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Abstract: - We introduce a new generalization 𝑚𝑛(𝑥, 𝑦), which we will call Bivariate Bi-periodic Mersenne 
polynomials depending on whether n is even or odd. We investigated the bivariate and biperiodic forms of 
Mersenne polynomials, focusing on their unique structural properties, roots, and relationships among 
coefficients. Key contributions include deriving the generating function and Binet formula, examining the limit 
behavior of the polynomials, and identifying connections between positive and negative terms. Also, we give 
the limits of the consecutive terms of the polynomials and some important identities such as Catalan, Cassini 
and D’Ocagne’s identity. We also find the corresponding binomial addition formula. 
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1 Introduction 
As number sequences have played a foundational 
role in mathematical theory, leading to the discovery 
of intricate patterns, recursions, and connections 
across various branches of mathematics. In a similar 
spirit, the study of Mersenne polynomials and their 
bivariate and biperiodic forms extends this 
understanding to higher dimensions and periodic 
behaviors. Mersenne numbers, originally defined as 
Mn = 2n − 1, give rise to Mersenne polynomials, 
which inherit recursive properties analogous to 
Fibonacci but with distinct combinatorial features. 
For any natural number      Some studies on 
Mersenne numbers by Koshy and Gao [11] have 
been on the investigation the divisibility properties 
of these numbers into Catalan numbers. Mersenne 
sequence has an important place in number theory 

as it is also involved in computer science because of 
Mersenne primes. In number theory, Mersenne 
number of orders 𝑛 is defined as 2𝑛 − 1, where 𝑛 is 
a non-negative integer. This identity is defined as 
the Binet formula for the Mersenne sequence. 
Mersenne sequence was defined as [7]  

𝑀𝑛+2 = 3𝑀𝑛+1 − 2𝑀𝑛 
with 𝑀0 = 0,𝑀1 = 1. 
      The Mersenne sequence has been generalized in 
many ways where some by preserving recurrence 
relation and initial condition [7,13,14,17]. 
      Some of these generalizations have been 
obtained by describing the bi-periodic relation of 
this sequences and other number sequences 
[2,5,9,10,12,18-21,23,24,27]. 
       Studies have been carried out on the 
polynomials of these new number sequences and 
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bivariate polynomials which are the more general 
form of polynomials [3,4,6,15,16,22,25,26]. 
   In 2002, Catalani [6] worked on the more general 
form of bivariate polynomials with the matrix 
approach and focused more on Fibonacci and Lucas 
numbers. In 2018, Uygun [9] examined Jacobsthal 
and Jacobsthal-Lucas matrix polynomial sequence 
and studied the relationship between these 
polynomials and bivariate polynomials. Working on 
the more general version of these number sequences 
in [22,23], she obtained some important properties. 
      For 𝑛 ∈ ℕ and 𝑎, 𝑏 ∈ ℝ+ , Edson and Yayenie 
[9,27] introduced the bi-periodic Fibonacci 
sequence as follows 
 

𝑞𝑛 = {
𝑎𝑞𝑛−1 + 𝑞𝑛−2 , 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
𝑏𝑞𝑛−1 + 𝑞𝑛−2,   𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 ,  𝑛 ≥ 2 

with 𝑞0 = 0, 𝑞1 = 1.  
 
The generating function of this sequence is 

𝐹(𝑥) =
𝑥(1 + 𝑎𝑥 − 𝑥2)

1 − (𝑎𝑏 + 2)𝑥2 + 4𝑥4
 

also, the Binet’s formula of this sequence is 

𝑞𝑛𝑛 =
𝑎1−𝜖(𝑛)

(𝑎𝑏)
⌊
𝑛

2
⌋
(
𝛼𝑛 − 𝛽𝑛

𝛼 − 𝛽
) 

where ⌊𝑎⌋is the floor function and 𝜖(𝑛) = 𝑛 − 2 ⌊𝑛
2
⌋ 

is the parity function and 𝛼, 𝛽 are the root of 
characteristic equation of bi-periodic Fibonacci 
sequence, 𝑥2 − 𝑎𝑏𝑥 − 𝑎𝑏 = 0. 
 
This paper carries forward earlier work Mersenne 
polynomials, an extension of the classical Mersenne 
numbers, have gained attention due to their 
intriguing algebraic properties and potential 
applications in number theory and combinatorics. 
Traditionally, these polynomials are defined by 
integer sequences that mirror properties of 
Mersenne numbers and are further generalized to 
account for complex mathematical behaviors in 
multidimensional forms. Recently, studies on 
bivariate and biperiodic forms of Mersenne 
polynomials have opened new avenues for exploring 
structural relationships and symmetries within these 
polynomials, enhancing our understanding of 
polynomial behavior across different forms 
[16,17,21]. 
This study builds upon existing frameworks by 
exploring bivariate and biperiodic Mersenne 
polynomials and systematically examining their 
properties, roots, and coefficients. Our contributions 
include deriving fundamental expressions such as 
the generating function, the Binet formula, and limit 
behavior, and establishing identities that link 

positive and negative terms. Furthermore, we extend 
our analysis by proving the Catalan identity specific 
to these forms and deriving summation formulas 
that encapsulate these polynomials’ recursive nature 
and growth characteristics. These findings 
contribute to the broader theoretical foundation of 
Mersenne polynomials and provide tools for 
applications in combinatorial identities and 
recursive sequence analysis. 
 
 

2 Main Results 
This section presents a bi-variate, bi-periodic 
Mersenne generating function, binet formula and 
their associated properties. 
 
Definition 2.1. For any 𝑎, 𝑏 ∈ ℝ − {0} and 𝑥, 𝑦 ∈
ℝ,  for    𝑛 ≥ 0   the  bivariate bi-periodic Mersenne 
polynomials is given by 
 
𝑚𝑛+2(𝑥, 𝑦) =

{
3𝑎𝑦𝑚𝑛+1(𝑥, 𝑦) − 2𝑥𝑚𝑛(𝑥, 𝑦), 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

3𝑏𝑦𝑚𝑛+1(𝑥, 𝑦) − 2𝑥𝑚𝑛(𝑥, 𝑦), 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
  (2.1) 

 
with initial conditions 𝑚0(𝑥, 𝑦) = 0, 𝑚1(𝑥, 𝑦) = 1. 
When 𝑎 = 𝑏 = 1, we have the classic the bivariate 
Mersenne polynomials [1]. When 
 𝑎 = 𝑏 = 𝑥 = 𝑦 = 1, we have the Mersenne 
sequences [7,8].  
The first four elements of the bivariate bi-periodic 
Mersenne polynomials are as follows 
𝑚0(𝑥, 𝑦) = 0, 𝑚1(𝑥, 𝑦) = 1,𝑚2(𝑥, 𝑦) = 3𝑎𝑦,
𝑚3(𝑥, 𝑦) = 9𝑎𝑏𝑦

2 − 2𝑥, 
𝑚4(𝑥, 𝑦) = 27𝑎

2𝑏𝑦3 − 12𝑎𝑥𝑦. 
From Definition 2.1, for the bivariate bi-periodic 
Mersenne polynomials, we get the quadratic 
equation as follows 

𝑡2 − 3𝑎𝑏𝑦𝑡 + 2𝑎𝑏𝑥 = 0 
with roots  

𝛼 =
3𝑎𝑏𝑦+√9𝑎2𝑏2𝑦2−8𝑎𝑏𝑥

2
  

and                 (2.2) 

𝛽 =
3𝑎𝑏𝑦−√9𝑎2𝑏2𝑦2−8𝑎𝑏𝑥

2
 .                                                               

 
Lemma 2.2. The bivariate bi-periodic Mersenne 

polynomials satisfy the following properties  
i. 𝑚2𝑛+2(𝑥, 𝑦) = (9𝑎𝑏𝑦

2 −
4𝑥)𝑚2𝑛(𝑥, 𝑦) − 4𝑥

2𝑚2𝑛−2(𝑥, 𝑦) 
ii. 𝑚2𝑛+1(𝑥, 𝑦) = (9𝑎𝑏𝑦

2 −
4𝑥)𝑚2𝑛−1(𝑥, 𝑦) − 4𝑥

2𝑚2𝑛−3(𝑥, 𝑦). 
 

Proof. 

i.𝑚2𝑛+2(𝑥, 𝑦) = 3𝑎𝑦𝑚2𝑛+1(𝑥, 𝑦) − 2𝑥𝑚2𝑛(𝑥, 𝑦) 
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= 3𝑎𝑦(3𝑏𝑦𝑚2𝑛(𝑥, 𝑦) − 2𝑥𝑚2𝑛−1(𝑥, 𝑦))
− 2𝑥𝑚2𝑛(𝑥, 𝑦) 

= 9𝑎𝑏𝑦2𝑚2𝑛 − 6𝑎𝑥𝑦𝑚2𝑛−1 − 2𝑥𝑚2𝑛 
= 𝑚2𝑛(9𝑎𝑏𝑦

2 − 2𝑥) − 2𝑥(3𝑎𝑦𝑚2𝑛−1) 
= 𝑚2𝑛(9𝑎𝑏𝑦

2 − 2𝑥) − 2𝑥(𝑚2𝑛 + 2𝑥𝑚2𝑛−2) 
= 𝑚2𝑛(9𝑎𝑏𝑦

2 − 4𝑥) − 4𝑥2𝑚2𝑛−2 
ii. 𝑚2𝑛+1(𝑥, 𝑦) = 3𝑏𝑦𝑚2𝑛(𝑥, 𝑦) − 2𝑥𝑚2𝑛−1(𝑥, 𝑦) 

= 3𝑏𝑦(3𝑎𝑦𝑚2𝑛−1(𝑥, 𝑦) − 2𝑥𝑚2𝑛−2(𝑥, 𝑦))
− 2𝑥𝑚2𝑛−1(𝑥, 𝑦) 

= 9𝑎𝑏𝑦2𝑚2𝑛−1 − 6𝑏𝑥𝑦𝑚2𝑛−2 − 2𝑥𝑚2𝑛−1 
= 𝑚2𝑛−1(9𝑎𝑏𝑦

2 − 2𝑥) − 2𝑥(3𝑏𝑦𝑚2𝑛−2) 
= 𝑚2𝑛−1(9𝑎𝑏𝑦

2 − 2𝑥) − 2𝑥(𝑚2𝑛−1 + 2𝑥𝑚2𝑛−3) 
= 𝑚2𝑛−1(9𝑎𝑏𝑦

2 − 4𝑥) − 4𝑥2𝑚2𝑛−3 
□ 
 

Lemma 2.3. There are the following properties.  
 𝛼 + 𝛽 = 3𝑎𝑏𝑦2, 𝛼𝛽 = 2𝑎𝑏𝑥𝑦2 
 (3𝛼 − 2𝑥) =

𝛼2

𝑎𝑏𝑦2
, (3𝛽 − 2𝑥) =

𝛽2

𝑎𝑏𝑦2
 

 (3𝛼 − 2𝑥)(3𝛽 − 2𝑥) = 4𝑥2 
 𝛽(3𝛼 − 2𝑥) = 2𝛼𝑥, 𝛼(3𝛽 − 2𝑥) = 2 𝛽𝑥 

Proof. Their proofs can be easily obtained using the 
definition of 𝛼 and 𝛽.  

□ 
Theorem 2.4. Let ℳ(𝑥,𝑦)(𝑡) show the generating 

function of the bivariate bi-periodic Mersenne 

polynomials. Then  
ℳ(𝑥,𝑦)(𝑡) =

𝑡(1+3𝑎𝑦𝑡+2𝑥𝑡2)

(1−(9𝑎𝑏𝑦2−4𝑥)𝑡2+4𝑥2𝑡4)
. 

 
Proof. The most general form of ℳ(𝑥,𝑦)(𝑡) is as 
follows 
ℳ(𝑥,𝑦)(𝑡) = ∑ 𝑚𝑛(𝑥, 𝑦)𝑡

𝑛 = 𝑚0 +
∞
𝑛=0

𝑚1𝑡+⋯+𝑚𝑘𝑡
𝑘 +⋯. 

 
By multiplying the last equation by 
−3𝑏𝑦𝑡 and 2𝑥𝑡2 , respectively, we have 
 
−3𝑏𝑦𝑡ℳ(𝑥,𝑦)(𝑡) = −3𝑏𝑦∑ 𝑚𝑛(𝑥, 𝑦)𝑡

𝑛+1 =∞
𝑛=0

−3𝑏𝑦∑ 𝑚𝑛−1(𝑥, 𝑦)𝑡
𝑛∞

𝑛=1 , 
2𝑥𝑡2 ℳ(𝑥,𝑦)(𝑡) = 2𝑥∑ 𝑚𝑛(𝑥, 𝑦)𝑡

𝑛+2 =∞
𝑛=0

2𝑥 ∑ 𝑚𝑛−2(𝑥, 𝑦)𝑡
𝑛∞

𝑛=2 . 
So, from Lemma 2.2, we get 
 
(1 − 3𝑏𝑦𝑡 + 2𝑥𝑡2 )ℳ(𝑥,𝑦)(𝑡)

= 𝑚0(𝑥, 𝑦)

+ (𝑚1(𝑥, 𝑦) − 3𝑏𝑦𝑚0(𝑥, 𝑦))𝑡 
+(𝑚2(𝑥, 𝑦) − 3𝑏𝑦𝑚1(𝑥, 𝑦) + 2𝑥𝑚0(𝑥, 𝑦))𝑡

2 
+(𝑚3(𝑥, 𝑦) − 3𝑏𝑦𝑚2(𝑥, 𝑦) + 2𝑥𝑚1(𝑥, 𝑦))𝑡

3 
+(𝑚4(𝑥, 𝑦) − 3𝑏𝑦𝑚3(𝑥, 𝑦) + 2𝑥𝑚2(𝑥, 𝑦))𝑡

4 +⋯. 

(1 − 3𝑏𝑦𝑡 + 2𝑥𝑡2 )ℳ(𝑥,𝑦)(𝑡)

= 𝑡

+∑(𝑚2𝑛 − 3𝑏𝑦𝑚2𝑛−1

∞

𝑛=1

+ 2𝑥𝑚2𝑛−2)𝑡
2𝑛 

= 𝑡 +∑(3𝑎𝑦𝑚2𝑛−1 − 3𝑏𝑦𝑚2𝑛−1)𝑡
2𝑛

∞

𝑛=1

= 𝑡 +∑(3𝑎𝑦 − 3𝑏𝑦)𝑚2𝑛−1𝑡
2𝑛

∞

𝑛=1

 

= 𝑡 + (3𝑎𝑦 − 3𝑏𝑦)𝑡2 + (3𝑎𝑦 −
3𝑏𝑦)𝑡 ∑ 𝑚2𝑛−1𝑡

2𝑛−1∞
𝑛=1 . 

 
For simplicity in operations, let’s define �̂�(𝑥,𝑦 )(𝑡) 
as follows. 

�̂�(𝑥,𝑦 )(𝑡) = ∑𝑚2𝑛−1𝑡
2𝑛−1

∞

𝑛=1

 

where 
𝑚2𝑛−1(𝑥, 𝑦) = 3𝑏𝑦𝑚2𝑛−2(𝑥, 𝑦) − 2𝑥𝑚2𝑛−3(𝑥, 𝑦) 
= 3𝑏𝑦(3𝑎𝑦𝑚2𝑛−3(𝑥, 𝑦) − 2𝑥𝑚2𝑛−4(𝑥, 𝑦))

− 2𝑥𝑚2𝑛−3(𝑥, 𝑦) 
= 𝑚2𝑛−3(𝑥, 𝑦)(9𝑎𝑏𝑦

2 − 2𝑥) − 6𝑏𝑥𝑦𝑚2𝑛−4(𝑥, 𝑦) 
 = (9𝑎𝑏𝑦2 − 4𝑥)𝑚2𝑛−3(𝑥, 𝑦) −
4𝑥2𝑚2𝑛−5(𝑥, 𝑦). 
So, we get 
�̂�(𝑥,𝑦 )(𝑡) = (1 − (9𝑎𝑏𝑦

2 − 4𝑥)𝑡2

+ 4𝑥2𝑡4)𝑚(𝑥,𝑦)(𝑡)

= 𝑚1(𝑥, 𝑦)𝑡
+ (𝑚3(𝑥, 𝑦)

− (9𝑎𝑏𝑦2 − 4𝑥)𝑚1(𝑥, 𝑦))𝑡
3 

+(𝑚5(𝑥, 𝑦) − (9𝑎𝑏𝑦
2 − 4𝑥)𝑚3(𝑥, 𝑦) +

4𝑥2𝑚1(𝑥, 𝑦))𝑡
5 +⋯. 

 
From Lemma 2.2, we get 
 
(1 − (9𝑎𝑏𝑦2 − 4𝑥)𝑡2 + 4𝑥2𝑡4)𝑚(𝑥,𝑦)(𝑡)

= 𝑡 + 2𝑥𝑡3 + 0𝑡5 + 0𝑡7 +⋯
+ 0𝑡2𝑛−1 +⋯ 

𝑚(𝑥,𝑦)(𝑡) =
𝑡 + 2𝑥𝑡3

(1 − (9𝑎𝑏𝑦2 − 4𝑥)𝑡2 + 4𝑥2𝑡4)
. 

 
Plugging  �̂�(𝑥,𝑦 )(𝑡) into ℳ(𝑥,𝑦)(𝑡), we obtain 
 
(1 − 3𝑏𝑦𝑡 + 2𝑥𝑡2 )ℳ(𝑥,𝑦)(𝑡)

= 𝑡

+
𝑡(3𝑎𝑦 − 3𝑏𝑦)(2𝑥𝑡3 + 𝑡)

(1 − (9𝑎𝑏𝑦2 − 4𝑥)𝑡2 + 4𝑥2𝑡4)
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ℳ(𝑥,𝑦)(𝑡) =
𝑡(1 − 9𝑎𝑏𝑦2𝑡2 + 4𝑥𝑡2 + 4𝑥2𝑡4 + 6𝑎𝑥𝑦𝑡3 + 3𝑎𝑦𝑡 − 6𝑏𝑥𝑦𝑡3 − 3𝑏𝑦𝑡)

(1 − (9𝑎𝑏𝑦2 − 4𝑥)𝑡2 + 4𝑥2𝑡4)(1 − 3𝑏𝑦𝑡 + 2𝑥𝑡2)
 

ℳ(𝑥,𝑦)(𝑡) =
𝑡(1 + 3𝑎𝑦𝑡 + 2𝑥𝑡2)

(1 − (9𝑎𝑏𝑦2 − 4𝑥)𝑡2 + 4𝑥2𝑡4)
 

 
 
as desired. 
□ 
 
Theorem 2.5. The Binet’s formula for  𝑚𝑚(𝑥, 𝑦) is 

given by 

𝑚𝑚(𝑥, 𝑦) =
(𝑎𝑦)1−𝛿(𝑚)

(𝑎𝑏𝑦2)
⌊
𝑚

2
⌋
(
𝛼𝑚 − 𝛽𝑚

𝛼 − 𝛽
) 

where  𝛿(𝑚) = 𝑚 − 2 ⌊
𝑚

2
⌋ is the parity function 

[9,27]. 

Proof. The function can be expressed as follows: 

𝛿(𝑚) = {
0,   𝑖𝑓 𝑚 𝑖𝑠 𝑒𝑣𝑒𝑛
1,   𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑

. 

We can find Binet’s formula as follow. 

For generating function, we use partial fraction 
decomposition method, Lemma 2.3 and then we 
apply Maclaurin’s Series expansion. 

ℳ(𝑥,𝑦)(𝑡) =
1

(𝛼 − 𝛽)
[

𝛼𝑡 + 𝑎𝑦

(1 − (3𝛼 − 2𝑥)𝑡2)

−
𝛽𝑡 + 𝑎𝑦

(1 − (3𝛽 − 2𝑥)𝑡2)
] 

=
1

(𝛼 − 𝛽)
[

𝛼𝑡 + 𝑎𝑦

−(3𝛼 − 2𝑥) (𝑡2 −
1

(3𝛼−2𝑥)
)

−
𝛽𝑡 + 𝑎𝑦

−(3𝛽 − 2𝑥) (𝑡2 −
1

(3𝛽−2𝑥)
)
] 

=
1

(𝛼 − 𝛽)
[−

𝛼𝑡 + 𝑎𝑦

(3𝛼 − 2𝑥) (𝑡2 −
(3𝛽−2𝑥)

4𝑥2
)

+
𝛽𝑡 + 𝑎𝑦

(3𝛽 − 2𝑥) (𝑡2 −
(3𝛼−2𝑥)

4𝑥2
)
] 

=
1

(𝛼 − 𝛽)
[

𝛼𝑡

2𝑥
+ 𝑎𝑦

3𝛼−2𝑥

4𝑥2

(𝑡2 −
(3𝛼−2𝑥)

4𝑥2
)
−

𝛽𝑡

2𝑥
+ 𝑎𝑦

3𝛽−2𝑥

4𝑥2

(𝑡2 −
(3𝛽−2𝑥)

4𝑥2
)
] 

=
1

4𝑥2(𝛼−𝛽)
[
2𝑥𝛼𝑡+𝑎𝑦(3𝛼−2𝑥)

(𝑡2−
(3𝛼−2𝑥)

4𝑥2
)
−
2𝑥𝛽𝑡+𝑎𝑦(3𝛽−2𝑥)

(𝑡2−
(3𝛽−2𝑥)

4𝑥2
)
]. 

The Maclaurin series for the function 𝐴−𝐵𝑧
𝑧2−𝐶

  have the 
form 

𝐴 − 𝐵𝑧

𝑧2 − 𝐶
= ∑𝐵𝐶−𝑛−1𝑧2𝑛+1 −

∞

𝑛=0

∑𝐴𝐶−𝑛−1𝑧2𝑛.

∞

𝑛=0

 

So, the generating function ℳ(𝑥,𝑦)(𝑡) can be 
expanded as  

ℳ(𝑥,𝑦)(𝑡)

=
1

4𝑥2(𝛼 − 𝛽)
[∑(−2𝑥𝛼)(

4𝑥2

3𝛼 − 2𝑥
)

𝑚+1

𝑡2𝑚+1
∞

𝑚=0

− ∑
𝑎𝑦(3𝛼 − 2𝑥)(4𝑥2)𝑚+1

(3𝛼 − 2𝑥)𝑚+1

∞

𝑚=0

𝑡2𝑚]

−
1

4𝑥2(𝛼 − 𝛽)
[∑(−2𝑥𝛽)(

4𝑥2

3𝛽 − 2𝑥
)

𝑚+1

𝑡2𝑚+1
∞

𝑚=0

− ∑
𝑎𝑦(3𝛽 − 2𝑥)(4𝑥2)𝑚+1

(3𝛽 − 2𝑥)𝑚+1

∞

𝑚=0

𝑡2𝑚] 

=
1

4𝑥2(𝛼 − 𝛽)
[∑ ((−2𝑥𝛼)(

4𝑥2

3𝛼 − 2𝑥
)

𝑚+1∞

𝑚=0

− (−2𝑥𝛽)(
4𝑥2

3𝛽 − 2𝑥
)

𝑚+1

)𝑡2𝑚+1]

+
1

4𝑥2(𝛼 − 𝛽)
[∑ (

𝑎𝑦(3𝛽 − 2𝑥)(4𝑥2)𝑚+1

(3𝛽 − 2𝑥)𝑚+1

∞

𝑚=0

−
𝑎𝑦(3𝛼 − 2𝑥)(4𝑥2)𝑚+1

(3𝛼 − 2𝑥)𝑚+1
) 𝑡2𝑚] 
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=
1

4𝑥2(𝛼 − 𝛽)
[∑ (

(−2𝑥𝛼)(4𝑥2)𝑚+1(3𝛽 − 2𝑥)𝑚+1 + (2𝑥𝛽)(4𝑥2)𝑚+1(3𝛼 − 2𝑥)𝑚+1

(3𝛽 − 2𝑥)𝑚+1(3𝛼 − 2𝑥)𝑚+1
)𝑡2𝑚+1

∞

𝑚=0

] 

+
1

4𝑥2(𝛼 − 𝛽)
[∑ (

(𝑎𝑦)(4𝑥2)𝑚+1(3𝛼 − 2𝑥)𝑚+1(3𝛽 − 2𝑥) − (𝑎𝑦)(4𝑥2)𝑚+1(3𝛽 − 2𝑥)𝑚+1(3𝛼 − 2𝑥)

(3𝛽 − 2𝑥)𝑚+1(3𝛼 − 2𝑥)𝑚+1
)

∞

𝑚=0

𝑡2𝑚]

 

From Lemma 2.3, 

ℳ(𝑥,𝑦)(𝑡) =
1

4𝑥2(𝛼 − 𝛽)
[∑(4𝛼𝑥2(3𝛼 − 2𝑥)𝑚
∞

𝑚=0

− 4𝛽𝑥2(3𝛽 − 2𝑥)𝑚) 𝑡2𝑚+1]

+
1

4𝑥2(𝛼 − 𝛽)
[∑(𝑎𝑦. 4𝑥2(3𝛼

∞

𝑚=0

− 2𝑥)𝑚

− 𝑎𝑦. 4𝑥2(3𝛽 − 2𝑥)𝑚) 𝑡2𝑚] 

=
1

4𝑥2(𝛼 − 𝛽)
[∑ (

4𝑥2𝛼2𝑚+1

(𝑎𝑏𝑦2)𝑚

∞

𝑚=0

−
4𝑥2𝛽2𝑚+1

(𝑎𝑏𝑦2)𝑚
)𝑡2𝑚+1] 

+
1

4𝑥2(𝛼 − 𝛽)
[∑ (

𝑎𝑦. 4𝑥2𝛼2𝑚

(𝑎𝑏𝑦2)𝑚

∞

𝑚=0

−
𝑎𝑦. 4𝑥2𝛽2𝑚

(𝑎𝑏𝑦2)𝑚
)𝑡2𝑚] 

=
1

𝛼 − 𝛽
[∑ (

1

𝑎𝑏𝑦2
)
𝑚

(𝛼2𝑚+1 − 𝛽2𝑚+1)𝑡2𝑚+1
∞

𝑚=0

] 

+
1

𝛼 − 𝛽
[𝑎𝑦 ∑ (

1

𝑎𝑏𝑦2
)
𝑚

(𝛼2𝑚 − 𝛽2𝑚)𝑡2𝑚
∞

𝑚=0

]. 

From the parity function, the expansion can be 
considered into the following form 

ℳ(𝑥,𝑦)(𝑡) = ∑
(𝑎𝑦)1−𝛿(𝑚)

(𝑎𝑏𝑦2)
⌊
𝑚
2
⌋
(
𝛼𝑚−𝛽𝑚

𝛼−𝛽
) 𝑡𝑚∞

𝑚=0 . 

hence by comparing the above with ℳ(𝑥,𝑦)(𝑡) =

∑ 𝑚𝑚(𝑥, 𝑦)𝑡
𝑚∞

𝑚=0 , it follows that 

𝑚𝑚(𝑥, 𝑦) =
(𝑎𝑦)1−𝛿(𝑚)

(𝑎𝑏𝑦2)
⌊
𝑚

2
⌋
(
𝛼𝑚 − 𝛽𝑚

𝛼 − 𝛽
) 

as desired. 

Theorem 2.6. The limit of every two consecutive 

terms of the polynomial is as follows 

𝑙𝑖𝑚
𝑛→∞

𝑚2𝑚+1(𝑥, 𝑦)

𝑚2𝑚(𝑥, 𝑦)
=
𝛼

𝑎𝑦
 

and 

lim
𝑛→∞

𝑚2𝑚(𝑥, 𝑦)

𝑚2𝑚−1(𝑥, 𝑦)
=
𝛼

𝑏𝑦
. 

Proof. Considering that |𝛽| < 𝛼 and properties of 
the limit, it is obtained 

lim
𝑛→∞

𝑚2𝑚+1(𝑥, 𝑦)

𝑚2𝑚(𝑥, 𝑦)
=

(𝑎𝑦)1−𝛿(2𝑚+1)

(𝑎𝑏𝑦2)
⌊
2𝑚+1
2

⌋
(
𝛼2𝑚+1−𝛽2𝑚+1

𝛼−𝛽
)

(𝑎𝑦)1−𝛿(2𝑚)

(𝑎𝑏𝑦2)
⌊
2𝑚
2
⌋
(
𝛼2𝑚−𝛽2𝑚

𝛼−𝛽
)

 

=
𝛼2𝑚+1−𝛽2𝑚+1

𝑎𝑦(𝛼2𝑚−𝛽2𝑚)
=

𝛼

𝑎𝑦
. 

Similarly, 

PROOF 
DOI: 10.37394/232020.2024.4.16 Bahar Kuloğlu, Enze Cui, Engi̇n Özkan, James F. Peters

E-ISSN: 2732-9941 162 Volume 4, 2024



lim
𝑛→∞

𝑚2𝑚(𝑥, 𝑦)

𝑚2𝑚−1(𝑥, 𝑦)
=

(𝑎𝑦)1−𝛿(2𝑚)

(𝑎𝑏𝑦2)
⌊
2𝑚
2
⌋
(
𝛼2𝑚−𝛽2𝑚

𝛼−𝛽
)

(𝑎𝑦)1−𝛿(2𝑚−1)

(𝑎𝑏𝑦2)
⌊
2𝑚−1
2

⌋
(
𝛼2𝑚−1−𝛽2𝑚−1

𝛼−𝛽
)
 

=

𝑎𝑦

(𝑎𝑏𝑦2)𝑚
(
𝛼2𝑚−𝛽2𝑚

𝛼−𝛽
)

1

(𝑎𝑏𝑦2)𝑚−1
(
𝛼2𝑚−1−𝛽2𝑚−1

𝛼−𝛽
)
=
𝛼

𝑏𝑦
 

as desired. We can conclude that the bivariate bi-
periodic Mersenne polynomial does not converge. 

□ 

Theorem 2.7. There is a relationship between 

positive terms and their corresponding negative 

terms in the polynomials is  

𝑚−𝑛(𝑥, 𝑦) = −𝑚𝑛(𝑥, 𝑦)(2𝑥)
−𝑛. 

Proof. From Binet’s formula, 

𝑚−𝑛(𝑥, 𝑦) =
(𝑎𝑦)1−𝛿(−𝑛)

(𝑎𝑏𝑦2)
⌊
−𝑛

2
⌋
(
𝛼−𝑛 − 𝛽−𝑛

𝛼 − 𝛽
)

=
(𝑎𝑦)1−𝛿(𝑛)

(𝑎𝑏𝑦2)
⌊
−𝑛

2
⌋
(

𝛽𝑛 − 𝛼𝑛

(𝛼 − 𝛽)(2𝑎𝑏𝑥𝑦2)𝑛
) 

=
(𝑎𝑦)1−𝛿(𝑛)

(𝑎𝑏𝑦2)
⌊
𝑛
2
⌋
(

𝛽𝑛−𝛼𝑛

(𝛼−𝛽)(2𝑥)𝑛
) = −𝑚𝑛(𝑥, 𝑦)(2𝑥)

−𝑛. 

□ 

Theorem 2.8. (Catalan Identity)  

Let 𝑛 and  𝑟 any two nonnegative integers such that 

𝑛 ≥ 𝑟, we have  

𝑎𝛿(𝑛−𝑟)𝑏1−𝛿(𝑛−𝑟)𝑚𝑛−𝑟(𝑥, 𝑦)𝑚𝑛+𝑟(𝑥, 𝑦)

− 𝑎𝛿(𝑛)𝑏1−𝛿(𝑛)𝑚𝑛
2(𝑥, 𝑦)

= −(2𝑥)𝑛−𝑟𝑎𝛿(𝑟)𝑏1−𝛿(𝑟)𝑚𝑟
2(𝑥, 𝑦). 

Proof. From Binet’s formula, we obtain 

𝑎𝛿(𝑛−𝑟)𝑏1−𝛿(𝑛−𝑟)𝑚𝑛−𝑟(𝑥, 𝑦)𝑚𝑛+𝑟(𝑥, 𝑦)

= 𝑎𝛿(𝑛−𝑟)𝑏1−𝛿(𝑛−𝑟)
(𝑎𝑦)1−𝛿(𝑛−𝑟)

(𝑎𝑏𝑦2)
⌊
𝑛−𝑟

2
⌋
(
𝛼𝑛−𝑟 − 𝛽𝑛−𝑟

𝛼 − 𝛽
)
(𝑎𝑦)1−𝛿(𝑛+𝑟)

(𝑎𝑏𝑦2)
⌊
𝑛+𝑟

2
⌋
(
𝛼𝑛+𝑟 − 𝛽𝑛+𝑟

𝛼 − 𝛽
)

=
(𝑎𝑦)2−𝛿(𝑛−𝑟)−𝛿(𝑛+𝑟)𝑎𝛿(𝑛−𝑟)𝑏1−𝛿(𝑛−𝑟)

(𝑎𝑏𝑦2)𝑛−𝛿(𝑛−𝑟)
(
𝛼𝑛−𝑟 − 𝛽𝑛−𝑟

𝛼 − 𝛽
)(
𝛼𝑛+𝑟 − 𝛽𝑛+𝑟

𝛼 − 𝛽
)

 

=
𝑎

(𝑎𝑏𝑦2)𝑛−1
(
𝛼2𝑛+𝛽2𝑛−(𝛼𝛽)𝑛−𝑟(𝛼2𝑟+𝛽2𝑟)

(𝛼−𝛽)2
). 

From that 𝛿(𝑛) = 𝑛 − 2 ⌊𝑛
2
⌋, we get 

𝑎𝛿(𝑛)𝑏1−𝛿(𝑛)𝑚𝑛
2(𝑥, 𝑦)

= 𝑎𝛿(𝑛)𝑏1−𝛿(𝑛)
(𝑎𝑦)2−2𝛿(𝑛)

(𝑎𝑏𝑦2)
2⌊
𝑛

2
⌋
(
𝛼2𝑛 + 𝛽2𝑛 − 2(𝛼𝛽)𝑛

(𝛼 − 𝛽)2
) 

=
𝑎2−𝛿(𝑛)(𝑦2)1−𝛿(𝑛)𝑏1−𝛿(𝑛)

𝑎𝑛−𝛿(𝑛)(𝑦2)𝑛−𝛿(𝑛)𝑏𝑛−𝛿(𝑛)
(
𝛼2𝑛 + 𝛽2𝑛 − 2(𝛼𝛽)𝑛

(𝛼 − 𝛽)2
) 

=
𝑎

𝑎𝑛−1𝑏𝑛−1(𝑦2)𝑛−1
(
𝛼2𝑛+𝛽2𝑛−2(𝛼𝛽)𝑛

(𝛼−𝛽)2
) =

𝑎

(𝑎𝑏𝑦2)𝑛−1
(
𝛼2𝑛+𝛽2𝑛−2(𝛼𝛽)𝑛

(𝛼−𝛽)2
). 

=
𝑎

(𝑎𝑏𝑦2)𝑛−1
((𝛼𝛽)𝑛−𝑟

−𝛼2𝑟 − 𝛽2𝑟 + 2(𝛼𝛽)𝑟

(𝛼 − 𝛽)2
) 

=
−𝑎

(𝑎𝑏𝑦2)𝑛−1
((𝛼𝛽)𝑛−𝑟 (

𝛼𝑟−𝛽𝑟

𝛼 − 𝛽
)

2

) 

=
−𝑎

(𝑎𝑏𝑦2)𝑛−1
((2𝑎𝑏𝑥𝑦2)𝑛−𝑟

(𝑎𝑏𝑦2)
2⌊
𝑛

2
⌋

(𝑎𝑦)2−2𝛿(𝑟)
𝑚𝑟
2(𝑥, 𝑦)) 

=
−(−2)𝑛−𝑟𝑎(𝑎𝑏)𝑛−𝑟(𝑥𝑦2)𝑛−𝑟(𝑎𝑏)𝑟−𝛿(𝑟)(𝑦2)𝑟−𝛿(𝑟)

(𝑎𝑏)𝑛−1(𝑦2)𝑛−1(𝑎)2−2𝛿(𝑟)(𝑦2)1−𝛿(𝑟)
𝑚𝑟
2(𝑥, 𝑦) 

= −(2𝑥)𝑛−𝑟𝑎𝛿(𝑟)𝑏1−𝛿(𝑟)𝑚𝑟
2(𝑥, 𝑦). 

□ 

 

PROOF 
DOI: 10.37394/232020.2024.4.16 Bahar Kuloğlu, Enze Cui, Engi̇n Özkan, James F. Peters

E-ISSN: 2732-9941 163 Volume 4, 2024



Theorem 2.9. (Cassini Identity) 

For 𝑛 ∈ ℤ+, we get  

𝑎𝛿(𝑛−1)𝑏1−𝛿(𝑛−1)𝑚𝑛−1(𝑥, 𝑦)𝑚𝑛+1(𝑥, 𝑦)

− 𝑎𝛿(𝑛)𝑏1−𝛿(𝑛)𝑚𝑛
2(𝑥, 𝑦)

= −(2𝑥)𝑛−1𝑎. 

Proof. The proof is seen easily by choosing 𝑟 = 1 in 
Catalan identity. 

□ 

Theorem 2.10. (d’Ocagne Identity) 

For 𝑟, 𝑠 ∈ ℤ+ and 𝑟 ≥ 𝑠, we have 

𝑎𝛿(𝑟𝑠+𝑟)𝑏𝛿(𝑟𝑠+𝑠)𝑚𝑟(𝑥, 𝑦)𝑚𝑠+1(𝑥, 𝑦)

− 𝑎𝛿(𝑟𝑠+𝑠)𝑏𝛿(𝑟𝑠+𝑟)𝑚𝑟+1(𝑥, 𝑦)𝑚𝑠(𝑥, 𝑦)

= (2𝑥)𝑠𝑎𝛿(𝑟−𝑠)𝑚𝑟−𝑠(𝑥, 𝑦). 

Proof. Let's consider the following equations. 

𝛿(𝑟) + 𝛿(𝑠 + 1) − 2𝛿(𝑟𝑠 + 𝑟) = 𝛿(𝑟 + 1) +

𝛿(𝑠) − 2𝛿(𝑟𝑠 + 𝑠) = 1 − 𝛿(𝑟 − 𝑠)                                         
(2.3) 

𝛿(𝑟 − 𝑠) = 𝛿(𝑟𝑠 + 𝑟) +  𝛿(𝑟𝑠 + 𝑠)                                                                                                                    
(2.4) 

𝑟−𝑠−𝛿(𝑟−𝑠)

2
= ⌊

𝑟

2
⌋ + ⌊

𝑠+1

2
⌋ − 𝛿(𝑟𝑠 + 𝑟) − 𝑠                                                                                                           

(2.5) 

𝑟−𝑠−𝛿(𝑟−𝑠)

2
= ⌊

𝑟+1

2
⌋ + ⌊

𝑠

2
⌋ − 𝛿(𝑟𝑠 + 𝑟) − 𝑠                                                                                                           

(2.6) 

𝑟−𝑠−𝛿(𝑟−𝑠)

2
= ⌊

𝑟−𝑠

2
⌋                                                                                                                                                

(2.7) 

By using the extended Binet’s formula (2.3), (2.4), 
(2.5), (2.6), it is obtained 

€ = 𝑎𝛿(𝑟𝑠+𝑟)𝑏𝛿(𝑟𝑠+𝑠)𝑚𝑟(𝑥, 𝑦)𝑚𝑠+1(𝑥, 𝑦)

=
𝑎(𝑎)𝛿(𝑟𝑠+𝑟)+1−𝛿(𝑟)−𝛿(𝑠+1)𝑏𝛿(𝑟𝑠+𝑠)𝑦2−𝛿(𝑟)−𝛿(𝑠+1)

(𝑎𝑏𝑦2)
⌊
𝑟

2
⌋+⌊

𝑠+1

2
⌋

(
𝛼𝑟−𝛽𝑟

𝛼 − 𝛽
)(
𝛼𝑠+1−𝛽𝑠+1

𝛼 − 𝛽
) 

=
𝑎(𝑎)𝛿(𝑟−𝑠)−𝛿(𝑟𝑠+𝑟)𝑏𝛿(𝑟𝑠+𝑠)𝑦2−𝛿(𝑟)−𝛿(𝑠+1)

(𝑎𝑏𝑦2)
𝑟−𝑠−𝛿(𝑟−𝑠)

2
+𝛿(𝑟𝑠+𝑠)+𝑠

(
𝛼𝑟−𝛽𝑟

𝛼 − 𝛽
)(
𝛼𝑠+1−𝛽𝑠+1

𝛼 − 𝛽
) 

=
𝑎(𝑎)𝛿(𝑟𝑠+𝑠)𝑏𝛿(𝑟𝑠+𝑠)𝑦2−𝛿(𝑟)−𝛿(𝑠+1)

(𝑎𝑏𝑦2)
𝑟−𝑠−𝛿(𝑟−𝑠)

2
+𝛿(𝑟𝑠+𝑠)+𝑠

(
𝛼𝑟−𝛽𝑟

𝛼 − 𝛽
)(
𝛼𝑠+1−𝛽𝑠+1

𝛼 − 𝛽
) 

=
𝑎(𝑎𝑏)−𝑠𝑦1−𝑟−𝑠

(𝑎𝑏)
𝑟−𝑠−𝛿(𝑟−𝑠)

2

(
𝛼𝑟−𝛽𝑟

𝛼 − 𝛽
)(
𝛼𝑠+1−𝛽𝑠+1

𝛼 − 𝛽
)

on the other hand, similarly, 

¥ = 𝑎𝛿(𝑟𝑠+𝑠)𝑏𝛿(𝑟𝑠+𝑟)𝑚𝑟+1(𝑥, 𝑦)𝑚𝑠(𝑥, 𝑦) 

=
𝑎(𝑎𝑏)−𝑠𝑦1−𝑟−𝑠

(𝑎𝑏)
𝑟−𝑠−𝛿(𝑟−𝑠)

2

(
𝛼𝑟−𝛽𝑟

𝛼 − 𝛽
)(
𝛼𝑠+1−𝛽𝑠+1

𝛼 − 𝛽
) 

from (2.7), we obtain  

€ − ¥

=
𝑎(𝑎𝑏)−𝑠𝑦1−𝑟−𝑠

(𝑎𝑏)
𝑟−𝑠−𝛿(𝑟−𝑠)

2

(
(𝛼𝛽)𝑠[−𝛽𝛼𝑟−𝑠 − 𝛼𝛽𝑟−𝑠 + 𝛼𝑟−𝑠+1 + 𝛽𝑟−𝑠+1]

(𝛼 − 𝛽)2
) 

=
(2𝑥)𝑠𝑎𝑦

(𝑎𝑏)
⌊
𝑟−𝑠

2
⌋
𝑦𝑟−𝑠

(
𝛼𝑟−𝑠−𝛽𝑟−𝑠

𝛼 − 𝛽
) 

=
(2𝑥)𝑠𝑚𝑟−𝑠(𝑥, 𝑦)𝑎

𝛿(𝑟−𝑠)𝑦𝑟−𝑠

𝑦𝑟−𝑠
(
𝛼𝑟−𝑠−𝛽𝑟−𝑠

𝛼 − 𝛽
) 

= (2𝑥)𝑠𝑎𝛿(𝑟−𝑠)𝑚𝑟−𝑠(𝑥, 𝑦). 

□  

 

PROOF 
DOI: 10.37394/232020.2024.4.16 Bahar Kuloğlu, Enze Cui, Engi̇n Özkan, James F. Peters

E-ISSN: 2732-9941 164 Volume 4, 2024



Theorem 2.11. For any numbers 𝑛 ∈ ℤ+, we have  

∑ (
𝑛

𝑚
)3𝑚(−2𝑥)𝑛−𝑚(𝑎𝑏𝑦2)

⌊
𝑚

2
⌋(𝑎𝑦)𝛿(𝑚)𝑚𝑚(𝑥, 𝑦)

𝑛

𝑚=0

= 𝑚2𝑛(𝑥, 𝑦) 

∑ (
𝑛

𝑚
)3𝑚(−2𝑥)𝑛−𝑚(𝑎𝑏𝑦2)

⌊
𝑚+1

2
⌋(𝑎𝑦)𝛿(𝑚+1)𝑚𝑚+1(𝑥, 𝑦)

𝑛

𝑚=0

= 𝑚2𝑛+1(𝑥, 𝑦). 

 

Proof. By using Binet’s formula, we have 

(𝑎𝑦)
(3𝛼)𝑚 − (3𝛽)𝑚

𝛼 − 𝛽

= 3𝑚(𝑎𝑏𝑦2)
⌊
𝑚

2
⌋(𝑎𝑦)𝛿(𝑚)𝑚𝑚(𝑥, 𝑦) 

from above equation and binomial expansion, we 
get 

∑ (
𝑛

𝑚
)3𝑚(−2𝑥)𝑛−𝑚(𝑎𝑏𝑦2)

⌊
𝑚

2
⌋(𝑎𝑦)𝛿(𝑚)𝑚𝑚(𝑥, 𝑦)

𝑛

𝑚=0

 

= ∑ (
𝑛

𝑚
) (−2𝑥)𝑛−𝑚(𝑎𝑦)

(3𝛼)𝑚 − (3𝛽)𝑚

𝛼 − 𝛽

𝑛

𝑚=0

 

=
𝑎𝑦

𝛼 − 𝛽
(∑ (

𝑛

𝑚
) (3𝛼)𝑚(−2𝑥)𝑛−𝑚

𝑛

𝑚=0

− ∑ (
𝑛

𝑚
)(3𝛽)𝑚(−2𝑥)𝑛−𝑚

𝑛

𝑚=0

) 

=
(𝑎𝑦)

𝛼 − 𝛽
((3𝛼 − 2𝑥)𝑛 − (3𝛽 − 2𝑥)𝑛) 

=
𝑎𝑦

𝛼 − 𝛽
((

𝛼2

𝑎𝑏𝑦2
)

𝑛

− (
𝛽2

𝑎𝑏𝑦2
)

𝑛

)

=
𝑎𝑦

(𝑎𝑏𝑦2)𝑛
(𝛼)2𝑛 − (𝛽)2𝑛

𝛼 − 𝛽

= 𝑚2𝑛(𝑥, 𝑦) 

similarly, 

∑ (
𝑛

𝑚
)3𝑚(−2𝑥)𝑛−𝑚(𝑎𝑏𝑦2)

⌊
𝑚+1

2
⌋(𝑎𝑦)𝛿(𝑚+1)𝑚𝑚+1(𝑥, 𝑦)

𝑛

𝑚=0

= 

= ∑ (
𝑛

𝑚
)(−2𝑥)𝑛−𝑚(𝑎𝑦)

𝛼(3𝛼)𝑚 − 𝛽(3𝛽)𝑚

𝛼 − 𝛽

𝑛

𝑚=0

 

=
𝑎𝑦

𝛼 − 𝛽
(𝛼 ∑ (

𝑛

𝑚
) (3𝛼)𝑚(−2𝑥)𝑛−𝑚

𝑛

𝑚=0

−𝛽 ∑ (
𝑛

𝑚
) (3𝛽)𝑚(−2𝑥)𝑛−𝑚

𝑛

𝑚=0

) 

=
(𝑎𝑦)

𝛼 − 𝛽
(𝛼(3𝛼 − 2𝑥)𝑛 − 𝛽(3𝛽 − 2𝑥)𝑛) 

=
𝑎𝑦

𝛼 − 𝛽
(𝛼 (

𝛼2

𝑎𝑏𝑦2
)

𝑛

− 𝛽 (
𝛽2

𝑎𝑏𝑦2
)

𝑛

)

=
𝑎𝑦

(𝑎𝑏𝑦2)𝑛
(𝛼)2𝑛+1 − (𝛽)2𝑛+1

𝛼 − 𝛽

= 𝑚2𝑛+1(𝑥, 𝑦). 

□ 

4 Conclusion 
 
The exploration of bivariate and biperiodic 
Mersenne polynomials reveals deep connections 
among their roots, coefficients, and unique 
properties, contributing significantly to the current 
understanding of these polynomials. When 
compared to earlier studies, this work advances the 
field by deriving the generating function, Binet 
formula, and summation formulas, which offer fresh 
perspectives and insights. The identification of links 
to Catalan identities and the behavior of positive and 
negative terms further strengthens the relevance and 
impact of these findings. This research not only 
adds to the theoretical framework of Mersenne 
polynomials but also opens up new avenues for 
future investigations.  
Expanding this study to other number sequences and 
exploring the relationships among them could yield 
valuable insights, enhancing both the theoretical and 
practical applications of these polynomials in 
various mathematical domains. 
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Appendix 

Marin Mersenne (1588-1648) observed 
conjectured incorrectly that the numbers 2𝑝−1, 𝑝 a 
prime, were prime for the numbers 2, 3, 5, 7, 13, 17, 
19, 31, 67, 127, and 257 and were composite for all 
other positive integers 𝑝 < 257. However, 
Mersenne overlooked the primes 261 − 1, 289 −
1, 2107 − 1. The correct list is  
 𝟐, 𝟑, 𝟓, 7, 𝟏𝟑, 17,19,31,61, 𝟖𝟗, 107,127 
for the Mersenne primes  
 

3,7,31,127,8191,131071,524287, 2147483647⏞        
 𝑴𝟑𝟏  =  𝟐

𝟑𝟏−𝟏 

, 

 147573952589676412927⏞                  
 𝑴𝟔𝟕  =  𝟐

𝟔𝟕−𝟏 

,   𝑎𝑛𝑑  
 

170141183460469231731687303715884105727⏞                                  
 𝑴𝟏𝟐𝟕  =  𝟐

𝟏𝟐𝟕−𝟏.

 
 
Some studies on Mersenne numbers by Koshy and 
Gao [11] have been on the investigation the 
divisibility properties of these numbers into Catalan 
numbers. Mersenne sequence has an important place 
in number theory as it is also involved in computer 
science because of Mersenne primes. In number 
theory, Mersenne number of orders 𝑛 is defined as 
2𝑛 − 1, where 𝑛 is a non-negative integer. This 
identity is defined as the Binet formula for the 
Mersenne sequence. 
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