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Abstract: - Continuous Markov processes widely used as a tool for modeling random phenomena in numerous
applications, can be defined as solutions of generally nonlinear stochastic differential equations (SDEs) with
certain drift and diffusion coefficients which together governs the process’ probability density and correlation
functions. Usually it is assumed that the diffusion coefficient does not depend on the process' current value.
For presentation of non-Gaussian real processes this assumption becomes undesirable, leads generally to
complexity of the correlation function estimation. We consider its analysis for the process with particular pairs
of the drift and diffusion coefficients providing the given stationary probability distribution of the considered
process.
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1. Introduction

There is a wide range of phenomena in the Fokker-Planck equation (FKE) corresponding
economics (stock prices) [1, 2], biology to SDE (1), known only for some particular pairs
(population, epidemics) [3, 4], paguo physics [5] of functions Ki1(X) and K3 (X) , is considered

that can be modeled as diffusion (continuous-time)
Markov processes, which in turn, are represented

in Section 3.

by solu.tions of certain ﬁrst—order. stochastic 2. Preliminary results

differential equations (SDEs) characterized by the

drit K1 (X) and diffusion K2 (X) coefficients. Using the Stratonovich definition of stochastic
For some of them, those coefficients depend on integral [6] we can express the drift coefficient
their current values, and for such processes their Ki(X)as a function of the process x(t)

generating SDE is written as [6] stationary density f (x) and K2 (X)

X =K, (0 +/K, (x) £(t) (1) 1
Ky = fo(x) =2 Ky (%) (3)
where & (t) is White Gaussian Noise (WGN) with
correlation function and the density st (x) depends on Ki(X) and
<&t +7)>=5(z) @) K2(X) as
Our purpose is to find an approximate method fo(x)= C 5 f K,(z) d
of calculation the correlation function for the st\X)= K, (x xp I K, (2) I CY
continuous Markov process with the given -
stationary probability density and arbitrary _ ; . .
diffusion coefficient. The paper is organized as For a given 'st (X)’ solving (4) with respect to
follows: some preliminary results are presented in K, (X) we have

Section 2. Exact solution, i.e. spectrum of
eigenvalues and expression for eigenfunctions of
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LJ K (x)—ln Foe (<) +
? v s vl

K, (x) =

)

According to (4) the prescribed stationary density

fst (X) can be obtained for SDE with any diffusion
coefficient.

To find the correlation function of a stationary
continuous Markov process the parabolic type
Fokker-Planck equation (FKE) for the probability

density F[X.t] of the process has to be solved.
One of the methods of the FKE solution [4, 6] is
based on the presentation of this density as

fIxt1=Y (T () (6)
Substituting (6) in the FKE [6]

o o
= f(x,t)= —E[Kl(x)f (x,t)] +

1 82

e [Kr(x)f(x,t)=0

(7

we obtain the following transformation
1 0O

— 2 T(t)=

T(t) ot )

2K, (Y (1 52
Y (x)

20V

=0

8)

which, in turn, is equivalent to the system of two
ordinary differential equations

1 d

197 Tk, (v ()]

2 dx?

g . (10)
o K OY ()] 2Y (x) = o

and the solution of the FKE may be written as

f(x.t) = ivm (%o An)exp (= Aat) | (11)

Here #n and Yn (X) are real eigenvalues and
eigenfunctions of (10) corresponding to the
boundary conditions
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Yh (O)ZYn (OO):() (12)

or

Yn(=0)=Y,(0)=0 (13)

depending on the process range.

The eigenvalue A =0 s related to the

stationary solution of the FKE fe (X)) If the
initial value of the process is fixed, i.e.

p(x.t=0)=5(x—x,). (14)

the transitional density of the process is written in
the following form [5]

S Yn (X)Yn (XO )
for(x)

while the correlation function is expressed as

expl- 2t —to)]

n=0

B(r)= > h3 exp[- a,|7]], (16)
n=0
where
PR ey (17)

3. Correlation function of the
continuous Markov process with
particular pair of the drift and
diffusion coefficients

As is clear from (16) the correlation function of
the continuous Markov process is monotonically
decreasing but its convergence to an
approximately exponential function depends on the

set of functions {Yn (X)} and on the spectrum of
eigenvalues {ﬂ“n } of the equation (10) which can

be rewritten as

a2v, 69 |

>

dIn fg (x) dY,(x) .

dx dx dx
24, dIn K, (x) dIn fg (x)
K, (x) - dx dx -
d?In fg (%)
dx

Yn(x)=0

(18)
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The closed form solution of (18) may be obtained

only for special pair of K2(X) and fs (X) In
the case of the process with constant diffusion it is
available for the Gaussian or the Nakagami-m
density [7] (generalizing Rayleigh, Weibull,
Maxwell, the single-sided normal and the
multidimensional vector modulus distributions)

0, —0o<x<0
omm x2m-1 ( mx2

fst (X) =

r(m) o2" P\ T
(19)

For the Gaussian process generated by SDE with
linear drift and constant diffusion all eigenvalues
except the first are equal to zero and the
correlation function is exactly exponential [5]. For
densities of the group (19), the solution of (18)
may be found in [7]

Yo () =2 me e g

20)
X2 o m (
-2
2N,m
Ay ="—2—n, n=0,1,2,.. 1)
o
L(m_])(z) . .
where Lg is the generalized Laguerre

polynomial [9]. The correlation function of such
processes is represented by the row [§]
o’r?(m+0.5)

B =
=) amz(m)
© 12(n-0.5) [
Z— exp
r(m+ n)n!
In the case of Gamma distribution [10]

generalizing Pearson, Erlang, Laplace, exponential
power PDFs

fs (X):

2Nym . (22)
e
O_

0, —oo<x<0
a 2m-1

X X
ﬁa+l 1—‘(0{—4_1)6)@(_?}’ XZ0,0!>—1,ﬁ>0

(23)
and constant diffusion coefficient, eigenfunctions

of equation (18) cannot be expressed with the help
of known functions, but this can be done if
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K, (x)=Nopx (24)

In this case its eigenfunctions are

Ya(x)= \/r(a+1)r(a+1+n)

o -5 ) 5)

and the only nonzero eigenvalue is

(25)

Ny
A= 25 (26)
while the correlation function of the Gamma
distributed Markov process with linear diffusion

coefficient 1s

B(r)=p*(a+ l)eXpL— 2N—2|T|J ,

27)

which is identical to that of the Gaussian Markov
process [6].

4. Conclusion

Continuous Markov process may be presented
as a solution of a generally nonlinear stochastic
differential equation. The process' properties,
including stationary probability distribution and
correlation function, depend on the drift and
diffusion forming its operator. The required
process' density may be obtained with the help of
their different pairs, while the correlation function
appears as an infinite sum of exponents with the
decays to be found from the corresponding
Fokker-Planck equation with certain boundary
conditions. We have considered analysis of the
correlation function of the generated continuous
Markov process.
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