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1  Introduction 
The celebrated Kalman filter has been applied in 
many fields of science and engineering, such as 
prediction and estimation applications to the 
aerospace industry, communication systems, 
filtering noise from images, power system, GPS 
position estimation, autonomous orbit 
determination, pose regularization, robotics, control 
effectiveness estimation on airplanes, applications 
with time-correlated measurement errors, aircraft 
state estimation, as referred in [1], [2], [3], [4], [5], 
[6], [7], [8], [9].  Complex Kalman filter has been 
used with success in applications with complex 
signals, such tracking, oceanography, array 
processing, communications, biomedicine, tracking 
for Global Navigation Satellite System (GNSS) 
meta-signals, power system frequency, unbalanced 
grids, sensor applications as referred in [10], [11], 
[12], [13], [14], [15].  

It is known that a complex signal is 
characterized by the following statistical properties 
(a) the covariance, that captures the information 
corresponding to the total power of the signal and 
(b) the pseudo-covariance or complementary 
covariance, that characterizes the correlations 
between the real and imaginary parts of the signal, 
[11]. The traditional linear state space model is 

applicable only to proper (circular) signals as it 
takes into account the covariance matrix and ignores 
the pseudo-covariance matrix; then the conventional 
complex Kalman filter is derived. The augmented or 
widely linear model is applicable to improper (non-
circular) complex signals as it takes into account 
both the covariance and pseudo-covariance 
matrices; then the augmented complex Kalman filter 
is derived.  

Traditionally, Kalman filter computes the state 
estimation and prediction as well as the 
corresponding estimation and prediction error 
covariances using the observations. It has been 
noted [16] that the computations of prediction error 
covariances are independent of the observations and 
as such can be calculated a-priori, i.e. before any 
observation is available. Then the prediction error 
covariance can be iteratively derived by the Riccati 
recursion, [16].  

In this paper we consider the time-invariant 
augmented or widely linear model, where all the 
model parameters are time constant. In this case,  
the augmented complex Riccati equation appears. In 
view of the importance of the real Riccati equation, 
there exists considerable literature on its iterative 
solutions, [1]. Following the ideas of solving the 
real Riccati equation [1] and the ideas of solving the 
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complex Lyapunov equation [17], we present 
iterative solutions of the complex Riccati equation.  

 
The key contributions of the paper are:  
(a) the derivation of iterative solutions (per step and 
doubling algorithms) for the solution of the complex 
Riccati equation  
(b) the determination of the steady-state augmented 
complex Kalman filter parameters 
(c) the derivation of the computational requirements 
of the iterative algorithms 
(d) the development of a method to select the faster 
algorithm. 
 
 
2 Augmented Complex Riccati 

 Equation 
The time-invariant augmented or widely linear 

model arises in linear estimation concerning 
complex signals and is described by the following 
state space equations, [16]: 
xa(k) = Faxa(k − 1) + wa(k)    (1) 
 
za(k) = Haxa(k) + va(k)                (2) 
where  

- the  2n × 1 augmented state vector xa(k) = [
x(k)
x̅(k)

] 

consists of the n dimensional state vector x(k) and 
its conjugate x̅(k) 
- the 2m × 1 augmented measurement vector 

za(k) = [
z(k)
z̅(k)

] consists of the m dimensional 

measurement vector z(k) and its conjugate z̅(k) 
- Fa = [

F A
A̅ F̅

] is the augmented transition matrix 

- Ha = [
H B
B̅ H̅

] is the augmented output matrix  

- the augmented state noise wa(k) = [
w(k)
w̅(k)

] 

consists of the n dimensional state noise 
vector w(k) and its conjugate w̅(k); w(k) is 
Gaussian with zero mean, covariance Q and pseudo-
covariance U; wa(k) is non-circular Gaussian with 

zero mean and covariance Qa = [
Q U

U̅ Q̅
] 

- the augmented measurement noise va(k) = [
v(k)
v̅(k)

] 

consists of the m dimensional state noise 
vector v(k) and its conjugate v̅(k); v(k) is Gaussian 
with zero mean, covariance R and pseudo-
covariance V; va(k) is non-circular Gaussian with 
zero mean and covariance Ra = [

R V
V̅ R̅

] 

- the augmented initial state xa(0) = [
x(0)
x̅(0)

] consists 

of the initial state x(0) and its conjugate x̅(0); x(0) 
is Gaussian with mean x0, covariance P0 and 
pseudo-covariance Π0; xa(0) is non-circular 
Gaussian with mean x0

a = [
x0

x̅0
] and covariance 

P0
a = [

P0 Π0

Π̅0 P̅0
]. 

 
Note that Qa, Ra, P0

a are Hermitian matrices. 
Note also that a covariance matrix M is a Hermitian 
matrix (M∗ = M) and a pseudo-covariance matrix N 
is a symmetric matrix (NT = N); T is the transpose 
and * is the conjugate transpose.  

The augmented complex Kalman filter (ACKF) 
computes the augmented state prediction and 
estimation and the corresponding covariances, using 
the augmented Kalman filter gain, which is derived 
by minimizing the cost function based on the MSE 
criterion, [11]. 

The state prediction x(k|k − 1) has covariance 
matrix P(k|k − 1) and pseudo-covariance matrix 
Π(k|k − 1). The augmented state prediction 
xa(k|k − 1) has covariance matrix Pa(k|k − 1) =

[
P(k|k − 1) Π(k|k − 1)

Π̅(k|k − 1) P̅(k|k − 1)
]. 

The state estimation x(k|k) has covariance 
matrix P(k|k) and pseudo-covariance matrix 
Π(k|k). The augmented state estimation xa(k|k) has 

covariance matrix Pa(k|k) = [
P(k|k) Π(k|k)

Π̅(k|k) P̅(k|k)
]. 

Note that Pa(k|k − 1)and Pa(k|k) are 
Hermitian matrices. 

The augmented Kalman filter gain is Ka(k) =

[
K(k) G(k)

G̅(k) K̅(k)
]. 

 
For time-invariant systems, where the 

augmented model parameters Fa, Ha, Qa, Ra are 
constant matrices, the Time Invariant Augmented 
Complex Kalman Filter is derived: 
Time Invariant Augmented Complex Kalman Filter 

(TIACKF) 

initial conditions 

xa(0|−1)=x0
a 

Pa(0|−1) = P0
a 

iterations k = 0,1, … 
Ka(k) = Pa(k|k − 1)Ha∗[HaPa(k|k − 1)Ha∗ + Ra]−1 
xa(k|k) = [Ia − Ka(k)Ha]xa(k|k − 1) + Ka(k)za(k) 
Pa(k|k) = [Ia − Ka(k)Ha]Pa(k|k − 1) 
xa(k + 1|k) = Faxa(k|k) 
Pa(k + 1|k) = Qa + FaPa(k|k)Fa∗ 
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Comment 1. The initial conditions are the statistics 
(mean, covariance) of the initial augmented state 
given no measurements.  
Comment 2. The existence of the inverse of the 
matrices in the augmented Kalman filter gain 
equation is ensured assuming that Ra is positive 
definite (and hence invertible); this has the 
significance that no measurement is exact.  

It is evident that computations of estimation and 
prediction error covariances and of the Kalman filter 
gain are independent of the observations. Then the 
prediction error covariance can be iteratively 
derived by the Augmented Complex Riccati 

equation, [16]:  
Pa(k + 1|k) = Qa + FaPa(k|k − 1)Fa∗ 
         −FaPa(k|k − 1)Ha∗ 
                     [HaPa(k|k − 1)Ha∗

+ Ra]−1 
                     HaPa(k|k − 1)Fa∗                            (3) 
 

Note that assuming that Ra is positive definite 
and using the Matrix Inversion Lemma the 
Augmented Complex Riccati equation is rewritten 
as: 
Pa(k + 1|k) = Qa 
+Fa[Pa−1(k|k − 1) + Ha∗Ra−1Ha]

−1
Fa∗  (4) 

 
Note that ba = Ha∗Ra−1Ha is a Hermitian matrix. 
 

If the signal process model is asymptotically 
stable, then there exists a steady-state value Pa  of 
the prediction error covariance matrix. This value 
remains constant after the steady-state time is 
reached. The steady-state prediction error 
covariance matrix satisfies the Augmented 

Complex Algebraic Riccati equation 

Pa   = Qa + FaPa Fa∗ 
−FaPaHa∗[HaPaHa∗ + Ra]−1HPaFa∗               (5) 
which, assuming that Ra is positive definite, can be 
rewritten as: 
Pa = Qa + Fa[Pa−1 + Ha∗Ra−1Ha]

−1
Fa∗            (6) 

 
Existence, localization and approximation of 

complex Riccati equation have been studied in [18]. 
Solutions of the complex non-symmetric algebraic 
Riccati equation are discussed in [19]. 

In the steady-state case, the Steady State 
Augmented Complex Kalman Filter is derived: 
Steady State Augmented Complex Kalman Filter 

(SSACKF) 

initial condition 

xa(0|0) = xa
0 

iterations k = 1,2, … 
xa(k|k) = Caxa(k − 1|k − 1) + Daza(k)  
 

Comment.  
The steady-state coefficients 
Ca = [Ia − KaHa]Fa 
Da = Ka 
are calculated off-line by first solving the 
corresponding augmented complex Riccati equation 
and then and off-line computing the steady-state 
Kalman filter gain: 
Ka = PaHa∗[HaPaHa∗

+ Ra]−1. 
 

It is clear that the steady-state augmented 
complex Kalman filter parameters are determined 
via the solution of the augmented complex Riccati 
equation.  
 
 
3  Iterative Per Step Algorithms 
 

3.1 Direct Per Step Algorithm 
The conventional solution of the complex Riccati 
equation is derived by iteratively implementing the 
Augmented Complex Riccati equation. 

Assuming that Ra is positive definite (and hence 
invertible) and Pa(0|−1) = 0, which implies 
Pa(1|0) = Qa, the direct use of the Augmented 
Complex Riccati equation leads to the direct per 
step algorithm: 

 
Direct Per Step Algorithm 

initialization 

ba = Ha∗Ra−1Ha 
initial condition 

Pa(1|0) = Qa 
iterations k = 1,2, … 
Pa(k + 1|k) = Qa + Fa[Pa−1(k|k − 1) + ba]

−1
Fa∗ 

until 

‖Pa(k + 1|k) − Pa(k|k − 1)‖ < 𝜀 
output 

Pa = lim
k→∞

Pa(k + 1|k) 

 
3.2  Transformed Per Step Algorithm 
Assuming that Qa and Ra are positive definite (and 
hence invertible) and using the Matrix Inversion 
Lemma in the Augmented Complex Riccati 
equation we get: 
Pa(k + 1|k) = Qa 
+Fa[Pa−1(k|k − 1) + Ha∗Ra−1Ha]

−1
Fa∗ 

⇒ Pa−1(k + 1|k) = Qa−1 
−Qa−1Fa 
[Pa−1(k|k − 1) + Ha∗Ra−1Ha + Fa∗Qa−1Fa]

−1
 

Fa∗Qa−1 
⇒ Pa−1(k + 1|k) + Ha∗Ra−1Ha + Fa∗Qa−1Fa 
= Qa−1 + Ha∗Ra−1Ha + Fa∗Qa−1Fa 
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−Qa−1
Fa 

[Pa−1(k|k − 1) + Ha∗
Ra−1

Ha + Fa∗
Qa−1

Fa]
−1

 
(Qa−1

Fa)
∗
 

 
Then, setting  
La(k|k − 1) = Pa−1(k|k − 1) 
+Ha∗

Ra−1
Ha + Fa∗

Qa−1
Fa 

Γa = Qa−1
+ Ha∗

Ra−1
Ha + Fa∗

Qa−1
Fa 

Φa = Qa−1
Fa 

we are able to rewrite the augmented complex 
Riccati equation as: 
La(k + 1|k) = Γa − ΦaLa−1(k|k − 1)Φa∗ 
 

Then assuming Pa(0|−1) = 0, which implies 
Pa(1|0) = Qa, we derive the transformed per step 
algorithm: 
Transformed Per Step Algorithm 

initialization 

Γa = Qa−1 + Ha∗Ra−1Ha + Fa∗Qa−1Fa 
Φa = Qa−1Fa 
initial condition 

La(1|0) = Γa = Qa−1 + Ha∗Ra−1Ha + Fa∗Qa−1Fa 
iterations k = 1,2, … 
La(k + 1|k) = Γa − ΦaLa−1(k|k − 1)Φa∗ 
until 

‖La(k + 1|k) − La(k|k − 1)‖ < 𝜀 
output 

La = lim
k→∞

La(k + 1|k) 

Pa = {La − (Ha∗Ra−1Ha + Fa∗Qa−1Fa)}
−1

 

 
3.3  Dual Direct Per Step Algorithm 
We are going to derive the iterative dual direct per 
step algorithm by using the duality concept [16]. In 
fact, for the n × 1 complex vector x = xR + jxI, 
with xR and xI its real part and  imaginary part, 

consider its dual 2n × 1 vector xd = [xR

xI ].Then 

xa = Jnxd, where Jn = [
In jIn

In −jIn
] is of dimension 

2n × 2n   and In is the n × n   identity matrix. Note 
that the following property holds: Jn

∗ = 2Jn
−1 =

[
In In

−jIn jIn
]. 

 
Furthermore, the dual covariance matrix is related to 
the 2n × 2n augmented covariance matrix by: 
Pa = JnPdJn

∗  
 
Also, the dual matrix is related to the 2m × 2n  
augmented matrix by: 
Ma = JmMdJn

−1 
Then we have: 
Fa = JnFdJn

−1 

Ha = JmHdJn
−1 

Qa = JnQdJn
∗  

Ra = JmRdJm
∗  

 
Assume that Ra and Rd are positive definite (and 
hence invertible). Then 
ba = Ha∗

Ra−1
Ha 

bd = HdT
Rd−1

Hd 
 
Then 
ba = Ha∗

Ra−1
Ha

= (JmHdJn
−1)

∗
(JmRdJm

∗ )
−1

(JmHdJn
−1)

= Jn
−1∗

Hd∗
Jm

∗ Jm
∗ −1Rd−1

Jm
−1JmHdJn

−1

= Jn
−1∗

(Hd∗
Rd−1

Hd) Jn
−1 = Jn

−1∗
(HdT

Rd−1
Hd) Jn

−1

= Jn
∗ −1bdJn

−1 
 
It is clear that 
ba = Jn

∗ −1bdJn
−1 =

1

2
JnbdJn

−1 
and 
bd = 2Jn

−1baJn = Jn
∗ baJn 

 
Also, Pa(k|k − 1) = JnPd(k|k − 1)Jn

∗  
 
Note that Fd, Hd, Qd, Rd, bd and Pd(k|k − 1) are 
real matrices.  
 
Note also that Qd, Rd, bd and Pd(k|k − 1) are real 
symmetric matrices.  

 
Then, from the per step algorithm we get: 
Pa(k + 1|k) = Qa + Fa[Pa−1(k|k − 1) + ba]

−1
Fa∗ 

⇒ JnPd(k + 1|k)Jn
∗ = JnQdJn

∗  
+JnFdJn

−1 

[(JnPd(k|k − 1)Jn
∗ )

−1
+ Jn

∗ −1bdJn
−1]

−1
 

(JnFdJn
−1)

∗
= JnQdJn

∗ + JnFdJn
−1 

[Jn
∗ −1 (Pd(k|k − 1))

−1
Jn

−1 + Jn
∗ −1bdJn

−1]
−1

 

Jn
∗ −1Fd∗

Jn
∗  

 = JnQdJn
∗  

+JnFdJn
−1Jn [(Pd(k|k − 1))

−1
+ bd]

−1

Jn
∗ Jn

∗ −1Fd∗
Jn

∗  

 = JnQdJn
∗ + JnFd [(Pd(k|k − 1))

−1
+ bd]

−1

Fd∗
Jn

∗  

⇒ Pd(k + 1|k) = Qd 

+Fd [(Pd(k|k − 1))
−1

+ bd]
−1

FdT
 

since Fd is a real matrix. 
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Assuming that Pa(0|−1) = 0, which implies 
Pa(1|0) = Qa, we have derived the dual direct per 
step algorithm is derived: 

 
Dual Direct Per Step Algorithm 

initialization 

Fd = Jn
−1FaJn 

Hd = Jm
−1HaJn 

Qd = Jn
−1QaJn

−∗ 
Rd = Jm

−1RaJm
−∗ 

bd = HdT
Rd−1

Hd 
initial condition 

Pd(1|0) = Jn
−1QJn

−∗ 

iterations k = 1,2, … 

Pd(k + 1|k) = Qd + Fd [Pd−1
(k|k − 1) + bd]

−1

FdT 
until 

‖Pd(k + 1|k) − Pd(k|k − 1)‖ < 𝜀 
output 

Pd = lim
k→∞

Pd(k + 1|k) 

Pa = JnPdJn
∗  

 
3.4  Dual Transformed Per Step Algorithm 
Using the duality concept, we get 
bd = 2Jn

−1baJn = Jn
∗ baJn 

Φd = Jn
∗ ΦaJn 

Γd = Jn
∗ ΓaJn 

 
since 
ba = Ha∗

Ra−1
Ha

= (JmHdJn
−1)

∗
(JmRdJm

∗ )
−1

(JmHdJn
−1)

= Jn
−1∗

Hd∗
Jm

∗ Jm
∗ −1Rd−1

Jm
−1JmHdJn

−1

= Jn
−1∗

(Hd∗
Rd−1

Hd) Jn
−1 = Jn

−1∗
(HdT

Rd−1
Hd) Jn

−1

= Jn
∗ −1bdJn

−1 
Φa = Qa−1Fa = (JnQdJn

∗ )
−1

(JnFdJn
−1)

= Jn
−∗Qd−1

Jn
−1JnFdJn

−1

= Jn
−∗Qd−1

FdJn
−1 = Jn

−∗ΦdJn
−1 

Γa = Qa−1 + Ha∗Ra−1Ha + Fa∗Qa−1Fa

= Qa−1 + ba + Fa∗Qa−1Fa 
= (JnQdJn

∗ )
−1

+ Jn
−∗bdJn

−1

+ (JnFdJn
−1)

∗
(JnQdJn

∗ )
−1

(JnFdJn
−1) 

= Jn
−∗Qd−1

Jn
−1 + Jn

−∗bdJn
−1

+ Jn
−∗Fd∗

Jn
∗ Jn

−∗Qd−1
Jn

−1JnFdJn
−1 

= Jn
−∗Qd−1

Jn
−1 + Jn

−∗bdJn
−1 + Jn

−∗FdT
Qd−1

FdJn
−1 

= Jn
−∗ (Qd−1

+ bd + FdT
Qd−1

Fd) Jn
−1 

= Jn
−∗ΓdJn

−1 
 
Also 
cd = 2Jn

−1caJn = Jn
∗ caJn 

 

since 
ca = Fa∗

Qa−1
Fa 

= (JnFdJn
−1)

∗
(JnQdJn

∗ )
−1

(JnFdJn
−1) 

= Jn
−∗Fd∗

Jn
∗ Jn

−∗Qd−1
Jn

−1JnFdJn
−1 

= Jn
−∗FdT

Qd−1
FdJn

−1 
= Jn

−∗cdJn
−1 

 
Then  
Ld(1|0) = Jn

∗ La(1|0)Jn 
since 
La(1|0) = Qa−1

+ Ha∗
Ra−1

Ha + Fa∗
Qa−1

Fa = Γa 
 
Then we define 
Ld(k|k − 1) = Jn

∗ La(k|k − 1)Jn 
and from 
La(k + 1|k) = Γa − ΦaLa−1(k|k − 1)Φa∗ 
we get 
La(k + 1|k) = Γa − ΦaLa−1(k|k − 1)Φa∗ 
= (Jn

−∗ΓdJn
−1)

− (Jn
−∗ΦdJn

−1)(Jn
−∗Ld(k|k − 1)Jn

−1)
−1

(Jn
−∗ΦdJn

−1)
∗
 

= Jn
−∗ΓdJn

−1

− Jn
−∗ΦdJn

−1Jn (Ld(k|k − 1))
−1

Jn
∗ Jn

−∗(Φd)
∗
Jn

−1 

= Jn
−∗ΓdJn

−1 − Jn
−∗ΦdLd−1

(k|k − 1)(Φd)
T

Jn
−1 

= Jn
−∗ (Γd − ΦdLd−1

(k|k − 1)ΦdT
) Jn

−1 
= Jn

−∗Ld(k + 1|k)Jn
−1 

 
Thus 
Ld(k + 1|k) = Jn

∗ La(k + 1|k)Jn 
 
Finally, we define 
Pd = Jn

−1PaJn
−∗ 

and from 
Pa = {La − (Ha∗Ra−1Ha + Fa∗Qa−1Fa)}

−1
 

we get 
Pa = {La − (Ha∗Ra−1Ha + Fa∗Qa−1Fa)}

−1
 

⇒ Pa−1 = La − (Ha∗Ra−1Ha + Fa∗Qa−1Fa) 
⇒ Pa−1 = La − (ba + Fa∗Qa−1Fa) 
= Jn

−∗LdJn
−1

− (Jn
−∗bdJn

−1 + (JnFdJn
−1)

∗
(JnQdJn

∗ )
−1

(JnFdJn
−1)) 

= Jn
−∗LdJn

−1 − (Jn
−∗bdJn

−1

+ Jn
−∗FdJn

∗ Jn
−∗Qd−1

Jn
−1JnFdJn

−1) 

= Jn
−∗LdJn

−1 − (Jn
−∗bdJn

−1 + Jn
−∗FdQd−1

FdJn
−1) 

= Jn
−∗ (Ld − (bd + FdQd−1

Fd)) Jn
−1 

⇒ Pa = Jn {Ld − (bd + FdQd−1
Fd)}

−1
Jn

∗  
= JnPdJn

∗  
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Then we derive the dual transformed per step 
algorithm: 
Dual Transformed Per Step Algorithm 

initialization 

Fd = Jn
−1FaJn 

Hd = Jm
−1HaJn 

Qd = Jn
−1QaJn

−∗ 
Rd = Jm

−1RaJm
−∗ 

Φa = Qa−1Fa 
Φd = Jn

∗ ΦaJn 
Γa = Qa−1 + Ha∗Ra−1Ha + Fa∗Qa−1Fa 
Γd = Jn

∗ ΓaJn 
ba = Ha∗Ra−1Ha 
bd = Jn

∗ baJn 
ca = Fa∗Qa−1Fa 
cd = Jn

∗ caJn 
initial condition 

La(1|0) = Γa = Qa−1 + Ha∗Ra−1Ha + Fa∗Qa−1Fa 
Ld(1|0) = Jn

∗ La(1|0)Jn 
iterations k = 1,2, … 
Ld(k + 1|k) = Γd − ΦdLd−1

(k|k − 1)ΦdT 
until 

‖Ld(k + 1|k) − Ld(k|k − 1)‖ < 𝜀 
output 

Ld = lim
k→∞

L(k + 1|k) 

Pd = {Ld − (bd + FdQd−1
Fd)}

−1

 
Pa = JnPdJn

∗  

 
Note that Fd, Hd, Qd, Rd, Φd, Γd and Ld(k|k − 1) are 
real matrices.  
Note also that Qd, Rd and Ld(k|k − 1) are real 
symmetric matrices.  
 

 

4  Iterative Doubling Algorithms 
 
4.1  Direct Doubling Algorithm 
Doubling algorithms have been part of the folklore 
associated with Riccati equations in linear systems 
problems for some time, [1].  

After some algebra, assuming that Ra is positive 
definite (and hence invertible), the augmented 
complex Riccati equation can be rewritten as: 

[
X(k + 1|k)

Y(k + 1|k)
] = Sa [

X(k|k − 1)

Y(k|k − 1)
] 

where 
Pa(k + 1|k) = Y(k + 1|k)X−1(k + 1|k) 
aa = Fa∗ 
ba = Ha∗Ra−1Ha 
ca = Qa 
and 

Sa = [ aa−1 aa−1ba

caaa−1 aa∗ + caaa−1ba
] 

is a symplectic matrix. 
 

The doubling concept is to compute the 
prediction error covariance matrix at time double 
the previous time. Then, we are able to derive the 
direct doubling algorithm for solving the complex 
Riccati equation. 
Direct Doubling Algorithm 

initial conditions 

aa(1) = Fa∗, ba(1) = Ha∗Ra−1Ha, ca(1) = Qa 
iterations k = 1,2, … 
aa(k + 1) = aa(k)[Ia + ba(k)ca(k)]−1aa(k) 
ba(k + 1) = ba(k) 
+aa(k)[Ia + ba(k)ca(k)]−1ba(k)aa∗(k) 
ca(k + 1) = ca(k) 
+aa∗(k)ca(k)[Ia + ba(k)ca(k)]−1aa(k) 
until 

‖ca(k + 1) − ca(k)‖ < 𝜀 
output 

Pa = lim
k→∞

ca(k) 

 
Note that ba(k), ca(k) are Hermitian matrices. 

Note also that ba(k)ca(k) is not a Hermitian matrix, 
since ba(k)ca(k) ≠ ca(k)ba(k). 
 
4.2  Transformed Doubling Algorithm 
Assuming that Qa and Ra are positive definite (and 
hence invertible) and using the Matrix Inversion 
Lemma in the Augmented Complex Riccati 
equation we get: 
Pa(k + 1|k) = Qa 
+Fa[Pa−1(k|k − 1) + Ha∗Ra−1Ha]

−1
Fa∗ 

⇒ Pa−1(k + 1|k) = Qa−1 
−Qa−1Fa 
[Pa−1(k|k − 1) + Ha∗Ra−1Ha + Fa∗Qa−1Fa]

−1
 

Fa∗Qa−1 
 
Then, setting 
Πa(k|k − 1) = Pa−1(k|k − 1) 
βa = Ha∗Ra−1Ha + Fa∗Qa−1Fa 
αa = Qa−1Fa 
 
We are able to rewrite the augmented complex 
Riccati equation as: 
Πa(k + 1|k) = Qa−1 − αa[Πa(k|k − 1) + βa]−1αa∗ 
 
After some algebra, the augmented complex Riccati 
equation can be rewritten as: 

[
X(k + 1|k)

Y(k + 1|k)
] = Σa [

X(k|k − 1)

Y(k|k − 1)
] 

 
where 
Πa(k + 1|k) = X(k + 1|k)Y−1(k + 1|k) 
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αa = Qa−1
Fa 

βa = Fa∗
Qa−1

Fa + Ha∗
Ra−1

Ha 
γa = Qa−1 
and 

Σa = Sa = [
γaαa−∗

γaαa−∗
βa − αa

αa−∗
αa−∗

βa ] 

is a symplectic matrix. 
 

Then assuming Pa(0|−1) = 0, which implies 
Pa(1|0) = Qa, we derive the transformed doubling 
algorithm: 
Transformed Doubling Algorithm 

initial conditions 

αa(1) = Qa−1Fa 

βa(1) = Fa∗Qa−1Fa + Ha∗Ra−1Ha 

γa(1) = Qa−1 
iterations k = 1,2, … 
αa(k + 1) = αa(k)[βa(k) + γa(k)]−1αa(k) 
βa(k + 1) = βa(k) − αa∗(k)[βa(k) + γa(k)]−1αa(k) 
γa(k + 1) = γa(k) − αa(k)[βa(k) + γa(k)]−1αa∗(k) 
until 

‖γa(k + 1) − γa(k)‖ < 𝜀 
output 

Πa = lim
k→∞

γa(k) 

Pa = Πa−1 
 
Note that βa(k), γa(k) are Hermitian matrices. 
 
4.3  Dual Direct Doubling Algorithm 
We are going to derive the iterative dual direct 
doubling algorithm by using the duality concept, 
[16]. Using the duality concept and assuming that 
Ra and Rd are positive definite (and hence 
invertible), we get:  
ba = Ha∗Ra−1Ha

= (JmHdJn
−1)

∗
(JmRdJm

∗ )
−1

(JmHdJn
−1)

= Jn
−1∗

Hd∗
Jm

∗ Jm
∗ −1Rd−1

Jm
−1JmHdJn

−1

= Jn
−1∗

(Hd∗
Rd−1

Hd) Jn
−1 = Jn

−1∗
(HdT

Rd−1
Hd) Jn

−1

= Jn
∗ −1bdJn

−1 
 
It is clear that 
ba = Ha∗Ra−1Ha = Jn

∗ −1bdJn
−1 =

1

2
JnbdJn

−1 
and 
bd = HdT

Rd−1
Hd = 2Jn

−1baJn = Jn
∗ baJn 

 
Also, 
Ia = JnIdJn

−1 
aa(k) = Jnad(k)Jn

−1 
ba(k) =

1

2
Jnbd(k)Jn

−1 
ca(k) = Jncd(k)Jn

∗ = 2Jncd(k)Jn
−1 

 

Note that ad(k), bd(k), cd(k) are real matrices. 
 
Then using the doubling algorithm we get: 
aa(k + 1) = aa(k)[Ia + ba(k)ca(k)]−1aa(k) 
⇒ Jnad(k + 1)Jn

−1 = Jnad(k)Jn
−1 

[JnIdJn
−1 +

1

2
Jnbd(k)Jn

−12Jncd(k)Jn
−1]

−1
Jnad(k)Jn

−1 
⇒ Jnad(k + 1)Jn

−1 = Jnad(k)Jn
−1 

[JnIdJn
−1 + Jnbd(k)cd(k)Jn

−1]
−1

Jnad(k)Jn
−1 

⇒ Jnad(k + 1)Jn
−1 = Jnad(k)Jn

−1Jn 
[Id + bd(k)cd(k)]

−1
Jn

−1Jnad(k)Jn
−1 

= Jnad(k)[Id + bd(k)cd(k)]
−1

ad(k)Jn
−1 

⇒ ad(k + 1) = ad(k)[Id + bd(k)cd(k)]
−1

ad(k) 
 
ba(k + 1) = ba(k) + aa(k) 
[Ia + ba(k)ca(k)]−1ba(k)aa∗

(k) 

⇒
1

2
Jnbd(k + 1)Jn

−1 =
1

2
Jnbd(k)Jn

−1 

+Jnad(k)Jn
−1 

[JnIdJn
−1 +

1

2
Jnbd(k)Jn

−12Jncd(k)Jn
−1]

−1
 

1

2
Jnbd(k)Jn

−1(Jnad(k)Jn
−1)

∗
 

=
1

2
Jnbd(k)Jn

−1 

+Jnad(k)Jn
−1 

[JnIdJn
−1 + Jnbd(k)Jn

−1Jncd(k)Jn
−1]

−1
 

1

2
Jnbd(k)Jn

−1(Jnad(k)Jn
−1)

∗
 

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k)Jn

−1Jn 

[Id + bd(k)cd(k)]
−1

Jn
−1Jnbd(k)Jn

−1(Jnad(k)Jn
−1)

∗
 

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)Jn
−1(Jnad(k)Jn

−1)
∗
 

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)Jn
−1Jn

−1∗
(ad(k))

∗
Jn

∗  

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)Jn
−1Jn

∗ −1(ad(k))
∗
Jn

∗  

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)Jn
−11

2
Jn(ad(k))

∗
Jn

∗  

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)Jn
−11

2
Jn(ad(k))

∗
2Jn

−1 

=
1

2
Jnbd(k)Jn

−1 +
1

2
Jnad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)(ad(k))
∗
Jn

−1 

⇒ bd(k + 1) = bd(k) 

+ad(k)[Id + bd(k)cd(k)]
−1

bd(k)(ad(k))
∗
 

⇒ bd(k + 1) = bd(k) 

+ad(k)[Id + bd(k)cd(k)]
−1

bd(k)(ad(k))
T

 

since ad(k) is a real matrix 
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ca(k + 1) = ca(k) + aa∗(k)c(k) 
[Ia + ba(k)ca(k)]−1aa(k) 
⇒ 2Jncd(k + 1)Jn

−1 = 2Jncd(k)Jn
−1 

+(Jnad(k)Jn
−1)

∗
2Jncd(k)Jn

−1 

[JnIdJn
−1 +

1

2
Jnbd(k)Jn

−12Jncd(k)Jn
−1]

−1
Jnad(k)Jn

−1 

= 2Jncd(k)Jn
−1 + (Jnad(k)Jn

−1)
∗
2Jncd(k)Jn

−1 

[JnIdJn
−1 + Jnbd(k)cd(k)Jn

−1]
−1

Jnad(k)Jn
−1 

= 2Jncd(k)Jn
−1 + 2(Jnad(k)Jn

−1)
∗
Jncd(k)Jn

−1Jn 

[Id + bd(k)cd(k)]
−1

Jn
−1Jnad(k)Jn

−1 

= 2Jncd(k)Jn
−1 + 2(Jnad(k)Jn

−1)
∗
Jncd(k) 

[Id + bd(k)cd(k)]
−1

ad(k)Jn
−1 

= 2Jncd(k)Jn
−1 + 2Jn

∗ −1 (ad(k))
∗

Jn
∗ Jncd(k) 

[Id + bd(k)cd(k)]
−1

ad(k)Jn
−1 

= 2Jncd(k)Jn
−1 + 2

1

2
Jn (ad(k))

∗
2Jn

−1Jncd(k) 

[Id + bd(k)cd(k)]
−1

ad(k)Jn
−1 

= 2Jncd(k)Jn
−1 + 2Jn (ad(k))

∗
cd(k) 

[Id + bd(k)cd(k)]
−1

ad(k)Jn
−1 

⇒ cd(k + 1) = cd(k) 

+(ad(k))
∗
cd(k)[Id + bd(k)cd(k)]

−1
ad(k) 

⇒ cd(k + 1) = cd(k) 

+(ad(k))
T

cd(k)[Id + bd(k)cd(k)]
−1

ad(k) 

since ad(k) is a real matrix 
 
Thus the dual direct doubling algorithm is derived: 
Dual Direct Doubling Algorithm 

initial conditions 

aa(1) = Fa∗
 

ba(1) = Ha∗Ra−1Ha 

ca(1) = Qa 
ad(1) = Jn

−1aa(1)Jn 
bd(1) = 2Jn

−1ba(1)Jn 
cd(1) =

1

2
Jn

−1ca(1)Jn 
iterations k = 1,2, … 
ad(k + 1) = ad(k)[Id + bd(k)cd(k)]

−1
ad(k) 

bd(k + 1) = bd(k) 
+ad(k)[Id + bd(k)cd(k)]

−1
bd(k)(ad(k))

T
 

cd(k + 1) = cd(k) 

+(ad(k))
T

cd(k)[Id + bd(k)cd(k)]
−1

ad(k) 

until 

‖cd(k + 1) − cd(k)‖ < 𝜀 
output 

Pd = lim
k→∞

cd(k) 
Pa = JnPdJn

∗  
 
Note that bd(k), cd(k) are real symmetric matrices. 
 

 
4.4  Dual Transformed Doubling Algorithm 

αd(1) = Qd−1
Fd 

αa(1) = Qa−1
Fa = (JnQdJn

∗ )
−1

JnFdJn
−1

= Jn
∗ −1Qd−1

Jn
−1JnFdJn

−1

= Jn
∗ −1Qd−1

FdJn
−1 = Jn

∗ −1αd(1)Jn
−1

=
1

2
Jnαd(1)Jn

−1 
αa(k) = Jn

∗ −1αd(k)Jn
−1 =

1

2
Jnαd(k)Jn

−1 
 
βd(1) = FdT

Qd−1
Fd + HdT

Rd−1
Hd 

βa(1) = Fa∗
Qa−1

Fa + Ha∗
Ra−1

Ha 
= (JnFdJn

−1)
∗
(JnQdJn

∗ )
−1

JnFdJn
−1

+ (JmHdJn
−1)

∗
(JmRdJm

∗ )
−1

JmHdJn
−1 

= Jn
∗ −1FdT

Jn
∗ Jn

∗ −1Qd−1
Jn

−1JnFdJn
−1

+ Jn
∗ −1HdT

Jm
∗ Jm

∗ −1Rd−1
Jm

−1JmHdJn
−1 

= Jn
∗ −1 (FdT

Qd−1
Fd + HdT

Rd−1
Hd) Jn

−1 

= Jn
∗ −1βd(1)Jn

−1 =
1

2
Jnβd(1)Jn

−1 
βa(k) = Jn

∗ −1βd(k)Jn
−1 =

1

2
Jnβd(k)Jn

−1 
 
γd(1) = Qd−1

 
γa(1) = Qa−1 = (JnQdJn

∗ )
−1

= Jn
∗ −1Qd−1

Jn
−1

= Jn
∗ −1γd(1)Jn

−1 =
1

2
Jnγd(1)Jn

−1 
γa(k) = Jn

∗ −1γd(k)Jn
−1 =

1

2
Jnγd(k)Jn

−1 
 
Then using the transformed doubling algorithm we 
get: 
αa(k + 1) = αa(k)[βa(k) + γa(k)]−1αa(k) 

⇒ Jn
∗ −1αd(k + 1)Jn

−1 = Jn
∗ −1αd(k)Jn

−1 
[Jn

∗ −1βd(k)Jn
−1 + Jn

∗ −1γd(k)Jn
−1]

−1
Jn

∗ −1αd(k)Jn
−1   

=Jn
∗ −1αd(k)Jn

−1Jn[βd(k) + γd(k)]
−1

Jn
∗ Jn

∗ −1αd(k)Jn
−1 

=Jn
∗ −1αd(k)[βd(k) + γd(k)]

−1
αd(k)Jn

−1 
⇒ αd(k + 1) = αd(k)[βd(k) + γd(k)]

−1
αd(k) 

 
βa(k + 1) = βa(k)

− αa∗(k)[βa(k) + γa(k)]−1αa(k) 
⇒ Jn

∗ −1βd(k + 1)Jn
−1 = Jn

∗ −1βd(k)Jn
−1 

−(Jn
∗ −1αd(k)Jn

−1)
∗
 

[Jn
∗ −1βd(k)Jn

−1 + Jn
∗ −1γd(k)Jn

−1]
−1

Jn
∗ −1αd(k)Jn

−1 
= Jn

∗ −1βd(k)Jn
−1 − Jn

∗ −1αdT
(k)Jn

−1 
[Jn

∗ −1βd(k)Jn
−1 + Jn

∗ −1γd(k)Jn
−1]

−1
Jn

∗ −1αd(k)Jn
−1 

= Jn
∗ −1βd(k)Jn

−1 − Jn
∗ −1αdT

(k)Jn
−1Jn 

[βd(k) + γd(k)]
−1

Jn
∗ Jn

∗ −1αd(k)Jn
−1 

= Jn
∗ −1βd(k)Jn

−1 − Jn
∗ −1αdT

(k) 
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[βd(k) + γd(k)]
−1

αd(k)Jn
−1 

= Jn
∗ −1 

(βd(k) − αdT
(k)[βd(k) + γd(k)]

−1
αd(k)) Jn

−1 

⇒ βd(k + 1) = βd(k)

− αdT
(k)[βd(k) + γd(k)]

−1
αd(k) 

 
γa(k + 1) = γa(k)

− αa(k)[βa(k) + γa(k)]−1αa∗
(k) 

⇒ Jn
∗ −1γd(k + 1)Jn

−1 = Jn
∗ −1γd(k)Jn

−1 
−Jn

∗ −1αd(k)Jn
−1 

[Jn
∗ −1βd(k)Jn

−1 + Jn
∗ −1γd(k)Jn

−1]
−1

(Jn
∗ −1αd(k)Jn

−1)
∗
 

= Jn
∗ −1γd(k)Jn

−1 − Jn
∗ −1αd(k)Jn

−1 
[Jn

∗ −1βd(k)Jn
−1 + Jn

∗ −1γd(k)Jn
−1]

−1
Jn

∗ −1αdT
(k)Jn

−1 
= Jn

∗ −1γd(k)Jn
−1 − Jn

∗ −1αd(k)Jn
−1Jn 

[βd(k) + γd(k)]
−1

Jn
∗ Jn

∗ −1αdT
(k)Jn

−1 
= Jn

∗ −1γd(k)Jn
−1 − Jn

∗ −1αd(k) 
[βd(k) + γd(k)]

−1
αdT

(k)Jn
−1 

= Jn
∗ −1 

(γd(k) − αd(k)[βd(k) + γd(k)]
−1

αdT
(k)) Jn

−1 
⇒ γd(k + 1) = γd(k)

− αd(k)[βd(k) + γd(k)]
−1

αdT
(k) 

 
Note that αd(k), βd(k), γd(k) are real matrices. 
 
Then we derive the iterative dual transformed 
doubling algorithm. 
 
Dual Transformed Doubling Algorithm 

initial conditions 

αa(1) = Qa−1Fa 

βa(1) = Fa∗Qa−1Fa + Ha∗Ra−1Ha 

γa(1) = Qa−1 
αd(1) = Jn

∗ αd(1)Jn 
βd(1) = Jn

∗ βa(1)Jn 
γd(1) = Jn

∗ γa(1)Jn 
iterations k = 1,2, … 
αd(k + 1) = αd(k)[βd(k) + γd(k)]

−1
αd(k) 

βd(k + 1) = βd(k) − αdT
(k)[βd(k) + γd(k)]

−1
αd(k) 

γd(k + 1) = γd(k) − αd(k)[βd(k) + γd(k)]
−1

αdT
(k) 

until 

‖γd(k + 1) − γd(k)‖ < 𝜀 
output 

Πd = lim
k→∞

γd(k) 

Pa = JnΠd−1
Jn

∗  
 
Note that βd(k), γd(k) are real symmetric matrices. 

 
 

5  Computational Requirements 
It is established that the iterative algorithms (per 
step and doubling) are algebraically equivalent. 
Then it is clear that they calculate theoretically the 
same Riccati equation solution.  
 
Example. Assume the augmented model complex 
parameters: 
Fa

= [

0.2 + 0.3j 0.4 + 0.5j
0.01 + 0.01j 0.08 + 0.09j

0.02 − 0.06j 0.04 − 0.1j
0.02 − 0.02j 0.14 + 0.18j

0.02 + 0.06j 0.04 + 0.1j
0.02 + 0.02j 0.14 − 0.18j

0.2 − 0.3j 0.4 − 0.5j
0.01 − 0.01j 0.08 + 0.09j

] 

Ha = [
2 + 3j 0.4 + 0.5j
3 + 4j 0.6 − 0.1j

3 − 4j 0.6 + 0.1j
2 − 0.3j 0.4 − 0.05j

] 

Qa = [

5 2 + 5j
2 − 5j 8

2 + 3j 5 + 9j
5 + 9j 1 + 4j

2 − 3j 5 − 9j
5 − 9j 1 − j

5 2 − 5j
2 + 5j 8

] 

Ra = [
0.5 0.2 + 0.3j

0.2 − 0.3j 0.5
] 

 
Using the same convergence criterion ε = 10−8, 

all the augmented algorithms compute the same  
augmented solution:  

Pa = [

6.4828 2.5467 + 3.4481j
2.5467 − 3.4481j 10.0854

3.0697 + 1.9908j 6.4426 + 9.6689j
6.4426 + 9.6689j 1.1305 + 5.8535j

3.0697 − 1.9908j 6.4426 − 9.6689j
6.4426 − 9.6689j 1.1305 − 5.8535j

6.4828 2.5467 − 3.4481j
2.5467 + 3.4481j 10.0854

] 

while all the dual algorithms compute the same  
dual solution:  

Pd = [

4.7763 4.4946
4.4946 5.6079

0.9954 3.1104
6.5585 2.9268

0.9954 6.5585
3.1104 2.9268

1.7066 −1.9479
−1.9479 4.4775

] 

with Pa = JnPdJn
∗ = 2JnPdJn

−1 
 
It is obvious that the per step algorithms may 

provide the information when the steady-state time 
is reached. It is also clear that the per step 
algorithms are iterative algorithms and thus it is 
reasonable to assume that they compute the Riccati 
equation solution executing the same number of 
iterations, which is denoted as s, where obviously 
s > 1. It is also clear that the doubling algorithms 
are iterative algorithms and thus it is reasonable to 
assume that they compute the Riccati equation 
solution executing the same number of iterations, 
which is ⌈log2 𝑠⌉, due to the doubling concept. Thus, 
in order to compare the iterative algorithms with 
respect to their computational time, we compare 
their total calculation burden, which is the per 
iteration calculation burden multiplied by the 
number of iterations; the calculation burden of the 
initialization process and the output process are not 
taken into account. 

Scalar operations are involved in matrix 
manipulation operations, which are needed for the 
implementation of the iterative algorithms. In fact, 
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real/complex matrix additions, multiplications and 
inversions are required for the implementation of 
the algorithms. The calculation burdens of 
real/complex matrix operations are given in the 
Appendix, using the calculation burdens of complex 
matrix operations in [20].  

The iteration calculation burdens of the per step 
and doubling iterative algorithms are analytically 
calculated in Table 1, Table 2, Table 3, Table 4, 
Table 5, Table 6, Table 7 and Table 8.  

 
Table 1. Direct per step algorithm per iteration 

calculation burden 
Matrices  

Operation 

Iteration 

Calculation Burden 

Pa−1(k|k − 1) 
74n3 − 39n2 − 5n

3
 

Pa−1(k|k − 1) + ba 2n2 + n 

[Pa−1(k|k − 1) + ba]
−1

 
74n3 − 39n2 − 5n

3
 

Fa[Pa−1(k|k − 1) + ba]
−1

 32n3 − 12n2 

Fa[Pa−1(k|k − 1) + ba]
−1

Fa∗ 32n3 − 6n2 + n 

Pa(k + 1|k) = Qa 

+Fa[Pa−1(k|k − 1) + ba]
−1

Fa∗ 
2n2 + n 

 
Table 2. Transformed per step algorithm per 

iteration calculation burden 
Matrices  

Operation 

Iteration 

Calculation Burden 

La−1(k|k − 1) 
74n3 − 39n2 − 5n

3
 

ΦaLa−1(k|k − 1) 32n3 − 12n2 

ΦaLa−1(k|k − 1)Φa∗ 32n3 − 6n2 + n 

La(k + 1|k) = Γa 

−ΦaLa−1(k|k − 1)Φa∗ 
2n2 + n 

 
Table 3. Dual direct step algorithm per iteration 

calculation burden 
Matrices  

Operation 

Iteration 

Calculation Burden 

Pd−1
(k|k − 1) 

7(2n)3 − (2n)

6
 

Pa−1(k|k − 1) + bd 
1

2
(2n)2 +

1

2
(2n) 

[Pd−1
(k|k − 1) + bd]

−1
 

7(2n)3 − (2n)

6
 

Fd [Pd−1
(k|k − 1) + bd]

−1
 2(2n)3 − (2n)2 

Fd [Pd−1
(k|k − 1) + bd]

−1
FdT (2n)3 +

1

2
(2n)2 −

1

2
(2n) 

Pd(k + 1|k) = Qd 

+Fd [Pd−1
(k|k − 1) + bd]

−1
FdT 

1

2
(2n)2 +

1

2
(2n) 

Table 4. Dual transformed step algorithm per 
iteration calculation burden 

Matrices  

Operation 

Iteration  

Calculation Burden 

Ld−1
(k|k − 1) 

7(2n)3 − (2n)

6
 

ΦdLd−1
(k|k − 1) 2(2n)3 − (2n)2 

ΦdLd−1
(k|k − 1)ΦdT (2n)3 +

1

2
(2n)2 −

1

2
(2n) 

Ld(k + 1|k) = Γd 

−ΦdLd−1
(k|k − 1)ΦdT 

1

2
(2n)2 +

1

2
(2n) 

 
Table 5. Direct doubling algorithm per iteration 

calculation burden 
Matrices  

Operation 

Iteration  

Calculation Burden 

ba(k)ca(k) 32n3 − 4n2 
Ia + ba(k)ca(k) n 

[Ia + ba(k)ca(k)]−1 132n3 − 54n2 + 12n

3
 

aa(k)[Ia + ba(k)ca(k)]−1 32n3 − 4n2 
aa(k + 1) = aa(k) 

[Ia + ba(k)ca(k)]−1aa(k) 
32n3 − 4n2 

ba(k)aa∗(k) 32n3 − 4n2 

aa(k)[Ia + ba(k)ca(k)]−1 
ba(k)aa∗(k) 

32n3 − 6n2 + n 

ba(k + 1) = ba(k) 

+aa(k)[Ia + ba(k)ca(k)]−1 

ba(k)aa∗(k) 

2n2 + n 

aa∗(k)ca(k) 32n3 − 4n2 

aa∗(k)ca(k) 
[Ia + ba(k)ca(k)]−1 

32n3 − 4n2 

aa∗(k)ca(k) 
[Ia + ba(k)ca(k)]−1aa(k) 

32n3 − 6n2 + n 

ca(k + 1) = ca(k) 

+aa∗(k)ca(k)[Ia + ba(k)ca(k)]−1aa(k) 
2n2 + n 

 
Table 6. Transformed doubling algorithm per 

iteration calculation burden 
Matrices  

Operation 

Iteration 

Calculation Burden 
βa(k) + γa(k) 2n2 + n 

[βa(k) + γa(k)]−1 74n3 − 39n2 − 5n

3
 

αa(k)[βa(k) + γa(k)]−1 32n3 − 4n2 
αa(k + 1) 
= αa(k)[βa(k) + γa(k)]−1αa(k) 

32n3 − 4n2 

αa∗(k)[βa(k) + γa(k)]−1 32n3 − 4n2 
αa∗(k)[βa(k) + γa(k)]−1αa(k) 32n3 − 6n2 + n 

βa(k + 1) = βa(k) 
−αa∗(k)[βa(k) + γa(k)]−1αa(k) 

2n2 + n 

αa(k)[βa(k) + γa(k)]−1 32n3 − 4n2 
αa(k)[βa(k) + γa(k)]−1αa∗(k) 32n3 − 6n2 + n 

γa(k + 1) = γa(k) 
−αa(k)[βa(k) + γa(k)]−1αa∗(k) 

2n2 + n 
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Table 7. Dual direct doubling algorithm per iteration 
calculation burden 

Matrices 

Operation 

Iteration  

Calculation Burden 

bd(k)cd(k) 2(2n)3 − (2n)2 
Id + bd(k)cd(k) (2n) 

[Id + bd(k)cd(k)]
−1

 
14(2n)3 − 15(2n)2 + 7(2n)

6
 

ad(k)[Id + bd(k)cd(k)]
−1

 2(2n)3 − (2n)2 

ad(k + 1)

= ad(k)[Id

+ bd(k)cd(k)]
−1

ad(k) 

2(2n)3 − (2n)2 

bd(k)adT
(k) 2(2n)3 − (2n)2 

ad(k) 
[Id + bd(k)cd(k)]

−1
bd(k)adT

(k) 
(2n)3 +

1

2
(2n)2 −

1

2
(2n) 

bd(k + 1) = bd(k) 

+ad(k) 

[Id + bd(k)cd(k)]
−1

bd(k)adT
(k) 

1

2
(2n)2 +

1

2
(2n) 

adT
(k)cd(k) 2(2n)3 − (2n)2 

adT
(k)cd(k)[Id + bd(k)cd(k)]

−1
 2(2n)3 − (2n)2 

adT
(k)cd(k) 

[Id + bd(k)cd(k)]
−1

ad(k) 
(2n)3 +

1

2
(2n)2 −

1

2
(2n) 

cd(k + 1) = cd(k) 

+adT
(k)cd(k) 

[Id + bd(k)cd(k)]
−1

ad(k) 

1

2
(2n)2 +

1

2
(2n) 

 
 

Table 8. dual transformed doubling algorithm per 
iteration calculation burden 

Matrices  

Operation 

Iteration  

Calculation Burden 

βd(k) + γd(k) 
1

2
(2n)2 +

1

2
(2n) 

[βd(k) + γd(k)]
−1

 
7(2n)3 − (2n)

6
 

αd(k)[βd(k) + γd(k)]
−1

 2(2n)3 − (2n)2 

αd(k + 1) = αd(k) 

[βd(k) + γd(k)]
−1

αd(k) 
2(2n)3 − (2n)2 

αdT
(k)[βd(k) + γd(k)]

−1
 2(2n)3 − (2n)2 

αdT
(k) 

[βd(k) + γd(k)]
−1

αd(k) 
(2n)3 +

1

2
(2n)2 −

1

2
(2n) 

βd(k + 1) = βd(k) 

−αdT
(k)[βd(k) + γd(k)]

−1
αd(k) 

1

2
(2n)2 +

1

2
(2n) 

αd(k)[βd(k) + γd(k)]
−1

 2(2n)3 − (2n)2 

αd(k)[βd(k) + γd(k)]
−1

αdT
(k) (2n)3 +

1

2
(2n)2 −

1

2
(2n) 

γd(k + 1) = γd(k) 

−αd(k)[βd(k) + γd(k)]
−1

αdT
(k) 

1

2
(2n)2 +

1

2
(2n) 

 
The order of the iteration calculation burdens of 

the per step and doubling iterative algorithms are 
summarized in Table 9. 
 
 
 

Table 9. Order of calculation burdens of the per step 
and doubling algorithms 

Per Step Algorithm Iterations  Iteration  

Calculation Burden 

direct  

s 

340

3
n3 = 113.333n3 

transformed  266

3
n3 = 88.666n3 

dual direct 128

3
n3 = 42.666n3 

dual transformed  100

3
n3 = 33.333n3 

Doubling Algorithm Iterations  Iteration  

Calculation Burden 

direct  

⌈log2 s⌉ 

300n3 

transformed   650

3
n3 = 216.666n3 

dual direct  392

3
n3 = 130.666n3 

dual transformed  268

3
n3 = 89.333n3 

 
From Table 9 we get: 
a) per step algorithms 

- The transformed algorithm is faster than the 
direct algorithm. 

-  The dual transformed algorithm is faster than 
the dual direct algorithm. 

- The dual direct algorithm is faster than the 
transformed algorithm. 

- The dual transformed algorithm is the fastest per 
step algorithm. 

b) doubling algorithms 
- The transformed algorithm is faster than the 

direct algorithm. 
-  The dual transformed algorithm is faster than 

the dual direct algorithm. 
- The dual direct algorithm is faster than the 

transformed algorithm. 
- The dual transformed algorithm is the fastest 

doubling algorithm. 
c) per step vs doubling algorithms 

- For the ratio of the total calculation burden of 
the direct per step algorithm divided by the total 
calculation burden of the direct doubling 
algorithm we derive: 

340

3
n3 ∙ s

300n3 ∙ ⌈log2 s⌉
=

340

3
∙ s

300 ∙ ⌈log2 s⌉
= 0.377

s

⌈log2 s⌉
> 1, 𝑤ℎ𝑒𝑛 𝑠 ≥ 8 

 
- For the ratio of the total calculation burden of 

the transformed per step algorithm divided by 
the total calculation burden of the transformed 
doubling algorithm we derive: 

266

3
n3 ∙ s

650

3
n3 ∙ ⌈log2 s⌉

=
266 ∙ s

650 ∙ ⌈log2 s⌉
= 0.409

s

⌈log2 s⌉
> 1, 𝑤ℎ𝑒𝑛 𝑠 ≥ 8 

 
- For the ratio of the total calculation burden of the 
dual direct per step algorithm divided by the total 

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2024.19.47

Athanasios Polyzos, Christos Tsinos, 
Maria Adam, Nicholas Assimakis

E-ISSN: 2224-2856 446 Volume 19, 2024



calculation burden of the dual direct doubling 
algorithm we derive: 

128

3
n3 ∙ s

392

3
n3 ∙ ⌈log2 s⌉

=
128 ∙ s

392 ∙ ⌈log2 s⌉
= 0.327

s

⌈log2 s⌉
> 1, 𝑤ℎ𝑒𝑛 𝑠 ≥ 13 

 
- For the ratio of the total calculation burden of 

the dual transformed per step algorithm divided 
by the total calculation burden of the dual 
transformed doubling algorithm we derive: 

100

3
n3 ∙ s

268

3
n3 ∙ ⌈log2 s⌉

=
100 ∙ s

268 ∙ ⌈log2 s⌉
= 0.373

s

⌈log2 s⌉
> 1, 𝑤ℎ𝑒𝑛 𝑠 ≥ 11 

 
Thus, 

- If the convergence criterion is small/large 
enough, the more/less accurate solution is 
derived and the faster algorithm is the 
doubling/per step algorithm. 

- The dual transformed algorithm is the fastest 
algorithm. 

 
 

6  Conclusions 
Complex Kalman filters are used to process 
complex signals that are ubiquitous in many fields 
of science and engineering. The augmented complex 
Riccati equation appears for time-invariant 
augmented or widely linear models. The solution of 
the Riccati equation is prerequisite for determining 
the steady-state augmented complex Kalman filter 
parameters before any measurements are observed. 
Iterative per step and doubling algorithms for the 
solution of the complex Riccati equation are 
derived. 

Table 10 summarizes the complex Riccati 
equation solution algorithms with respect to the 
model dimension and the arithmetic they use. 

 
Table 10. Complex Riccati equation solution 

algorithms 
Per Step 

Algorithm 

Dimensio

n 

Arithmetic 

direct  n complex 
transformed  n complex 
dual direct 2n real 
dual transformed  2n real 
Doubling 

Algorithm 

Dimensio

n 

Calculation 

Burden 

direct  n complex 
transformed   n complex 
dual direct  2n real 
dual transformed  2n real 

 

The computational requirements of the iterative 
algorithms were derived, enabling the selection of 
the faster iterative algorithm. The main 
characteristics of the derived algorithms are: 
–  The direct use of the Riccati recursion leads to 

the direct per step algorithm for augmented 
matrices. 

–  The use of the Matrix Inversion Lemma leads to 
the transformed per step algorithm for augmented 
matrices. 

– The dual direct and transformed per step 
algorithms use real arithmetic exploiting the dual 
concept. 

–  The doubling algorithms use the doubling 
concept (computation of the prediction error 
covariance matrix at time double the previous 
time).  

– The per step algorithms may provide the 
information when the steady-state time is 
reached. 

–  The transformed algorithms are faster than the 
direct algorithms. 

–  The dual algorithms are faster than the non-dual 
(complex) algorithms. 

–  The dual transformed per step algorithm is the 
fastest per step algorithm. 

–  The dual transformed doubling algorithm is the 
fastest doubling algorithm. 

– The speed of the doubling algorithms is 
undoubtable, but they do not provide the 
information when the steady-state time is 
reached. 

–  If the convergence criterion is small/large 
enough, the more/less accurate solution is 
derived and the faster algorithm is the 
doubling/per step algorithm. 

–  The doubling algorithms are faster than the per 
step algorithm for a sufficiently large number of 
iterations (small enough convergence criterion). 

– The dual transformed algorithm is the fastest 
algorithm. The advantage of the use of the dual 
concept is the computational complexity 
reduction, due to the fact that the dual approach 
involves real matrix operations instead of 
complex matrix operations. 
A subject of future research is to investigate the 

applicability of the presented algorithms to the 
solution of the complex Riccati equation derived 
from continuous-time systems and to the solution of 
the complex Sylvester equation. 
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APPENDIX 

 
Calculation Burdens of Matrix Operations 
 

Real Matrices Operations 

The calculation burdens (CB) of real matrices 
operations (additions, multiplications, inversions) 
depend on the matrices’ dimensions and involve real 
scalar additions, multiplications and divisions, the 
calculation burdens of which are assumed to be 
equal.  

Table 11 summarizes real scalar operations. In 
the following, r, r1, r2 are real numbers. 
 

Table 11. Real scalar operations 
code 

real  
scalar 

operation 

real  
scalar 
adds 

real  
scalar 
mults 

real  
scalar 
divs 

CB 

R1 r1 + r2 = r 1 0 0 1 
R2 r1 ∙ r2 = r 0 1 0 1 
R3 r1/r2 = r 0 0 1 1 

 

Table 12 summarizes real matrices additions 
and Table 13 summarizes real matrices 
multiplications. In the following  R, R1, R2 are 
general real matrices. Σ is a real symmetric matrix. I 
is the identity matrix.  
 

Table 12. Real Matrices Addition 
Real 

Matrices 

Operation 

R1 R2 
Calculation 

Burden 

I + R1 = R 
(n × n) + (n × n) 

n  n 

R1 + R2 = Σ 
(n × n) + (n × n) 

n2 + n

2
  1

2
n2 +

1

2
n 

 

Table 13. Real Matrices Multiplication 
Real 

Matrices 

Operation 

R1 R2 
Calculation 

Burden 

R1 ∙ R2 = R 
(n × n) ∙ (n × n) 

n2(n − 1) n3 2n3 − n2 

R1 ∙ R2 = Σ 
(n × n) ∙ (n × n) 

n2 + n

2
(n − 1) 

n2 + n

2
n n3 +

1

2
n2 −

1

2
n 

 

Table 14 summarizes real matrices inversions. 
Table 15 presents the real general matrix inversion 
and Table 16 presents the real symmetric matrix 
inversion. 
 

Table 14. Real Matrices Inversion 
Real  

Matrices 

Operation 

Calculation 

Burden 

R−1 
(n × n) 

14n3 − 15n2 + 7n

6
 

Σ−1 
(n × n) 

7n3 − n

6
 

 

Inverse of Real General matrix 
Recursive algorithm 
M = [

A b
c d

] 

Dimensions: 
M nxn 
A (n − 1)x(n − 1) 
b (n − 1)x1 
c 1x(n − 1) 
d 1x1 

M−1 = [
A−1 + s (

1

s
A−1b) (

1

s
cA−1) −

1

s
A−1b

−
1

s
cA−1

1

s

] , s

= d − cA−1b 
 

Table 15. Real General Matrix Inversion 
Matrix operation R1 R2 R3 

Calculation 

Burden 

A−1 
(NxN)    T(N) 

A−1b 
(NxN) ∙ (Nx1) (N − 1)N N2  2N2 − N 

cA−1 
(1xN) ∙ (NxN) (N − 1)N N2  2N2 − N 

c(A−1b) 
(1xN) ∙ (Nx1) N − 1 N  2N − 1 

s = d − cA−1b 
(1x1) + (1x1) 

1   1 

1

s
 

(1x1)/(1x1) 

  1 1 

1

s
(A−1b) 

−
1

s
(A−1b) 

(1x1) ∙ (Nx1) 

 N  N 

1

s
(cA−1) 

−
1

s
(cA−1) 

(1x1) ∙ (1xN) 

 N  N 

(
1

s
A−1b) 

(
1

s
cA−1) 

(Nx1) ∙ (1xN) 

 N2  N2 

s (
1

s
A−1b) 

(
1

s
cA−1) 

(1x1) ∙ (NxN) 

 N2  N2 

A−1 
+s 

(
1

s
A−1b) 

(
1

s
cA−1) 

(NxN) + (NxN) 

N2   N2 

 3N2 − N 4N2 + 3N 1 7N2 + 2N + 1 
 
N = n − 1 
T(n) = T(n − 1) + f(n) 
f(n) = 7(n − 1)2 + 2(n − 1) + 1

= 7n2 − 12n + 6, f(1) = 1 
T(n) = T(n − 1) + 7n2 − 12n + 6, T(1) = 1 
 
T(1) = 1 
T(2) = T(1) + f(2) 
T(3) = T(2) + f(3) = T(1) + f(2) + f(3) 
… 
T(n) = T(1) + f(2) + f(3) + ⋯ + f(n) 
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T(n) = {T(1) − f(1)} + {f(1) + f(2) + f(3) + ⋯ + f(n)}

= 7 ∑ i2

n

i=1

− 12 ∑ i

n

i=1

+ 6 ∑ 1

n

i=1

= 7
n(n + 1)(2n + 1)

6
− 12

n(n + 1)

2

+ 6n =
14n3 − 15n2 + 7n

6
 

 
Inverse of Real Symmetric matrix 

Recursive algorithm 
M = [

A b
bT d

] , M = MT, A = AT 
 
Dimensions:  
M nxn 
A (n − 1)x(n − 1) 
b (n − 1)x1 
bT 1x(n − 1) 
d 1x1 

M−1 = [
A−1 + s (

1

s
A−1b) (

1

s
bTA−1) −

1

s
A−1b

−
1

s
bTA−1

1

s

] , s

= d − bTA−1b 
 

Table 16. Real Symmetric Matrix Inversion 
Matrix operation R1 R2 R3 

Calculation 

Burden 

A−1 
(NxN)    T(N) 

A−1b 
(NxN) ∙ (Nx1) (N − 1)N N2  2N2 − N 

bTA−1 = (A−1b)T 
(1xN) ∙ (NxN)     

bT(A−1b) 
(1xN) ∙ (Nx1) N − 1 N  2N − 1 

s = d − bTA−1b 
(1x1) + (1x1) 

1   1 

1

s
 

(1x1)/(1x1) 

  1 1 

1

s
(A−1b) 

−
1

s
(A−1b) 

(1x1) ∙ (Nx1) 

 N  N 

1

s
(bTA−1) 

−
1

s
(bTA−1) 

(1x1) ∙ (1xN) 

    

(
1

s
A−1b) 

(
1

s
bTA−1) 

(Nx1) ∙ (1xN) 
symmetric 

 N2 + N

2
  N2 + N

2
 

s (
1

s
A−1b) 

(
1

s
bTA−1) 

(1x1) ∙ (NxN) 
symmetric 

 N2 + N

2
  N2 + N

2
 

A−1 
+s 

(
1

s
A−1b) 

(
1

s
bTA−1) 

(NxN) + (NxN) 
symmetric 

N2 + N

2
   N2 + N

2
 

 3N2 + N

2
 2N2 + 3N 1 7N2 + 7N + 2

2
 

N = n − 1 
T(n) = T(n − 1) + f(n) 

f(n) =
7(n − 1)2 + 7(n − 1) + 2

2
=

7n2 − 7n + 2

2
, f(1) = 1 

T(n) = T(n − 1) +
7n2 − 7n + 2

2
, T(1) = 1 

 
T(1) = 1 
T(2) = T(1) + f(2) 
T(3) = T(2) + f(3) = T(1) + f(2) + f(3) 
… 
T(n) = T(1) + f(2) + f(3) + ⋯ + f(n) 
T(n) = {T(1) − f(1)} + {f(1) + f(2) + f(3) + ⋯ + f(n)} 

=
1

2
{7 ∑ i2

n

i=1

− 7 ∑ i

n

i=1

+ 2 ∑ 1

n

i=1

} 

=
1

2
{7

n(n + 1)(2n + 1)

6
− 7

n(n + 1)

2
+ 2n} =

7n3 − n

6
 

 
 

Complex Matrices Operations 

The calculation burdens of complex matrix 
operations (additions, multiplications and inverses) 
depend on the matrices’ dimensions and involve 
complex scalar operations (additions, 
multiplications, divisions). The complex scalar 
operations involve real scalar operations (additions, 
multiplications, divisions) the calculation burdens of 
which are assumed to be equal.  

Table 17 summarizes complex scalar 
operations. In the following c, c1, c2 are complex 
numbers. 
 

Table 17. Complex scalar operations 

code 
complex  

scalar 
operation 

real  
scalar 
adds 

real  
scalar 
mults 

real  
scalar 
divs 

CB 

C1 c1 + c2 = c 2 0 0 2 
C2 c1 ∙ c2 = c 2 4 0 6 
C3 c1 + c2 = r 1 0 0 1 
C4 r + c1 = c 1 0 0 1 
C5 r ∙ c1 = c 0 2 0 2 
C6 c1 ∙ c2 = r 1 2 0 3 
C7 c ∙ c̅ = r 1 2 0 3 
C8 c1/r = c 0 0 2 2 
C9 c1/c2 = c 3 6 2 11 
C10 1/c1 = c 2 1 2 5 

 
 

Table 18 summarizes complex matrices 
additions and Table 19 summarizes augmented 
complex matrices additions. Table 20 summarizes 
complex matrices multiplications and Table 21 
summarizes augmented complex matrices 
multiplications.In the following, C, C1, C2 are n ×
n general complex matrices; H, H1, H2 are n × n 
complex Hermitian matrices; S, S1, S2 are n × n 
complex symmetric matrices; I is the n × n identity 
matrix. 

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2024.19.47

Athanasios Polyzos, Christos Tsinos, 
Maria Adam, Nicholas Assimakis

E-ISSN: 2224-2856 451 Volume 19, 2024



Also, Aa, A1a, A2a are 2n × 2n augmented 
complex matrices of the form [

C1 C2
C2̅̅̅̅ C1̅̅̅̅ ]; 

As
a, A1s

a, A2s
a are 2n × 2n special augmented 

complex matrix of the form As
a = [

H S
S̅ H̅

]; Ia is the 
2n × 2n identity matrix. 
 

Table 18. Complex Matrices Addition 

code 

Complex  

Matrices 

Operation 

R1 C1 
Calculation 

Burden 

A1 I + C1 = C n 0 n 
A2 C1 + C2 = C  n2 2n2 

A3 C1 + C2 = H  n2 + n

2
 n2 

A4 H1 + H2 = H n n2 − n

2
 n2 

A5 S1 + S2 = S  n2 + n

2
 n2 + n 

A6 C1 + C2 = S  n2 + n

2
 n2 + n 

 

 

Table 19. Augmented Complex Matrices Addition 

code 

Complex  

Matrices  

Operation 

operation times 
Calculation 

Burden 

A7 Ia + A1a = Aa A1 1 n 
A8 A1s

a + A2s
a = As

a A4 1 2n2 + n 
 

 

Table 20. Complex Matrices Multiplication 

M1 

C1 ∙ C2 = C 
C ∙ S = C 
S ∙ C = C 
S ∙ S = C 

C1 n2(n − 1) 
8n3 − 2n2 

C2 n3 

M2 C1 ∙ C2 = H 
 

R1 n(n − 1) 

4n3 − n2 
C1 (

n2 − n

2
) (n − 1) 

C2 (
n2 − n

2
) n 

C7 n2 

M3 

C1 ∙ H = C 
H ∙ C = C 
S ∙ H = C 
H ∙ S = C 

C1 n2(n − 1) 

8n3 − 6n2 C2 n2(n − 1) 

C5 n2 

M4 
H ∙ C = S 
C ∙ H = S 

 

C1 (
n2 + n

2
) (n − 1) 

4n3 + n2 − 3n C2 (
n2 + n

2
) (n − 1) 

C5 (
n2 + n

2
) 

M5 H ∙ H = C 
 

C1 n(n − 1)2 
+n(n − 2) 

8n3 − 4n2 + 2n 
C2 n(n − 1)(n − 2) 

+n(n − 1) 

C4 n 

C5 2n(n − 1) 

R2 n 

 

 

 

Table 21. Augmented Complex Matrices 
Multiplication 

code 

Complex  

Augmented 

Matrices 

Multiplicatio

n 

operatio

n 
times 𝐭𝐨𝐭𝐚𝐥 𝐂𝐁 

M6 A1a ∙ A2a

= Aa 
M1 4 

32n3 − 4n2 
A2 2 

M7 A1a ∙ A2a

= As
a 

M1 4 
32n3 − 6n2

+ n 
A3 1 
A6 1 

M8 A1a ∙ As
a = Aa 

M1 2 
32n3 − 12n2 M3 2 

A2 2 

M9 A1a ∙ A1s
a

= As
a 

M5 1 

8n3 − 4n2

+ 2n 

M1 1 
M3 2 
A2 2 

 

Table 22 summarizes complex matrices 
inversions. Table 23 presents the complex general 
matrix inversion and Table 24 presents the complex 
Hermitian  matrix inversion. 
 

 

Table 22. Complex General Matrices Inversion 
Complex 

Matrices 

Operation 

Calculation 

Burden 

C−1 
(n × n) 

60n3 − 42n2 + 12n

6
 

H−1 
(n × n) 

26n3 − 24n2 + 4n

6
 

 

 

Complex General Matrix Inversion 

Recursive algorithm 
M = [

A b
c d

] 

 
Dimensions: 
M nxn 
A (n − 1)x(n − 1) 
b (n − 1)x1 
c 1x(n − 1) 
d 1x1 

M−1 = [
A−1 + s (

1

s
A−1b) (

1

s
cA−1) −

1

s
A−1b

−
1

s
cA−1

1

s

] , s

= d − cA−1b 
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Table 23. Complex General Matrix Inversion 
Matrix operation oper times total CB 

A−1 
(NxN)   T(N) 

A−1b 
(NxN) ∙ (Nx1) 

C1 (N − 1)N 8N2 − 2N C2 N2 
cA−1 

(1xN) ∙ (NxN) 
C1 (N − 1)N 

8N2 − 2N C2 N2 
c(A−1b) 

Real 
(1xN) ∙ (Nx1) 

C1 N − 1 
8N − 2 C2 N 

s = d − cA−1b 
real 

(1x1) + (1x1) 

C1 1 2 

1

s
 

(1x1)/(1x1) 

C10 1 5 

1

s
(A−1b) 

−
1

s
(A−1b) 

(1x1) ∙ (Nx1) 

C2 N 6N 

1

s
(cA−1) 

−
1

s
(cA−1) 

(1x1) ∙ (1xN) 

C2 N 6N 

(
1

s
A−1b) (

1

s
cA−1) 

(Nx1) ∙ (1xN) 
C2 N2 6N2 

s (
1

s
A−1b) (

1

s
cA−1) 

(1x1) ∙ (NxN) 
C2 N2 6N2 

A−1 + s (
1

s
A−1b) (

1

s
cA−1) 

(NxN) + (NxN) 
C1 N2 2N2 

   30N2 + 16N + 5 
 

N = n − 1 
T(n) = T(n − 1) + f(n) 
f(n) = 30(n − 1)2 + 16(n − 1) + 5 = 30n2 − 44n + 19 
f(1) = 5 
T(n) = T(n − 1) + 30n2 − 44n + 19, T(1) = 5 
 
T(1) = 1 
T(2) = T(1) + f(2) 
T(3) = T(2) + f(3) = T(1) + f(2) + f(3) 
… 
T(n) = T(1) + f(2) + f(3) + ⋯ + f(n) 
T(n) = {T(1) − f(1)} + {f(1) + f(2) + f(3) + ⋯ + f(n)} 

= 30 ∑ i2

n

i=1

− 44 ∑ i

n

i=1

+ 19 ∑ 1

n

i=1

 

= 30
n(n + 1)(2n + 1)

6
− 44

n(n + 1)

2
+ 19n 

= 10n3 − 7n2 + 2n 
 

Complex Hermitian Matrix Inversion 

Recursive algorithm 
M = [

A b
bH d

] , M = MH, A = AH 
 
Dimensions:  
M nxn, A (n − 1)x(n − 1), b (n − 1)x1, bH 1x(n − 1), d 1x1 

M−1 = [
A−1 + s (

1

s
A−1b) (

1

s
bHA−1) −

1

s
A−1b

−
1

s
bHA−1

1

s

] 

 s = d − bHA−1b 
 
 
 
 

Table 24. Complex Hermitian Matrix Inversion 
Matrix operation operation times total CB 

A−1 
(NxN)   T(N) 

A−1b 
(NxN) ∙ (Nx1) 

C1 (N − 1)N 8N2 − 2N C2 N2 
bHA−1 = (A−1b)H 

(1xN) ∙ (NxN)    

bH(A−1b) 
Real 

(1xN) ∙ (Nx1) 

C3 N − 1 
4N − 1 C6 N 

s = d − bHA−1b 
real 

(1x1) + (1x1) 

R1 1 1 

1

s
 

Real 
(1x1)/(1x1) 

R3 1 1 

1

s
(A−1b) 

−
1

s
(A−1b) 

(1x1) ∙ (Nx1) 

C5 N 2N 

1

s
(bHA−1) = [

1

s
(A−1b)]

H

 

−
1

s
(bHA−1) = − [

1

s
(A−1b)]

H

 
(1x1) ∙ (1xN) 

   

(
1

s
A−1b) (

1

s
bHA−1) 

Hermitian 
(Nx1) ∙ (1xN) 

C2 N2 − N

2
 

3N2 
C6 N 

s (
1

s
A−1b) (

1

s
bHA−1) 

Hermitian 
(1x1) ∙ (NxN) 

C5 N2 + N

2
 N2 + N 

A−1 + s (
1

s
A−1b) (

1

s
bTA−1) 

Hermitian 
(NxN) + (NxN) 

R1 N N2 

C1 N2 − N

2
 N2 

   13N2 + 5N + 1 
 
N = n − 1 
Then 
T(n) = T(n − 1) + f(n) 
with 
f(n) = 13(n − 1)2 + 5(n − 1) + 1 = 13n2 − 21n + 9 
f(1) = 1 
T(n) = T(n − 1) + 13n2 − 21n + 9, T(1) = 1 
 
T(1) = 1 
T(2) = T(1) + f(2) 
T(3) = T(2) + f(3) = T(1) + f(2) + f(3) 
… 
 
T(n) = T(1) + f(2) + f(3) + ⋯ + f(n) 
T(n) = {T(1) − f(1)} + {f(1) + f(2) + f(3) + ⋯ + f(n)}

= 13 ∑ i2

n

i=1

− 21 ∑ i

n

i=1

+ 9 ∑ 1

n

i=1

= 13
n(n + 1)(2n + 1)

6
− 21

n(n + 1)

2

+ 9n =
26n3 − 24n2 + 4n

6
 

 
Finally, Table 25 presents special augmented 

complex matrix inversion and Table 26 presents 
augmented complex matrix inversion. 
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Table 25. Special Augmented Complex Matrix 
Inversion 

Complex  

Matrices 

Operation 

Calculation 

Burden 

Sa−1 = [
H S
S̅ H̅

]
−1

 
(2n × 2n) 

 
Sa−1 = [

h s
s̅ h̅

] 
h = [H − SH̅−1S̅]−1 
s = −[H − SH̅−1S̅]−1SH̅−1 

74n3 − 39n2 − 5n

3
 

H̅−1 26n3 − 24n2 + 4n

6
 

SH̅−1 8n3 − 6n2 

SH̅−1S̅ 4n3 − n2 

H − SH̅−1S̅ n2 

[H − SH̅−1S̅]−1 26n3 − 24n2 + 4n

6
 

−[H − SH̅−1S̅]−1SH̅−1 4n3 + n2 − 3n 

 
 

Table 26. Augmented Complex Matrix Inversion 
Complex  

Matrices 

Operation 

Calculation 

Burden 

Aa−1 = [
C1 C2
C2̅̅̅̅ C1̅̅̅̅ ]

−1

 
(2n × 2n) 

 

Aa−1 = [
C3 C4
C4̅̅̅̅ C3̅̅̅̅ ]

−1

 
C3̅̅̅̅ = [C1̅̅̅̅ − C2̅̅̅̅ C1−1C2]−1 

C4̅̅̅̅ = −C3̅̅̅̅  C2̅̅̅̅  C1−1 

132n3 − 54n2 + 12n

3
 

C1−1 60n3 − 42n2 + 12n

6
 

C2̅̅̅̅ C1−1 8n3 − 2n2 

C2̅̅̅̅ C1−1C2 8n3 − 2n2 

C1̅̅̅̅ − C2̅̅̅̅ C1−1C2 2n2 

C3̅̅̅̅ = [C1̅̅̅̅ − C2̅̅̅̅ C1−1C2]−1 
60n3 − 42n2 + 12n

6
 

C4̅̅̅̅ = −C3̅̅̅̅  C2̅̅̅̅  C1−1 8n3 − 2n2 

 

WSEAS TRANSACTIONS on SYSTEMS and CONTROL 
DOI: 10.37394/23203.2024.19.47

Athanasios Polyzos, Christos Tsinos, 
Maria Adam, Nicholas Assimakis

E-ISSN: 2224-2856 454 Volume 19, 2024




