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Abstract—In this paper, we investigate the performan-ce in terms of symbol error probability (SEP) of multiple-
input multiple-output (MIMO) systems employing the ge-neralized receiver with high spectral efficiency. In particu-

lar, we consider the coherent detection of \-PSK signals in a flat Rayleigh fading environment. We focus on

spectrally efficient MIMO systems where after serial-to-parallel con-version, several sub-streams of symbols are
simultaneously transmitted by using an antenna array, thereby increasing the spectral efficiency. The reception is
based on linear mi-nimum mean-square-error (MMSE) combining, eventually followed by successive interference
cancellation. Exact and approximate expressions are derived for an arbitrary nu-mber of transmitting and receiving
antenna elements. Sim-ulation results confirm the validity of our analytical meth-odology.
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1. Introduction

OVER the last several decades, multiple antennas have been
used to combat fast fading. Increase in diversity order
provided by diversity techniques enables robust communicati-
ons in a fading environment [1], [2]. More recently, it has be-
en recognized that the capacity of wireless communication
links is increased by using multiple antennas both at the trans-
mitter and the receiver [3], [4]. Toward achieving these capa-
cities, a promising transmission system, called Diagonal-Bell
Laboratories Layered Space-Time (D-BLAST), has been pro-
posed in [3]. This scheme is able to provide a high spectral ef-
ficiency in a rich and quasistatic scattering environment. Ow-
ing to the large computational complexity required for this
scheme, a simplified version, called Vertical BLAST (V-
BLAST) has been proposed in [5]. A BLAST scheme is pri-
marily based on the following three steps:

o interference nulling to reduce the effect of the other

(interfering) signals on the desired one;
e ordering to select the sub-stream with the largest sig-
nal-to-noise ratio (SNR);

e successive interference cancellation (SIC).
Moreover, it was observed also in [3] that a minimum mean-
square-error (MMSE) criterion can be used instead of interfe-
rence nulling (zero forcing) to mitigate both interference and
thermal noise.

Some papers [4], [6]-[8] propose an analytical evaluation
of the capacity of MIMO systems. Some other papers address
simulation of MIMO systems in frequency flat or selective fa-
ding channels [9]-[11], while in [12] the investigation of capa-
bility of V-BLAST systems with maximum likelihood detec-
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tion to reduce interference and thermal noise contributions has
been carried out. In the present paper, we investigate the per-
formance of multiple-input multiple-output (MIMO) systems
employing the generalized receiver with high spectral efficie-
ncy. In particular, we consider the symbol error probability
(SEP) for coherent detection of M-ary phase shift keying
(PSK) signals in a flat Rayleigh-fading environment.

We start from the analytical framework developed in [13]
for optimum combining (OC) of signals in multi-antenna sys-
tems in the presence of co-channel interferers and thermal no-
ise. This framework enables us to investigate the performance
of MIMO-MMSE systems employing the generalized receiver
in flat Rayleigh fading channels. We generalize this methodlo-
gy to derive the SEP for MIMO-MMSE system followed by
SIC. We refer to this system as MIMO-MMSE-SIC and first
investigate its performance for the cases of no error propaga-
tion (EP). We then extend our study to include the effects of
EP.

The paper is organized as follows. In Section 11, we provide
the generalized receiver description. In Section III, we present
the system description and the basic mathematics that is neces-
sary for understanding the MIMO-MMSE generalized receiv-
er. In Section IV, we give a new expression for analyzing opti-
mum combining of signals and derive the SEP at the MIMO-
MMSE generalized receiver output. In Section V, we present
the performance analysis of MIMO-MMSE system employ-
ing the generalized receiver with SIC. Finally, in Section VI,
we demonstrate some numerical results, including the compar-
ison with simulation. Conclusions are given in Section VII.
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2. Generalized Receiver

The generalized receiver is constructed in accordance with
the generalized approach to signal processing in noise [14]-
[16]. The generalized approach to signal processing in noise
introduces an additional noise source that does not carry any
information about the parameters of desired transmitted signal
with the purpose to improve the signal processing system per-
formance. This additional noise can be considered as the refer-
ence noise without any information about the parameters of
the signal to be detected.

The jointly sufficient statistics of the mean and variance of
the likelihood function is obtained under the generalized app-
roach to signal processing in noise employment, while the cla-
ssical and modern signal processing theories can deliver only a
sufficient statistics of the mean or variance of the likelihood
function. Thus, the generalized approach to signal processing
in noise implementation allows us to obtain more information
about the parameters of the desired transmitted signal incom-
ing at the generalized receiver input. Owing to this fact, the
detectors constructed based on the generalized approach to si-
gnal processing in noise technology are able to improve the si-
gnal detection performance of signal processing systems in co-
mparison with employment of other conventional detectors.

The generalized receiver (GR) consists of three channels
(see Fig.1): the GR correlation detector (GR CD) channel —
the preliminary filter (PF), the multipliers 1 and 2, the model
signal generator (MSG); the GR energy detector (GR ED)
channel — the PF, the additional filter (AF), the multipliers 3
and 4, the summator 1; and the GR compensation channel (GR
CC) — the summators 2 and 3, the accumulator 1. The thresh-
old apparatus (THRA) device defines the GR threshold. As we
can see from Fig.1, there are two band-pass filters, i.e. the li-
near systems, at the GR input, namely, the PF and AF. We as-
sume for simplicity that these two filters or linear systems ha-
ve the same amplitude-frequency characteristics or impulse re-
sponses. The AF central frequency is detuned relative to the
PF central frequency.

There is a need to note that the PF bandwidth is matched
with the transmitted signal bandwidth. If the detuning value
betwe-en the PF and AF central frequencies is more than 4 or
5 times the transmitted signal bandwidth to be detected, i.e.,
where there is the transmitted signal bandwidth, we can beli-
eve that the processes at the PF and AF outputs are uncorrela-
ted because the coefficient of correlation between them is ne-
gligible (not more than 0.05). This fact was confirmed expe-
rimentally in [17] and [18] independently. Thus, the transmit-
ted signal plus noise can be appeared at the GR PF output and
the noise only is appeared at the GR AF output. The stochastic
process-es at the GR AF and GR PF outputs present the input
stochas-tic samples from two independent frequency-time reg-
ions. If the discrete-time noise at the GR PF and GR AF inputs
is Gaussian, the discrete-time noise at the GR PF output is Ga-
ussian too, and the reference discrete-time noise at the GR AF
output is Gaussian owing to the fact that the GR PF and GR
AF are the linear systems and we believe that these linear sys-
tems do not change the statistical parameters of the input pro-
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cess. Thus, the GR AF can be considered as a generator of the
reference noise with a priori information a “no” transmitted si-
gnal (the reference noise sample) [16, Chapter 5]. The noise
at the GR PF and GR AF outputs can be presented as

Gilkl= D gpe[mw[k —m] ;
m-—e (1)
milkl= Y gar[mw[k-m],

where gpe[M]and g [M] are the impulse responses of the

GR PF and GR AF, respectively.

In a general, under practical implementation of any detect-
or in wireless communication system with sensor array, the
bandwidth of the spectrum to be sensed is defined. Thus, the
GR AF bandwidth and central frequency can be assigned, too
(this bandwidth cannot be used by the transmitted signal beca-
use it is out of its spectrum). The case when there are interfer-
ing signals within the GR AF bandwidth, the action of this in-
terference on the GR detection performance, and the case of
non-ideal condition when the noise at the GR PF and GR AF
outputs is not the same by statistical parameters are discussed
in [19] and [20].

Under the hypothesis % (“a yes” transmitted signal), the

GR CD generates the signal component s/"[k]s;[K] caused by

interaction between the model signal s/"[K], forming at the

MSG output, and the incoming signal s;[k], and the noise co-
mponent §/"[K]¢;[K] caused by interaction between the model
signal 5[] and the noise £;[k] at the PF output. GR ED gen-

erates the transmitted signal energy Siz[k] and the random com-
ponent s;[k]¢;[k] caused by interaction between the transmitted
signal s;[k] and the noise ¢;[k] at the PF output. The main pur-
pose of the GR CC is to cancel completely in the statistical se-
nse the GR CD noise component §/"[k]£;[k] and the GR ED ra-
ndom component s;[k]¢;[K]based on the same nature of the

noise &j[k]. The relation between the transmitted signal to be

detected s;[k] and the model signal s{"[k] is defined as:

S'[Kl=usik] 2

where y is the coefficient of proportionality.

The main functioning condition under the GR employment
in any signal processing system including the communication
one with radar sensors is the equality between the parameters

of the model signal §{"[k]and the incoming signal s;[K], for

example, by amplitude. Under this condition it is possible to
cancel completely in the statistical sense the noise component

S{"[k]¢;[k] of the GR CD and the random component s;[k]x
&i[k] of the GR ED. Satisfying the GR main functioning con-
dition given by (2), s"[K]=s;[K], z=1, we are able to detect
the transmitted signal with the high probability of detection at
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the low SNR and define the transmitted signal parameters with
high accuracy.

Additional Filter
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Practical realization of this condition (2) at yz — 1requires

increasing in the complexity of GR structure and, consequent-
ly, leads us to increasing in computation cost. For example,

7;[k1 i
AF  [mlKIsTk]+w, [K] = H,
x;[k] = s;[k]+ £l k] [k1= w,[k] = Hy
= hlk]s[k]+ <[ k] PE
Preliminary Filter Accumulator 1
— 1 +
—> X > + > >
s [k] MSG Model signal A\ — 3 Ten (X) i
2 Generator —> Slgnal
—> X _l
> + THRsp No Signal
j 3 E[k] A 2 Threshold Apparatus Comparator
X
> X . 2 THRA
0 LA |:)
| + | ccumulator 2
= A A -
> X —> N3
7 [K] ;K]

Noise Power Estimator

Fig. 1. Generalized receiver structure.

there is a need to employ the amplitude tracking system or to
use the off-line data samples processing. Under the hypothesis
#, (“a no” transmitted signal), satisfying the main GR functi-

oning condition (2) at # — 1we obtain only the background

noise 77°[k]— ¢7[k] at the GR output.

Under practical implementation, the real structure of GR
depends on specificity of signal processing systems and their
applications, for example, the radar sensor systems, adaptive
wireless communication systems, cognitive radio systems, sa-
tellite communication systems, and mobile communication sy-
stems and so on. In the present paper, the GR circuitry (Fig.1)
is demonstrated with the purpose to explain the main function-
ing principles. Because of this, the GR flowchart presented in
the paper should be considered under this viewpoint. Satisfy-
ing the GR main functioning condition (2) at ¢z — 1, the ideal

case, for the wireless communication systems with radar sens-
or applications we are able to detect the transmitted signal
with very high probability of detection and define accurately
its parameters.

In the present paper, we discuss the GR implementation in
communication systems using the radar sensor array. Since the
presented GR test statistics is defined by the signal energy and
noise power, the equality between the parameters of the model

signal "[k] and transmitted signal to be detected s;[K], in pa-

rticular by amplitude, is required that leads us to high circuitry
complexity in practice. For example, there is a need to employ
the amplitude tracking system or off-line data sample process-
ing. Detailed discussion about the main GR functioning princi-
ples if there is no a priori information and there is an uncertai-
nty about the parameters of transmitted signal, i. e., the trans-
mitted signal parameters are random, can be found in [14] and
[15, Chapter 6, pp.611-621 and Chapter 7, pp. 631-695].
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The complete matching between the model signal §"[k]
and the incoming signal s;[K], for example by amplitude, is a
very hard problem in practice because the incoming signal
S;[k]depends on both the fading and the transmitted signal
parameters and it is impractical to estimate the fading gain at
the low SNR. This matching is possible in the ideal case only.
The GD detection performance will be deteriorated under mi-
smatching in parameters between the model signal s"[k]and
the transmitted signal 5;[k] and the impact of this problem is

discussed in [21]-[27], where a complete analysis about the
violation of the main GR functioning requirements is presen-
ted. The GR deci-sion statistics requires an estimation of the

noise variance o> using the reference noise 77;[k]at the AF

n
output.
Under the hypothesis #, the signal at the GR PF output,

see Fig. 1, can be defined as

xi[k]=s;[k]+ [k , A3)
where ¢;[k]is the noise at the PF output and
si[k]= hi[k]s[k], “4)

where hj[k] are the channel coefficients. Under the hypothesis
#,and for all i and k, the process x;[k] = ¢;[k]at the PF output
is subjected to the complex Gaussian distribution and can be
considered as the i.i.d. process.

In the ideal case, we can think that the signal at the GR AF
output is the reference noise 77;[k] with the same statistical pa-
rameters as the noise ¢;[k]. In practice, there is a difference
between the statistical parameters of the noise 7;[k] and £;[K].
How this difference impacts on the GR detection performance
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is discussed in detail in [20, Chapter 7, pp.63-695] and in [21]
-[24].

The decision statistics at the GR output presented in [14]
and [16, Chapter 3] is extended for the case of antenna array
when an adoption of multiple antennas and antenna arrays is
effective to mitigate the negative attenuation and fading eff-
ects. The GR decision statistics can be presented in the follow-
ing form:

N-1M
Ter(X) = D> 2x[KIs{"[K]

k=0i=1
N-I M N-IM i
=3 KK+ YD k]~ THRgg )
k=0i=1 k=0 i=1 ;
where
X=[X(0),...X(N D] (6)

is the vector of the random process at the GR PF output and
THRgR is the GR detection threshold.

Under the hypotheses # and #4, when the amplitude of the
transmitted signal is equal to the amplitude of the model sig-
nal, 5"[k]=s;[K], £ =1, the GR decision statistics Tgp (X) ta-
kes the following form in the statistical sense, respectively:

N-1M N-1M N-1M

# Tep(X) = DY STk + D> miTk]= D> 7k,
k=0i=1 k=0i=1 k=0i=1 (7)
N-1M N-1M

# Tep(X)= D> k1= DD GPIK] -
k=0i=1 k=0i=1

In (7) the term ZL\:OI i'\il s7[k]= E, corresponds to the ave-
rage transmitted signal energy, and the term ZL\:OI i'\il 77i2[k] -

ZL\';()] I'\i . ¢2[k]is the background noise at the GR output. The

GR output background noise is the difference between the noi-
se power at the GR PF and GR AF outputs. Practical impleme-

ntation of the GR decision statistics requires an estimation of
the noise variance 0',? using the reference noise 7;[k] at the AF

output.

3. System Model for MIMO-MMSE

Throughout the paper, the superscript * denotes conjugation
and transposition. Vectors and matrices are indicated by bold,
| Aand det Adenotes the determinant of matrix A, and

18 j4i,j=1,..n is the N x N matrix with the elements &; ;,i, j =
L...,N. The MIMO system investigated in this paper is cha-
racterized by Np transmitting and Npreceiving antennas (see
Fig.2).
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Fig. 2. Investigated MIMO system with M-PSK modulation.

The original data stream is divided in Ny sub-streams, which
are simultaneously transmitted by Ny parallel M-PSK modula-
tors. The Ny -dimensional signal (k) at the output of the recei-

ving antennas at discrete-time moment can be written in the
following form

2(k) =/Ep Cb(k) +w(K) , ®)

where E is the mean (over fading) received energy of the sig-
nal transmitted by each antenna, b(k) accounts for the transmi-
tted symbols with

E{b(k)} =0;

{ {b(k)} * ©
E{b(k)b"(k)} =1I;

w(k) is the additive Gaussian noise vector with

E{w(kw"(k)} =0.5./p1 , (10)

and 0.5,/ is the two-sided power spectral density of the ther-
mal noise per antenna element. The matrix C is the Ng x N;
channel matrix

G142 CIN,

Co G Oy Cony
a : : (11)

Cng1 CNg2 CNgN;

As in [1], [3]-[7], we consider slow frequency flat fading with
the elements of the matrix C, modeled as the independent ide-
ntically distributed (i.i.d.) circular complex-valued Gaussian
random variables having

{E{Ci,j} =0;

(12)
Efl¢; [} =1.

In the MIMO system based on linear combining, the recei-
ved vector z(K) is combined with the matrix F to obtain the de-

cision variables

b(k)=F"z(k) . (13)

The choice of F minimizing the expected square-error (MMSE
criterion) between the transmitted symbols and the decision
variables is given by the following well-known result [27]

F* =/[EpBC (E,CBC" + /)", (14)
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where in our case we have B = | based on the hypothesis of in-
dependence among the transmitted symbols. In this case Eq.
(14) takes the form

F'=JEpRC*, (15)
where the covariance matrix R is given by
R=E{z(k)z"(k)} = E,CC" +0.5./;| . (16)

In the following, the MIMO systems with combining matrix F
(15) have referenced to as the MIMO-MMSE.

After linear MMSE reception, the vector E(k) containing

the linear MMSE estimates of the transmitted symbols is the
vector b(k) further processed by a decision device to produce

the estimated symbols 5(k). In its simplest form, the decision
device is composed of a bank of parallel devices, one for each
component of’ B(k). This can be also interpreted as the vector

linear equalizer, where the aim is to reduce the “intersymbol”
interference (ISI) due to the parallel transmission of indepen-
dent symbols over the nonorthogonal radio channel, rather
than the ISI among symbols transmitted at different time ep-
och as in single channel systems. More sophisticated subopti-
mum strategies can be designed, including successive interfe-
rence cancellation that acts in an analogous way to decision
feedback equalizers, and will be investigated in Section V.

4. Performance Evaluation of MIMO-
MMSE System

In this section, we will derive the SEP performance of
MIMO-MMSE system constructed on the basis of the genera-
lized receiver. The crux of the derivation is to observe that
MIMO-MMSE reception is equivalent to a bank of parallel
optimum combiners each with Ny antennas estimating the sig-
nal transmitted by one of the antenna, and treating signals
from other remaining N; —1 antennas as interferers. This fact
proven in Appendix I enable us to obtain the SEP performance
of MIMO-MMSE system based on the generalized receiver by
leveraging the analytical framework developed for optimum
combining. The coherent detection of M-PSK modulated sig-
nals using the optimum combining with N 4 receiving antennas

in the presence of N, equal-power interferers, each with the
mean (over fast fading) received energy per symbol E, , and

the thermal noise in a flat Rayleigh-fading environment.
The SEP expressing of [13] requires the evaluation of nest-
ed N, -fold integrals, with

N, =min{Ng,N; =1} , (17)

. We extended this to
reduce the computational complexity, as follows.

Now, there is a need to prove the following statement. The
exact SEP expression for coherent detection of M-ary PSK
with optimum combining, Ny receive, and N; —1equal power

that it can be cumbersome for large N,

co-channel interferers and thermal noise is
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)
SEP = 5J.A(H)det £(6)da (18)
Vs

0

where
20 Ng =Ny
sin

AO)=|— , (19)

sin” @ + Cypsk Ep /24

with®=7z(M —1)/M and Cypsx =sin’(z/M) . The matrix
G =1{Gi. ()i j-o..n, . 1 1s the Hankel matrix with elem-

ents given by

Gk n,_+n,, (8)=5(0)  exp{s(O)}k!

x[c(O)1+K)T(-1-k,5(0)) + 2N [ENT(—k,5(O)] . (20)
where
c(0) = M + L’NB (21)

E,sin’0 E,

I'(e,2) is the incomplete Gamma function. Let us prove this

statement.
The exact expression for the SEP of MIMO-MMSE system
with the generalized receiver and N, = Ny receiving antennas

and N; = N; —1equal power co-channel interferers is given as

o0

SEP =E; {SEP._}= j . j j SEP; (x) f; (x)dxdx, -+ dxy  (22)
0 00

Equation (22) was obtained in [13], [25], and [26] with the ex-
ception of different integration limits. This difference is due to
the fact that unordered nonzero eigenvalues of the covariance

matrix R of [28]-[30] are used here in (22). In the present pa-
per, the covariance matrix R of [31], [32] is denoted byﬁ i

(Appendix I). In (22) we use the following notations: SEP;__ is
the symbol error probability conditioned on the given realize-
. Xy T of the N_. nonzero unordered eigen-

min

tion X =[X, ..

values A =[Zl, e IN 1" of the central Wishart matrix (Ap-

min

pendix II), defined as

. CJ-C”}, if Ng<N;-1;

W(Nmin7Nmax): * . (23)
CJCJ’ if NR>NT—1,

where N, =max{Ng,N; —1}. SEP;_, is given by [33]
[©] N, .2

1 e sin” @

SEP-(xX)=—| A(O) { - do

» 72'2')‘ l;[ s1n26’+CMpSKED/(EiXi +24/p)
(24)

and f; (x) is the joint probability density function (pdf) of the
random variable given by (79), Appendix II. Substituting
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(79) in (22) we obtain
SEP——— ,TT [aovioor
min 00 0
N N

mal gin? Gexp{—x; ) ma ~Nma
i1 sinZ 0+ CMPSKED/(Ei X + 2%)

where V| (X) is the Vandermonde matrix (see Appendix II).The

dxdx, ---dxy -, (25)

expression (25) can be simplified using the following statem-
ent, whose proof is given in [8]. Under the given two arbitrary
N x N matrices @(X) and ¥(X) with i-th and j-th elements, i.c.,

®@;(X;) and '¥;(X;) , and an arbitrary function (") the following
identity holds:

N
J‘J‘|(I)(x) [ x| ¥(X)| Hf(xi)dx
D i=1

b
- N!det{J‘ d)i(x)‘Pj(x)f(x)de’j:l ,,,, N} : (26)
a
where the multiple integral is over the domain
D={a<x <ba<x <b,..,a<xy <b} 27)
and
dx = dx,dx, - --dxy - (28)
Using (26) at
a=0,b—o0,N = Ny, @00 = Vi), ¥) = Vi(¥),  (29)
. 2 Ny =N
sin” @exp {—X} X max ™ Tmin
EX)=— : (30)
sin” 0 + Cypsk Ep /(EiX; +2:/7)
we obtain
SEP = K
Vs
® © X+2W E e—x XNlmx—N"m-¢—i+j—2
e U240 B ol e
o |1 X+2N/E| +EpCypsk/E; sin? @ e
(31
Finally, using the following identity
]9 exp(—x)x"(x + ) o
0 X+b
=b"exp(b)n[b(1 + N)[(=1—n,b) +ar(-n,b)] (32)

valid atn>—1and arg{b} = 7, we obtain (18) that provides a

concise SEP expression and is amenable for efficient evaluati-
on involving only a single integral with finite limits of integra-
tion.

As shown in Appendix I, in the case of MIMO-MMSE syst-
em with the generalized receiver we can think of the linear
MMSE combiner as equivalent to a bank of parallel optimum
or MMSE combiners, each considering one of the signals tran-
smitted by an antenna as the desired signal and the remaining
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N; —1as interferers when Ep = E, due to the assumption of

uniform mean power over the transmitting antennas.

When the decision device following the linear combiner is a
bank of independent slicers, the SEP is the same for all layers
and is given by (18) together with (19) and (20). In the follow-
ing the SEP of the MIMO-MMSE systems with the generaliz-
ed receiver and Ny transmitting and Ny receiving antennas is

denoted as

SEPumse(NRr, Nt , Ep/2:/()] (33)

where Ep /o is the receive symbol SNR per transmitting an-

tenna. In the next section, the performance of various decision
devices following the MMSE linear combiner is investigated.

5. MIMO-MMSE System With SIC

The practical generalized receiver structure suggested ori-
ginally in [20] includes a linear combiner and successive inte-
rference cancellation. Although the linear MMSE combiner is
expected to perform better than the zero-forcing combiner [3]-
[5], the latter is usually investigated in the literature since it is
easier to analyze. Here, we derive simple expressions for the
performance of the MIMO systems based on the generalized
receiver with the linear MMSE combiner followed by SIC and
denoted as MIMO-MMSE-SIC systems based on the general-
ized receiver. We consider a low-complexity SIC algorithm in
which one of the linear MMSE combiner outputs is chosen,
and the corresponding transmitted symbol is estimated by a
slicer. The contribution of the signal due to this detected sym-
bol is then reconstructed and cancelled from the received vec-
or. The same procedure is replaced for all remaining symbols.

We note that the performance of the MIMO-MMSE-SIC
system with the generalized receiver can be improved by a
proper ordering of the symbols to be detected on the basis of
the instantaneous channel state. The evaluation of its perform-
ance is beyond the scope of the present paper. It is well-known
that a detection with decision feedback suffers from EP, that
is, the cancellation of an erroneously detected symbol increas-
es the power of the interfering terms and can cause significant
performance degradation [34], [35]. The same phenomenon is
present in MIMO receivers employing SIC. In the next subse-
ctions, we analyze the performance of the MIMO-MMSE-SIC
system based on the generalized receiver for the cases of with-
out EP (NEP) as well as with EP.

5.1 Performance of MIMO-MMSE-SIC

System without EP

Equation (33) provides the starting point for evaluating the
performance of the MIMO-MMSE-SIC system employing the
generalized receiver with arbitrary choice of order in the sym-
bol detection. Without loss of generality, in the following it
will be assumed that in the i-th step we detect the i-th element
b, (k) of b(k) . It is easy to show that with SIC the SEP can be

derived by using the following:
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N
1 T
SEPwmsE-sic N ZSEPi , (34)

T i=l
where SEP, represents the probability of making an error in the
detection of the i-th symbol. To derive SEP, let us define
Z5,(k) as the received vector after the cancellation of the pre-
viously detected (i —1) symbols, so that z;;,(k) = z(k) . The in-

dex k is omitted in the rest of the present paper for brevity. In
the absence of EP we can write

Nt
i=2
where c; is the propagation vector corresponding to b;. In gen-

eral

Z[I] =7Z— ED C[I]b[l] +W N (36)

where by is the vector of the remaining Np —i+1undetected
symbols and C;; represents the Ng x(Ny —i+1) channel vect-

ors corresponding to the i —1 estimated symbols. Equation (36)
shows that z;;, can be thought of as the received vector of the

MIMO-MMSE system constructed based on the generalized
receiver with Ny receiving antennas and Ny —i + 1 transmit an-

tennas. Hence, SEP,is equal to SERse(Ng, Nt —i+1LEg/
;) and (34) becomes

N
1 <& .
SEPwmse-sic :N_ZSEPMMSE(NR’ Ny —i+1,Ep/2/),
T iol

(37

5.2 Performance of MIMO-MMSE-SIC System
with EP

Note that (34) holds even in the presence of EP, provided
that the probabilities SEP, take into account the effects of EP.

Unfortunately, the definition of the exact expressions for SEP,

is difficult. Here, we present a simple approach to estimate
these probabilities, which are shown to be very accurate in the
numerical results section.
By using the total probability theorem, we can write
N1 _ )
SER = ) Pferror, |[E{"}P{E{"}
j=0

(3%)

where N; = 2 the mutually exclusive events EM, with
P{UE?)} =1, regarding thei—1previous symbols decisions.
P{error; | E?)} is the probability of making an error at the de-
tection of the i-th symbol conditioned on the event E?) . Each
event E}i) can be associated with the (i —1) - dimensional vect-

or S(ji), with the element sﬁ')m equal to zero if the symbol at the
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step M has been correctly detected, one otherwise. For examp-
le, S(ji) =[0,1,1,0,.. .,1]T represents the event that the first symbol

has been correctly detected, the second has been incorrectly
detected, and so on. It is convenient for what follows to assu-

me that s(ji) is the (i —1) - dimensional vector containing the bi-
nary representation of the number j. To better understand our
derivation of P{error; | Egi)} , let us consider a simple example

withi=2. In this case, we have two sequences SE)Z) =[0]and
s{?) =[1], associated to the events E{® and E{?, respectively.
P{error, | E32>} represents the error probability for the second
symbol conditioned on the event that the first symbol has been

correctly detected. Similarly P{error, | El(z)} represents the er-

ror probability for the second symbol conditioned on the event
that the first symbol has been erroneously detected. While

P{error, | E(gz)} can be easily derived using the results of Sec-

tion V-A, the evaluation of P{error, | El(z)} is much more in-

volved. To derive it, let us consider the received vector 7[5,

Ny
215y =2~ JEpciby = Epcy(b —by) +Ep D ciby +w
i=2

= VEpCpabp) +VERCi(by ~b)+w, (39)
-_———
=Weq

where b, is the erroneous decision regarding b, . The comparis-

on of (35) and (39) shows that the error of the previous symb-
ol results in an additional disturbance, which can cause severe
performance degradation. To estimate this effect we approxi-
mate the term W, as the Gaussian random variable with the

zero mean, i.e. E{Wgq} =0 and

E{WeqWeq ) = (EpE{l by — By [} +2/p)1 (40)

where expectations are with respect to the thermal noise, sym-
bols, and propagation vectors. It will be apparent in the Secti-
on VI that this Gaussian model is adequate for obtaining the
SEP performance of MIMO systems. Under the high-SNR re-

gime most of the errors will be such that 61 is one of the neigh-

boring symbols ofb; . In this case,

dupsk = by by [=4sin’*(z/M) (41)
and hence
E{WquZq} = (Epdypsk +2/p)!1 . (42)

With this approximations, in z,, (39) is equivalent to the recei-

ved vector of the MIMO-MMSE system based on the generali-
zed detector with Ny —1(since one symbol has been already

detected) transmitting antennas each giving an equivalent SNR
per receiving antenna equal to
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= (43)
Epduipsk +2/  2/o/Ep +dypsk
and, therefore
P{error2|E1<2>}~SEPMMSE{NR,NT—1, S }
2/ /Ep + dypsk
(44)

Equation (44) can be generalized for arbitrary i and E}i). In

fact, if the detection of the previous i —1symbols has caused n
errors, the received vector z;, becomes

qefet }

where 4, denotes the set of indexes of the n erroneously deci-

ded symbols. Since the transmitted symbols are statistically in-
dependent, we again have

{E{Weq}:();

. . (46)
E{Weqweq} = (nEDdMPSK + 2W0)| .

Finally, the term P{error, | El(z)} can be written in the follow-

ing form

P{error, | E}i)}

) 1
~ SEP, Ng, Ny —(i 1), — , 47)
MMSE{ R>INT 2M/ED+nlj ldMPSK}

where nT indicates the number of ones (wrong symbols) in the
first m positions of the vector S(ji) .

Now, let us consider the evaluation of P{E}i)} . This can be

written as

P{E("} =Pt =P sy . (48)

By using the well-known relation

PN 1) = HPMn | (Mn} (49)

n=1 m=1

we obtain

PRl = [ Pisih, Ml siimt = PsiIPIs{ ST+
n=1

P{s() M2y s§h} - (50)

We now consider the term P{S(') ’fl S(-i’)m} . That represents

Ji-1»
)

i1 =lor a correct decision S(') 4=0

the probability of error S('

at the detection of the (i—1)-thsymbol conditioned on the
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detection of the first (i
ved by means of the previous model used to evaluate the pro-
bability of error P{error; | ES"}

—2) symbols. This problem can be sol-

Pt

i
M, ()}

m1S

. 1
1-SEPymses Ng> Nt — (i —2), — ,
2/ /Ep +77|j szPSK

if s =0;

Q

. 1
SEPumsey N> Nt —(1-2), >
2/ /Ep +771 dMPSK

if S(') 4 =1.

(51
The particular structure of (51) allows us to write P{E?)}as
the product of conditioned (i — 1) probabilities, each condition-

ed on the result of the detection of the previous symbols that
can be calculated by using an expression similar to (51)

P{EJ"} ~ H@(NR,NT (n=1),7]".sh) (52)
n=l1
where
1
1_SEPMMSE{X:Y: } )
24 /Ep + 2dypsk
ifw=0
P(X,e,7,W) = !
1
SEPMMSE{Xaya } )
2./ /Ep + 2dypsk
ifw=1 .
(53)

The final result of the previous analysis gives the performance
of MIMO-MMSE-SIC reception with the following simple ex-
pression:

1 . P
SEPumse-sic =N_Z Z{@(NR»NT = (i =17 i)

T =1 j=0

i-1
- n-1 i
i ,sazm}.
n=1

XH?(NRaNT (i-1.7 (54)

Note that for a given value of Ep, /2./{ the number of terms
SEPmse() to be calculated in (54) depends only on Ny, and
it is given by

Nt

D j=0.5Ng(Ny —1) .
j=1
The error probability SEP,4se(-) can be derived by using the
exact formula (18) together with (19) and (20) or one of the
approximate expressions given in [13].

(55)
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6. Numerical Results

Here we demonstrate the comparison between the MIMO-
MMSE and MIMO-MMSE-SIC systems constructed on the
basis of the generalized receiver using the analytical expressi-
ons obtained in previous sections. The performance is evalua-
ted in terms of SEP plotted as a function of the total SNR per
receiving antenna element and spectral efficiency Sy , defined

as

SMIMO*MMSE_ NTED .
eff - 2% H

S MIMO-MMSE-SIC __
eff -

(56)
N; xlog, M,

respectively. To assess the validity of the proposed approxim-
ate formulas, the performance of the MIMO-MMSE and
MIMO-MMSE-SIC systems constructed on the basis of the
generalized receiver is compared with bit-level simulations
where over10° of symbols were generated.

The effect of EP on the performance of the MIMO-MMSE-
SIC systems constructed on the basis of the generalized recei-
ver is presented in Fig. 3 at Ny =4, quaternary phase shift ke-

ying (QPSK) modulation, and Ny ranging from 2 to 4. Using

Fig. 3 we can see that the target SEP is10 and Ny = Ny =4,

the hypothesis of absence of EP gives an optimistic estimate
of the required SNR by about 3 dB.

A
0 N,= 4, QPSK
——— MIMO-MMSE-SIC (EP)
m Simulation
wEX - —— MIMO-MMSE-SIC (VEP)
,,,,,, Bast ¢ Simulation
"""""""" S
Y
10° = AR
e X5
; (BN
A
= 10° NN
%) B
N o
AN \‘r\ b
10" 3 D
B
Y I
1075_ N=2 Ny=3 \x:\
X \ =
10'6 l L »
-5 0 5 10 15 20 25 30 35 40
SNR [dB]

Fig. 3. Performance of MIMO-MMSE-SIC with EP and NEP
for QPSK, Ni =4, and various values of Ny =2+4.
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A
o N,=4, QPSK
——— MIMO MMSE
: m  Simulation
B N —— MIMO-MMSE-SIC
10 L\ ,\5 rrrrr ® Simulation
"""""" ST
Y B G
Q. —
& 107 Y
) = %
\\
N
10! N=2i NN ‘ >
% S =
..... \
107 \e‘ N-=3
X
§
1Y
)
10 . >
-5 0 5 10 15 20 25 30 35 40
SNR [dB]

Fig. 4. Performance of MIMO-MMSE and MIMO-MMSE-
SIC as a function of SNR for QPSK, Ng =4, and various va-

lues of N; =2+4.

Furthermore, when small values of N; are considered, the

number of cancellation steps decreases and the system is less
sensitive to EP. In all subsequent figures, EP is taken into ac-
count. As clearly shown in Fig. 4, the MIMO-MMSE-SIC sy-
stem constructed on the basis of the generalized receiver out-
performs the MIMO-MMSE system constructed based on the
generalized receiver. Moreover, the results confirm that our
analytical results including the effects of EP are in excellent
agreement with simulation results.

A
o N,= 5. OPSK
——— MIMO-MMSE
B Simulation
—— MIMO-MMSE-SIC
® Simulation
N \‘- S
N
Q. . Sa T
&y 10°L '\\ 2 I S
“ W 2%
|l b 1=
5 N &
Y
10" N =1 1\ Ny 1 L
w T SN
HAW N
5 e VN
107 \‘ Ny=3% M4
[ | \\‘- “\\‘
\ ™~
10'6 L - \ >
-5 0 5 10 15 20 25 30 35 40
SNR [dB]

Fig. 5. Performance of MIMO-MMSE and MIMO-MMSE-
SIC as a function of SNR for QPSK, Ng =5, and various va-

lues of Ny =2+5.
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N,= 6, OPSK

——— MIMO-MMSE
®  Simulation

" —— MIMO-MMSE-SIC
~ @ Simulation

f >

40

20

SNR [dB]
Fig. 6. Performance of MIMO-MMSE and MIMO-MMSE-
SIC as a function of SNR for QPSK, Ng =6, and various va-

lues of N =2,4,6.

The validity of the proposed model can also be appreciated
in Figs. 5 and 6, where the same curves of Fig. 4 are shown
but now Ny equal to 5 and 6, and different values of N are co-

nsidered. Note that using a number of receiving antennas lar-
ger than the number of transmitting antennas gives a large im-
provement due to the additional diversity gain available.

Figure 7 demonstrates the SEP as a function of the number
of transmitting antennas for Ny =6, QPSK modulation and

different values of SNR. The figure clearly shows how, as ex-
pected, increasing in N; degrades the SEP performance. On

the other hand, increasing the number of transmit antennas
provides an improvement in terms of spectral efficiency. In

particular, if we fix the target SEP at10™, we can achieve a
spectral efficiency of 8 b/sec/Hz at Ny =4 for values of SNR
equal to 15 dB or higher.
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N,= 6, QPSK, MIMO-MMSE-SIC

2-SNR=5dB 6. sNR=25dB
3-SNR=10dB 7- SNR =30 dB
dB

10

SEP

>

Nr
Fig. 7. Performance of MIMO-MMSE-SIC as a function of
N; for QPSK, Ng =6, and various values of SNR ranging

from 0 to 30 dB.

To appreciate the exceptional spectral efficiencies provided
by these practical systems, we show in Fig. 8 the spectral effi-
ciency of the MIMO-MMSE-SIC system constructed on the
basis of the generalized receiver as a function of SNR for diff-
erent values of N and Ny at the target SEP equal to 107, The
curves on Fig. 8, obtained from the analytical expressions de-
veloped in the previous sections and including EP, demonst-
rate that a spectral efficiency of 8 bit/s/Hz can be achieved at
the SNR of about 29 dB with Ng = 4 antennas. This value is re-
duced to about 15 dB at Ny =6.

Finally, Fig. 9 is similar to Fig. 8 but with reference to the
bit-error probability (BEP), here approximated as SEP/log, M
under the hypothesis of Gray coding [36], for different modu-
lation formats, Ny = 6 receiving antennas and the target BEP

of107>. Symbols on a given curve indicate the number of tran-
smitting antennas Ny =1+6. The crossing of the curves in
Fig. 9 shows that for a given value of Sy there is an optimum

modulation format with minimum required SNR. If we fix, for
instance, S =16 bit/s/Hz, the minimal SNR is achieved with

16-PSK and four transmitting antennas. The other modulation
formats require a larger value of SNR or provide the smaller
spectral efficiency.
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SEP=10", QPSK, MIMO-MMSE-SIC

S, [bit/s/Hz]

12
SNR [dB]
Fig. 8. Spectral efficiency of MIMO-MMSE-SIC as a function
of SNR for QPSK and various values of Ny and Ny at the tar-

get SEP of 107 .

44
40
36
32

S, [bit/s/Hz]

16

SNR [dB]
Fig. 9. Spectral efficiency of MIMO-MMSE-SIC as a function
of SNR for Ng =6 and various modulation format and Ny at

the target BEP of 107 .

Conclusion

In this paper, we have investigated the performance of high
spectral efficiency of the MIMO systems based on the genera-
lized receiver with M-PSK signals in a flat Rayleigh-fading
environment. We first proposed a methodology to evaluate the
SEP for the MIMO systems with the generalized receiver bas-
ed on the linear MMSE combining. Based on this methodolo-
gy, we further derived the performance of the MIMO-MMSE

7.
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system constructed on the basis of the generalized receiver fol-
lowed by successive interference cancellation (MIMO-MMSE
-SIC). We extended this to include the EP effect. Our results
are valid for arbitrary number of transmitting and receiving
antennas and are confirmed by Monte Carlo simulations.

Appendix |

Equivalence Between Parallel Optimum
and Joint Combining

We note that the problem of detecting the j-th transmitted
symbol in a MIMO system, in which case all others Ny —1

transmitted symbols can be thought of as interferers. Note that
all the interfering signals are characterized by a man (over fast
fading) received energy per symbol equal to Ep . This scenario

is equivalent to a multiantenna system with N, = Ny receiving
antennas and N, = N; —linterfering signals, with the mean
energy per symbol equal to E; =Ep . It is well known that

with optimal combining the weights that maximize the output
signal-to-interference-plus-noise ratio (SINR) are given

Yoc, =¢iRj'c; (57)

where ¢ ; is the arbitrary constant that does not affect the array
output SINR, C;is the propagation vector corresponding tob;,

and R ; is the covariance matrix given by

R, =EoR; +2.4l . (58)
with

R,=C.C! . (59)
and

Cj :(Cl C, Cj—l Cj+] CNT ) 5 (60)

where C; is the column vector. Here we prove that (15) is equi-

valent to (57) and, therefore, the analytical framework develo-
ped in Section IV can be applied to investigate MIMO system
with MMSE linear reception.

The j-th row of the matrix G” in (5) that is given by

gj =\EoR'c] , (61)
if we consider its conjugate transpose, we obtain
9;=vEpR7'cj , (62)

where we used the property of the Hermitian matrices GE)

=R To show that (62) is equivalent to (57) we need to pro-
ve the following statement.

LetDeMp, ,andDj e M, ,_, be given by
dn) ,

D=(d, d, (63)
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and

D,=(d, d, dy ).

where M denotes the set of the (Mmxn) complex matrices.

di

o d

" (64)

LetQandQ;be equal to K,DD*+K,land K,D;Dj + K, , re-
spectively, with scalars K; 20and K, > 0. Then, the complex
vectors V= Q_ldj and s; =Q}1dj are related as Vj =y;sS;
where

1

. S— 65
1+ K, djQ;'d; (65)

7j

is a real nonnegative number.
Let us see the proof of this statement. Note that for any gi-
ven D, the square matrices Q and Q jhave the nonzero determ-

inants and, hence, Q' and Q}l exist. We can relate v j and s j as

v;i=Q'p; =Q7'@Q;s)) - (66)
Since that

Q=Q;+Kd;dj , (67)
we have

v; =Q(Q-K,d;d})s; =s; - v;KdjQj'd; , (68)

where we have used that fact that v = Q’lpj ands; = Q}lpj .

Therefore,

S.
J
! 1+ KldJQildj 7/] !

and, hence, the vector v j is proportional tos; . Since Qjis po-
sitive deﬁnite,d?Q}ld j >0 which implies that the proportio-
nality constant y  is real positive.

If we now define

D=C,D;=C,,K, =Ep,K, =2}, (70)

Eq. (62) based on the statement that has been just proved can
be written in the following form:

E,R'c.
gj_ D™ ¥j

-1
= =7j EoR c; .
1+EpciRe;, V0

(71)

Note that (71) is in the form (57). This fact establishes the eq-
uivalence between (15) and (57) and, therefore, all the results
for optimum combining aiming to maximize the SINR can be
used to investigate the MIMO-MMSE system constructed on
the basis of the generalized receiver.
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Appendix 11

Distribution of the Unordered Eigenvalues of a
Wishart Matrix

Let us define the (N, x N, ), WithN_; <N co-

max >
mplex matrix A, withX = E{aja’;},‘v’j and E{aja”;} =0fori #

], where ajis the j-th column vector of A. If the elements of
the matrix A, i.e., a;j are the complex values with real and im-
aginary part each belonging to a normal distribution N(0,1/2) ,
then the Hermitian matrix

W(N,yyy s Ny ) = AA" (72)

is called the central Wishart. The distribution of the eigenvalu-
es is studied in [37]. The joint pdf of the real ordered eigenva-
lues 11 > 12 2.2 /TN“m takes the form

£ (X Xy )= K| Z[ g By(-Z7, W)

Nmin
N nax =N mi 2
x| W MmN TT (0 —x;)?

(73)
i<j
where K is a normalizing constant given by
Nmin (Nmin _l)
—— (74)
erm (Nmax )FNmm (Nmm)
with
~ Nmm
Ty, (M) =7 Mo D2 T (n it (75)

i=1
0 IEO(A, B) is known as the hypergeometric function of Hermi-

tian matrix arguments, whose definition is given in [31,(88)]
in terms of series involving the zonal polynomials. These po-
lynomials are, in general, very difficult to manage.

In the case of X =1, the joint pdf of the real ordered eige-

nvalues 4, > 4, 2"'2;“Nm-m of %(N
as [31]

N,.x ) can be written

min »

Nmm

Nmae =Nong

f;(x,,...,mem):Kl Iexp{—xi}xi max ™ min
n=1

Nmin
[Toi=x)?, (76)
i<j
Denoting X =[X;,X;,...,Xy . ], the pdf in (76) can be written

alternatively in terms of the Vandermonde matrix

VIO = {4 o - (77)
Since
Nmin
VOO P=T o6 —x))? (78)
i<j
equation (76) becomes
Nmin
£ (XX, ) = VOO P T [exp = tme Mo (79)

n=l1

Starting from (79), the joint pdf of the unordered eigenvalues
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of W (N, , Ny ) is easily written as

min >

Nmin
VOO P Jexp s Mo (80)

n=1

N .

|
min *
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