Pg_i)()k,rm,
EPAT TS ol £ W)
(9) ( ) gk,lpk,(t—l)r_z 1 ( 1) pktr
i=0

;0](< r ‘:k ri+l

Proof. By making use of the Lemma C), we
have

tr r Pk, tr 7Pk, (t=1)r
— — (—f)relr

r=a (—k) or;

tr r Pl tr + Pk, (t=1)r
= — (—k) ———~.

7 =6, (—k) o

Thanks to the binomial theorem. By making use
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of it, we get
™m 1 - n 1’l i)(r r(n—i
t = Z <l> (+1)k pktrglpk — 1
r i=0

(29)
trn L = (n 1 (n— z)(r+1)krn i
=== ()1 Pkasztl

Pkr i=0 \*
(30)

Now, by multiplying an equation (29) by 2 a oy

!
equationby 7 ¢ 7
162

and subtracting, we ob-

tain
;rnH _ gérnH pZ
01— 0 4
] ) r1+l gi’l-‘rl
_ Z ( ) (n=i)(r+1) pr(n— z)P;( trpZ(tZ1)y< ; ; >
T 1— 62

Furthermore, by applying the Binet formula of
Pk, We achieve the required result

n < n n—i)(r r(n—i) i n—i
Pk trn+1Pk,r = )3 <> (—1) DR )pk,rpk,(t—l)rpk,riJrl-

i—0 \!

Thus the result (1).

Again, multiplying equation @) by ¢!, by Z}
and adding, we obtain

trn+1 +

trn+l __
1 CZ -

1 & /n _
Y <i>p;<,tfp;cl,(tz—1)r

Plr i=0
(_1)(nfi)(r+1)2r(n7i) (C;iJrl + C£i+l)'

Finally, by employing the Binet formula of ¢y ,,
we get the desired result

= (1 n—i)(r r(n—i
Z ( >( 1>( )N +1)k ( )pk trpk(t 1)err1+l'

n
Qk,tm—&-lpk,r = ;
=0

This ends the proof of the result (2).
The proof of (3)-(6) is identical to (1) and (2).
Hence, we omit the proof. O

Theorem 2.5. If n,r,s,t € Z" with t > 1 then the
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following identities hold

W) R0l = 3 (1) D

(n—i)
lok,sm Ok, smi+rm(n—i)+ts

(2) (=)™ itk (r—s)m

n . .
Z( > ok

i=

o

(n—i)
O sm Cksmitrm(n—i)+ts

06— = 1 () D el

(n—i
Pk,sm gk,smi+rm(n—i)+tl

®) (=

n

n n sm
@) phanprams = Y- (1) (0" gl
i=0
(n—i) )
pkl(r_s)mpk,rml—l—tz

" /n
) Phontiam = 3 () 0",
i=0
(n—i)
Ok, (r—s)mCkrmi+ts
3 n m(n—i
<@p%@mwzz<g<w<)mm
i=0
oL
n n »
(7) PZ,smPk,ranrt = Z < ) (_1)(Sm+1)(" )

i—0 \!

gk rmi+ts

ksm(n Z)pkrmp,(( (r )S)mPksszrt,

n g n sm n—i
) Phanesmn = 1 () (e ind
i=0

ksm(nii)p;(,rmplgl(;i)s)mek,smi—i-tr

N .
(9) pz,smgk,rmn-i-t = Z ( ) (—1)(5m+1)(”—1)

101

Sm(n—i (
k ( )pkrmpk(r s

ék smi-+t

Proof. Applying the Lemma [2.1(d), we can write

gimpk,rm - é;mpk,sm :<_k>smpk,(rfs)mr
é;mpk,rm - é;mpk,sm :(_k)smpk,(rfs)m-

Thanks to the binomial theorem. By applying it,
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we get

-

00 = 1

i=0
(31)
smn n 3 n i psmi+rm(n— z)
( k) pk(r s)m :E i (_ ) pkrmpksmg
i=0
(32)
Further, multiplying an equation 1) by 7 & %
1

equation (32) by 7 s =7 and subtracting, we ob-
2

tain

(Hmﬁrsclg>

n smi+rm(n—i
<>(_> pkrmpksmgl trm( ),

smi+rm(n—i)—+t smi+rm(n—i)—+t
€1 _gz

11— 0
:i<) G1—0

Finally, applying the Binet formula of o ,, we
achieve the required result

pk rmpk Sm (

smn n . n n—i i n—i
(_k) pk (r— s)mpkf Z < > (_1> pk,rmpk,sm

i—o \!
Pk smi+rm(n—i)+t-

Again, by multiplying equation by ¢!, by
% and adding, we get

smn n : n n—i i n—i
( ) pk (r—s)m Qk/t = Z ( ) (_1) pk,rmpk,sm

i=0 \!
Ok smi+rm(n—i)+t

Thus the result (2).
The proof of (3) - (6) is analogous to the proof of
(1) and (2). Hence, we omit the proof. O
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