
Matrix-valued (vector-valued) signals are everywhere these
days, such as, videos, multi-spectral images, signals from
multiarray multisensors, and high dimensional data. For these
signals, there are correlations not only over the time but also
across their matrix components. How to efficiently represent
and process them plays an important and fundamental role in
data science.

In [1], [2], a matrix-valued inner product was introduced for
matrix-valued (or vector-valued) signals. It leads to a weaker
orthogonality (called Orthogonality B) than the component-
wise orthogonality (called Orthogonality A) in orthogonal
multiwavelet constructions [11], [12]. The weaker orthog-
onality, i.e., Orthogonality B, provides an easier sufficient
condition to construct orthonormal multiwavelets with Orthog-
onality B than the necessary and sufficient condition [12] to
construct orthonormal multiwavelets with Orthogonality A. A
connection between multiwavelets and matrix-valued/vector-
valued wavelets can be found in [2]. After the works in [1],
[2], there have been many studies on matrix-valued/vector-
valued wavelets for matrix-valued/vector-valued signals in the
literature, see, for example, [3]- [10].

On the other hand, the Orthogonality B induced from the
matrix-valued inner product is stronger than the orthogonality,
which is called Orthogonality C here, induced from the
commonly used scalar-valued inner product for matrices. It is
because, as we shall see later, Orthogonality B is basically the
orthogonality between all row vectors of two matrix-valued
signals, while Orthogonality C is the orthogonality of two
long vectors of concatenated row vectors of two matrix-valued
signals. It was proved in [2] that Orthogonality B or the
matrix-valued inner product is able to completely decorrelate
matrix-valued signals not only in time domain but also across
the components inside matrix, i.e., it provides a complete
Karhunen-Loève expansion for matrix-valued signals, while

Orthogonality A or Orthogonality C may not do so. In other
words, Orthogonality B induced from the matrix-valued inner
product is the proper orthogonality for matrix-valued signals.
This also means that the matrix-valued inner product is needed
to study the decorrelation of matrix-valued signals and a
conventional scalar-valued inner product may not be enough.

Since the main goal in [1], [2] was to construct orthonormal
matrix-valued (vector-valued) wavelets, not much about the
inner product or the orthogonality itself, which is more funda-
mental, was studied. In this paper, we study more propertis on
the matrix-valued inner product and its induced Orthogonality
B for matrix-valued signal space proposed in [1], [2]. We first
define a different norm for matrix-valued signals than that
defined in [2] and prove that these two norms are equivalent.
The norm defined in this paper is consistent with the matrix-
valued inner product similar to that for a scalar-valued inner
product. We introduce a new linear independence concept for
matrix-valued signals and present some related properties. We
then present the Gram-Schmidt orthonormalization procedure
for a set of linearly independent matrix-valued signals. We fi-
nally define matrix-valued lattices, where the newly introduced
Gram-Schmidt orthogonalization might be applied. Due to the
noncommuntativity of matrix multiplications, these concepts
and properties for matrix-valued signals and/or inner product
are not straightforward extensions of the conventional ones for
scalar-valued signals and/or inner product.

The remainder of this paper is organized as follows. In
Section II, we introduce matrix-valued signal space, matrix-
valued inner product, and define a new norm for matrix-valued
signals. We present some simple properties for the matrix-
valued inner product and prove that the new norm proposed
in this paper is equivalent to that used in [2]. In Section III, we
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∆
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first introduce the concepts of degenerate and nondegenerate
matrix-valued signals and then introduce the concept of linear
independence for matrix-valued signals. The newly introduced
linear independence is different from but consistent with the
conventional one for vectors. We also present some interesting
properties on the linear independence and the orthogonal-
ity. We finally present the Gram-Schmidt orthonormalization
procedure for a set of linearly independent matrix-valued
signals, which has the similar form as the conventional one
for vectors but not a straightforward generalization due to the
noncommutativity of matrix multiplications and the matrix-
valued inner product used in the procedure. In Section IV, we
define matrix-valued lattices. In Section V, we conclude this
paper.

We first introduce matrix-valued signal space studied in
[1], [2]. Let CN×N denote allN × N matrices of complex-
valued entries, and for−∞ ≤ a < b ≤ ∞, let L2(a, b)
denote all the finite energy signals in the interval(a, b) and
L2(a, b;CN×N) be defined in (1) at the top of this page.
We call L2(a, b;CN×N ) a matrix-valued signal space and
f(t) ∈ L2(a, b;CN×N), or simply f ∈ L2(a, b;CN×N), a
matrix-valued signal.

For anyA ∈ CN×N and f ∈ L2(a, b;CN×N), the products
Af , fA ∈ L2(a, b;CN×N). This implies that the matrix-
valued signal spaceL2(a, b;CN×N) is defined overCN×N

and not simply overC. Forf ∈ L2(a, b;CN×N), its integration
∫ b

a
f(t)dt is defined by the integrations of its components, i.e.,

∫ b

a
f(t)dt =

(

∫ b

a
fkl(t)dt

)

.

Let ‖ · ‖M denote a matrix norm onCN×N , for example,
the Frobenius norm,

‖A‖M = ‖A‖F =





N
∑

k,l=1

|Akl|2




1/2

,

whereA = (Akl). For eachf ∈ L2(a, b;CN×N), let ‖f‖M
denote the norm off associated with the matrix norm‖ · ‖M
as

‖f‖M ∆
=

∥

∥

∥

∥

∥

∫ b

a

f(t)f†(t)dt

∥

∥

∥

∥

∥

1/2

M

, (2)

where † denotes the complex conjugate transpose. Note that
the norm‖f‖ of f defined in [2] has the following form

‖f‖ ∆
=

(

∫ b

a

‖f(t)‖2Mdt

)1/2

, (3)

where ‖f(t)‖M is the matrix norm of matrixf(t) for a fixedt.
We will show later that the above two norms‖f‖ and‖f‖M are

equivalent in the sense that there exist two positive constants
C1 > 0 andC2 > 0 such that

C1‖f‖ ≤ ‖f‖M ≤ C2‖f‖, for any f ∈ L2(a, b;CN×N). (4)

We next define matrix-valued inner product for matrix-
valued signals inL2(a, b;CN×N). For two matrix-valued sig-
nalsf ,g ∈ L2(a, b;CN×N), their matrix-valued inner product
(or simply inner product)〈f ,g〉 is defined as the integration
of the matrix productf(t)g†(t), i.e.,

〈f ,g〉 ∆
=

∫ b

a

f(t)g†(t)dt. (5)

With the definition (5), most properties of the conventional
scalar-valued inner product hold for the above matrix-valued
inner product. For instance, the following properties of the
matrix-valued inner product are clear:

(i) 〈f ,g〉 = 〈g, f〉†.
(ii) 〈f , f〉 = 0 if and only if f = 0.

(iii) ‖f‖M = ‖〈f , f〉‖1/2M .
(iv) For anyA,B ∈ CN×N , 〈Af , Bg〉 = A〈f ,g〉B†.

Note that Property (iii) may not hold for the norm (3) used in
[2].

Two matrix-valued signalsf andg in L2(a, b;CN×N) are
called orthogonal if 〈f ,g〉 = 0. A set of matrix-valued
signals is called anorthogonal set if any two distinct matrix-
valued signals in the set are orthogonal. A sequenceΦk(t) ∈
L2(a, b;CN×N), k ∈ Z, is called anorthonormal set in
L2(a, b;CN×N) if

〈Φk,Φl〉 = δ(k − l)IN , k, l ∈ Z, (6)

where δ(k) = 1 when k = 0 and δ(k) = 0 when k 6= 0,
IN is the N × N identity matrix. Due to (i) above, the
orthogonality/orthonormality betweenf andg is commutative,
i.e., if f andg are orthogonal/orthonormal, theng and f are
orthogonal/orthonormal too.

A sequenceΦk(t) ∈ L2(a, b;CN×N), k ∈ Z, is called an
orthonormal basis for L2(a, b;CN×N) if it satisfies (6), and
moreover, for anyf ∈ L2(a, b;CN×N) there exists a sequence
of N ×N constant matricesFk, k ∈ Z, such that

f(t) =
∑

k∈Z

FkΦk(t), for t ∈ [a, b], (7)

or simply

f =
∑

k∈Z

FkΦk,

whereFk = 〈f ,Φk〉, the multiplicationFkΦk(t) for each fixed
t is theN ×N matrix multiplication, and the convergence for
the infinite summation is in the sense of the norm‖·‖M defined
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by (2) for the matrix-valued signal space. The corresponding
Parseval equality is

〈f , f〉 =
∑

k∈Z

FkF
†
k . (8)

With the norm ‖ · ‖M in (2), it is clear that for any el-
ement Φk in an orthonormal set inL2(a, b;CN×N ), we
have‖Φk‖M = 1, which is consistent with the conventional
relationship between vector norm and vector inner product.
However, this property may not hold for the norm‖ · ‖ in (3)
used in [2]. We refer to [2] for the Karhunen-Loève expansion
with an orthonormal basis for random processes of matrix-
valued signals.

We next show the equivalence (4) of the two norms‖ · ‖M
in (2) and‖ · ‖ in (3).

Proposition 1: The norms‖ · ‖M in (2) and‖ · ‖ in (3) are
equivalent.

Proof: It is known that all matrix norms for constant
matrices are equivalent. Hence, we show (4) only for the
Frobenius norm, i.e.,‖ · ‖M = ‖ · ‖F . In this case,

‖f‖4M =

N
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∣

∣
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a
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∣

∣

∣

∣

2

=

N
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∣

∣

∣

∣

∣

N
∑
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a
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∣

∣

∣

∣

∣

2

+

N
∑
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∣

∣

∣

∣

∣

N
∑

m=1

∫ b

a
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lm(t)dt

∣

∣

∣

∣

∣

2

≥
N
∑

k=1

∣

∣

∣

∣

∣

N
∑

m=1

∫ b

a

|fkm(t)|2dt
∣

∣
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2

≥ 1

N





∫ b

a

N
∑

k,l=1

|fkl(t)|2dt





2

=
1

N
‖f‖4.

Thus, we have

1

N1/4
‖f‖ ≤ ‖f‖M . (9)

On the other hand,

‖f‖4M =
N
∑

k,l=1

∣

∣

∣

∣

∣
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N
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2
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)2
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|flm(t)|2dt
)2

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N
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k=1

N
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a

|fkm(t)|2dt
)2
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



∫ b

a

N
∑

k,m=1

|fkm(t)|2dt





2

= N2‖f‖4.

This shows that
‖f‖M ≤

√
N‖f‖. (10)

Combining (9) and (10), the equivalence (4) withC1 = N−1/4

andC2 = N1/2 between the norms‖ · ‖M in (2) and‖ · ‖ in
(3) is proved.q.e.d.

Due to the equivalence of the norm‖ · ‖M proposed in
this paper and the norm‖ · ‖ used in [2], all the results on
orthonormal matrix-valued wavelets obtained in [2] hold, when
the norm‖·‖M for matrix-valued signals in this paper is used.

As a remark, the conventional inner product for two matrices
A andB is the scalar-valued inner producttr(AB†) where
tr stands for the matrix trace. It is not hard to see that with
this scalar-valued inner product, the orthogonality between two
matrix-valued signals, which is calledOrthogonality C, is the
orthogonality of two long vectors of concatenated row vectors
of two matrix-valued signals. As mentioned in Introduction,
and it is also not hard to see from the above definition, the
orthogonality (6) induced from the matrix-valued inner product
in this paper for two matrix-valued signals is the orthogonality
between any row vectors including the row vectors inside
a matrix of the two matrix-valued signals, which is named
Orthogonality B in [2]. Clearly Orthogonality B is stronger
than Orthogonality C, while it is weaker than the component-
wise orthogonality calledOrthogonality A in [2], commonly
used in multiwavelets [11], [12].

With Orthogonality A, a necessary and sufficient condition
to construct orthonormal multiwavelets was given in [12] that
is not easy to check. However, with Orthogonality B, an easy
sufficient condition to construct orthonormal multiwavelets
was obtained in [2]. Furthermore, it was shown in [2] that the
matrix-valued inner product (5) and its induced Orthogonality
B provide a complete decorrelation of matrix-valued signals
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along time and across matrix components, i.e., a complete
Karhunen-Loève expansion for matrix-valued signals can be
obtained. This may not be possible for Orthogonality A or
Orthogonality C induced from a scalar-valued inner product
[13], [14]. In other words, the matrix-valued inner product (5)
is fundamental to study matrix-valued signals.

Let us first introduce degenerate and linearly independent
matrix-valued signals, and study their properties.

A matrix-valued signalf in L2(a, b;CN×N) is called de-
generate signal if 〈f , f〉 does not have full rank, otherwise it
is callednondegenerate signal. A sequence of matrix-valued
signals fk in L2(a, b;CN×N), k = 1, 2, ..., K, are called
linearly independent if the following condition holds: if

K
∑

k=1

Fkfk
∆
= f (11)

for constant matricesFk ∈ CN×N , k = 1, 2, ..., K, is
degenerate, then the null space of matrixF

†
k includes the null

space of matrix〈f , f〉 for every k, k = 1, 2, ..., K. Clearly,
the above linear independence returns to the conventional one
when all the above matrices are diagonal. Furthermore, if
f = 0 in (11), the above condition implies that allFk = 0,
k = 1, 2, ..., K, since in this case, the null space of〈f , f〉 is
the whole spaceCN×N . This concides with the condition of
the conventional linear independence.

Proposition 2: If matrix-valued signalsfk, k = 1, 2, ..., K,
are linearly independent, then, all signalsfk, k = 1, 2, ..., K,
are nondegenerate.

Proof: Without loss of generality, assumef1 is degenerate.
Let F1 = IN andFk = 0 for k = 2, 3, ..., K. Then, we have
that

K
∑

k=1

Fkfk = f1

is degenerate, while the null space ofF
†
1

is 0 only and does
not include the null space of〈f1, f1〉. In other words,fk, k =
1, 2, ..., K, are not linearly independent. This contradicts the
assumption in the proposition and therefore the proposition is
proved.q.e.d.

As one can see, the above concept of degenerate signal is
similar to that of0 in the conventional linear dependence or
independence.

Proposition 3: Let Gk ∈ CN×N , k = 1, 2, ..., K, be K

constant matrices and at least one of them have full rank.
If matrix-valued signalsfk, k = 1, 2, ..., K, are linearly
independent, then

∑K
k=1

Gkfk is nondegenerate.
Proof: Without loss of generality, let us assumeG1 has full

rank. If
∑K

k=1
Gkfk = g is degenerate, then by the linear

independence offk, k = 1, 2, ..., K, the null space ofG†
1

cannot only contain0, which contradicts the assumption that
G1 has full rank.q.e.d.

It is clear to see that Proposition 2 is a special case of
Proposition 3.

Proposition 4: If matrix-valued signalsfk, k = 1, 2, ..., K,
are linearly independent, then for any full rank constant
matricesGk ∈ CN×N , k = 1, 2, ..., K, matrix-valued signals
gk

∆
= Gkfk, k = 1, 2, ..., K, are also linearly independent.

Proof: For any constant matricesFk ∈ CN×N , k =
1, 2, ..., K, if

K
∑

k=1

Fkgk =

K
∑

k=1

FkGkfk = f

is degenerate, then for eachk, 1 ≤ k ≤ K, the null space of
matrix (FkGk)

† = G
†
kF

†
k includes the null space of matrix

〈f , f〉, since fk, k = 1, 2, ..., K, are linearly independent.
Because all matricesGk, k = 1, 2, ..., K, have full rank, for
eachk, 1 ≤ k ≤ K, the null spaces ofF †

k andG†
kF

†
k are the

same, thus, the null space ofF †
k includes the null space of

〈f , f〉 as well. This proves the proposition.q.e.d.
Similar to the conventional linear dependence of vectors,

we have the following result for matrix-valued signals.
Proposition 5: For a matrix-valued signal f ∈

L2(a, b;CN×N) and two constant matricesA,B ∈ C
N×N ,

matrix-valued signalsAf andBf are linearly dependent.
Proof: If Af andBf are linearly independent, then, from

Proposition 2 it is easy to see that matricesA andB all have
full rank andf is nondegenerate. Then, we have

BA−1Af −Bf = 0,

which contradicts with the assumption of the linear indepen-
dence ofAf andBf . This proves the proposition.q.e.d.

Although it is obvious for the conventional vectors, the
result in Proposition 5 for matrix-valued signals may not be
so, due to the matrix-valued coefficient multiplications as it
can be seen from the above proof. We next consider more
general linear combinations of linearly independent matrix-
valued signals.

For 1 ≤ p ≤ K, let S1, ..., Sp be a partition of the index
set {1, 2, ..., K} and eachSi hasKi elements, whereSi1 ∩
Si2 = ∅ for 1 ≤ i1 6= i2 ≤ p, ∪p

i=1
Si = {1, 2, ..., K}, and

1 ≤ K1, ..., Kp ≤ K with K1 +K2 + · · ·+Kp = K.
Proposition 6: For eachi, 1 ≤ i ≤ p, let Gki

∈ CN×N ,
ki ∈ Si, be Ki constant matrices and at least one of them
have full rank. If matrix-valued signalsfk, k = 1, 2, ..., K,
are linearly independent, then the followingp matrix-valued
signals:

∑

ki∈Si

Gki
fki

, for i = 1, 2, ..., p,

are linearly independent.
Proof: LetFi ∈ C

N×N , i = 1, 2, ..., p, be constant matrices.
Assume that

p
∑

i=1

Fi

∑

ki∈Si

Gki
fki

= g

is degenerate. Then,
p
∑

i=1

∑

ki∈Si

FiGki
fki

= g,

3. Linear Independence and  
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and by the linear independence offk, k = 1, 2, ..., K, we know
that the null space of(FiGki

)† for everyki ∈ Si and every
i = 1, ..., p contains the null space of matrix〈g,g〉. From the
condition in the proposition, without loss of generality, we
may assume thatGki,1

, for someki,1 ∈ Si, has full rank for
1 ≤ i ≤ p. Thus, the null space of(FiGki,1

)†, or G†
ki,1

F
†
i ,

contains the null space of〈g,g〉 for 1 ≤ i ≤ p. SinceGki,1

has full rank, the null space ofF †
i must contain the null space

of 〈g,g〉 for 1 ≤ i ≤ p. This proves the proposition.q.e.d.
Note that whenp = 1 in Proposition 6, it returns to

Proposition 3, and whenp = K in Proposition 6, it returns to
Proposition 4.

Proposition 7: If fk, k = 1, 2, ..., K, form an orthonormal
set in L2(a, b;CN×N), then, they must be linearly indepen-
dent.

Proof: For constant matricesFk ∈ CN×N , k = 1, 2, ..., K,
let

K
∑

k=1

Fkfk = f .

Then, from the Parseval equality (8), we have

K
∑

k=1

FkF
†
k = 〈f , f〉.

Assume that for some vectoru 6= 0, we have〈f , f〉u = 0 but
F

†
k0
u 6= 0 for somek0, 1 ≤ k0 ≤ K. Then,

0 < u†Fk0
F

†
k0
u ≤

K
∑

k=1

u†FkF
†
ku = u†〈f , f〉u = 0,

which leads to a contradiction. Thus, for eachk, 1 ≤ k ≤ K,
the null space ofF †

k includes the null space of〈f , f〉. This
proves the linear independence offk, k = 1, 2, ..., K. q.e.d.

Corollary 1: Assume fk, k = 1, 2, ..., K, are nondegen-
erate matrix-valued signals and form an orthogonal set in
L2(a, b;CN×N). Then,gk

∆
= 〈fk, fk〉−1/2fk, k = 1, 2, ..., K,

form an orthonormal set inL2(a, b;CN×N ), and fk, k =
1, 2, ..., K, are linearly independent.

Proof: Since all matrix-valued signalsfk are nondegenerate,
matrices〈fk, fk〉 all have full rank. From the property (iv) for
the matrix-valued inner product and{fk} is an orthogonal set,
for everyk, l, 1 ≤ k, l ≤ K,

〈gk,gl〉 = 〈fk, fk〉−1/2〈fk, fl〉〈fl, fl〉−1/2 = δ(k − l)IN .

Thus, gk, k = 1, 2, ..., K, form an orthonormal set in
L2(a, b;CN×N).

Then, the linear independence offk = 〈fk, fk〉1/2gk, k =
1, 2, ..., K, immediately follows from Propositions 4 and 7.
q.e.d.

The result in Corollary 1 is consistent with the conventional
one for vectors, i.e., any orthogonal set of nonzero vectors
must be linearly independent. However, there is a difference.
In the above relationship between orthogonality and linear
independence, matrix-valued signals need to be nondegenerate.
Note that it is possible that a matrix-valued signalf in an
orthogonal set inL2(a, b;CN×N) is degenerate, i.e.,〈f , f〉
may not necessarily have full rank, even thoughf 6= 0. Thus,

a general orthogonal set of matrix-valued signals may not
have to be linearly independent. This does not occur for any
orthogonal set of nonzero signals when a scalar-valued inner
product is used.

We are now ready to present the Gram-Schmidt orthonor-
malization for a finite sequence of linearly independent matrix-
valued signals. Letfk ∈ L2(a, b;CN×N ), k = 1, 2, ..., K, be
linearly independent. The Gram-Schmidt orthonormalization
for this sequence is as follows, which is similar to, but not a
straightforward extension of, the conventional one, due to the
noncommutativity of matrix multiplications.

Since fk ∈ L2(a, b;CN×N), k = 1, 2, ..., K, are linearly
independent, by Proposition 2,f1 is nondegenerate, i.e., matrix
〈f1, f1〉 is invertible and positive definite. Let

g1 = 〈f1, f1〉−1/2f1. (12)

Then, we have

〈g1,g1〉 = 〈f1, f1〉−1/2

∫ b

a

f1(t)f
†
1
(t)dt〈f1, f1〉−1/2

= 〈f1, f1〉−1/2〈f1, f1〉〈f1, f1〉−1/2 = IN . (13)

Let

ĝ2 = f2 − 〈f2,g1〉g1, (14)

g2 = 〈ĝ2, ĝ2〉−1/2ĝ2. (15)

For (15) to be vaild, we need to show thatĝ2 in (14) is
nondegenerate. In fact, if̂g2 is degenerate, then, from (14)
and (12), we have

ĝ2 = f2 − 〈f2,g1〉〈f1, f1〉−1/2f1

= F1f1 + F2f2,

whereF2 = IN andF1 = −〈f2,g1〉〈f1, f1〉−1/2. Similar to the
proof of Proposition 2, this contradicts the assumption thatf1
and f2 are linearly independent. Therefore, it proves thatĝ2

in (14) is nondegenerate and (15) is well-defined.
Let us then check the orthogonality betweeng1 and ĝ2.

From (14) and (13), we have

〈ĝ2,g1〉 = 〈f2,g1〉 − 〈f2,g1〉〈g1,g1〉
= 〈f2,g1〉 − 〈f2,g1〉 = 0.

From (15) and (13), we have thatg1 andg2 form an orthonor-
mal set.

Repeat the above process and for a generalk, 2 ≤ k ≤ K,
we let

ĝk = fk −
k−1
∑

l=1

〈fk,gl〉gl, (16)

gk = 〈ĝk, ĝk〉−1/2ĝk. (17)

With the same proof as the aboveg1 and g2, we have the
following proposition.

Proposition 8: For a linearly independent set of matrix-
valued signalsfk, k = 1, 2, ..., K, let g1,g2, ...,gK be con-
structed in (12) and (14)-(17). Then,g1,g2, ...,gK form an
orthonormal set.

3.2 Gram-schmidt Orthonormalization 
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As we can see, although the above Gram-Schmidt orthonor-
malization procedure for matrix-valued signals is similar to
the conventional one for vectors, it is not a straightforward
generalization due to 1) the noncommuntativity of matrix
mulitpications and 2) the matrix-valued inner product used
in the above procedure.

We also want to make a comment on the nondegenerate and
linear independence for matrix-valued signals. The condition
for nondegenerate matrix-valued signals is a weak condition.
Unless the row vectors of functions are linearly dependent
in the conventional sense, otherwise, a matrix-valued signal
is usually nondegenerate. For a finite set of nondegenerate
matrix-valued signals, they usually satisfy the condition for
linear independence for matrix-valued signals defined above,
i.e., they are usually linearly independent and therefore, they
can be made to an orthonormal set by using the above Gram-
Schmidt procedure.

Another comment on the linear independence for matrix-
valued signals is that the definition in (11) is only for left mul-
tiplication of constant matricesFk to matrix-valued signalsfk.
Similar definitions for linear independences of matrix-valued
signals with right constant matrix multiplications and/or mixed
left and right constant matrix multiplications may be possible.
Although what is studied in this paper is for continuous-time
matrix-valued signals, it can be easily generalized to discrete-
time matrix-valued signals (sequences of finite or infinite
length).

In this section, based on the matrix-valued signal space with
the matrix-valued inner product, we introduce matrix-valued
lattices.

We first introduce matrix-valued lattices. For convenience,
in what follows we only consider the Frobenius norm for
matrices, i.e.,‖ · ‖M = ‖ · ‖F , and real matrix-valued signal
spaces, and also letR denote the real matrix-valued signal
spaceR ∆

= L2(a, b;RN×N). Let ZN×N denote allN × N

matrices of integer entries.
For a finite many linearly independent real matrix-valued

signalsfk ∈ R, k = 1, 2, ..., K, let RK denote the matrix-
valued signal space linearly expanded by them, i.e.,

RK =

{

K
∑

k=1

Fkfk : Fk ∈ R
N×N , k = 1, 2, ..., K

}

. (18)

From what was studied in the previous section, clearly,fk,
k = 1, 2, ..., K, form a basis inRK . Thematrix-valued lattice
formed by this basis inRK is defined as

L =

{

K
∑

k=1

Fkfk : Fk ∈ Z
N×N , k = 1, 2, ..., K

}

, (19)

which is a subset/subgroup ofRK . The basisfk, k =
1, 2, ..., K, is called a basis for theK dimensional matrix-
valued latticeL.

The fundamental region of this latticeL can be defined
similar to the conventional lattice as follows. A setF ⊂ RK

is called a fundamental region, if its translationsx + F =

{x+ f : f ∈ F} for x ∈ L form a partition ofRK . Since the
basis elementsfk, k = 1, 2, ..., K, are not constant real vectors
as in the conventional lattices, it would not be convenient to
define the determinant of the lattice. However, with the Gram-
Schmidt orthonormalization developed in the previous section,
we may define the determinant of the lattice directly as

det(L) =
K
∏

k=1

‖f̂k‖F , (20)

where f̂k, k = 1, 2, ..., K, are from the following Gram-
Schmidt orthogonalization offk, k = 1, 2, ..., K, which is
from the Gram-Schmidt orthonormalization in the previous
section:

f̂1 = f1,

f̂k = ĝk = fk −
k−1
∑

l=1

µl,k f̂l, (21)

where

µl,k = 〈fk, f̂l〉〈f̂l, f̂l〉−1, l = 1, 2, ..., k−1 andk = 2, 3, ..., K.

(22)
It is clear to see that the spaces linearly spanned by
{f1, f2, ..., fK} and {f̂1, f̂2, ..., f̂K} are the same, i.e.,RK in
(18), since they can be linearly (overRN×N ) represented by
each other similar to the conventional vectors.

From the Gram-Schmidt orthogonalization (21), we have

〈fk, fk〉 = 〈f̂k, f̂k〉+
k−1
∑

l=1

µl,k〈f̂l, f̂l〉µ†
l,k, (23)

for k = 1, 2, ..., K. Using Property (iii) in Section II, the
identity (23) implies

‖fk‖2F ≤ ‖f̂k‖2F +
k−1
∑

l=1

‖µl,k‖2F · ‖f̂l‖2F , (24)

for k = 1, 2, ..., K. From (23), it is also clear that‖fk‖F ≥
‖f̂k‖F , k = 2, ..., K.

As a remark, we know that the conventional Gram-Schmidt
orthogonalization plays an important role in the LLL algorithm
for the conventional lattice basis reduction [20]. It is, however,
not clear how the Gram-Schmidt orthogonalization for matrix-
valued signals introduced above can be applied in matrix-
valued lattice basis reduction.

In this paper, we re-studied the matrix-valued inner product
previously proposed to construct orthonormal matrix-valued
wavelets for matrix-valued signal analysis [1], [2] where
not much on the matrix-valued inner product or its induced
Orthogonality B, which is more fundamental, was studied.
In order to study more on the matrix-valued inner product
and its induced Orthogonality B, we first proposed a new
norm for matrix-valued signals, which is more consistent with
the matrix-valued inner product than that used in [2], and
is similar to that with the conventional scalar-valued inner
product. We showed that these two norms are equivalent,
which means that with the newly proposed norm, all the

4. Matrix-valued Lattices 

5. Conclusion 
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results for contructing orthonormal matrix-valued wavelets
obtained in [2] still hold. We then proposed the concepts
of degenerate and nondegenerate matrix-valued signals and
defined the linear independence for matrix-valued signals,
which is different from but similar to the conventional linear
independence for vectors. We also presented some properties
on the linear independence and the orthogonality. We then
presented the Gram-Schmidt orthonormalization procedure for
a set of linearly independent matrix-valued signals. Although
this procedure is similar to the conventional one for vectors,
due to the noncommutativity of matrix multiplications and the
matrix-valued inner product used in the procedure, it is not
a straightforward generalization. We finally defined matrix-
valued lattices, where the newly introduced Gram-Schmidt
orthogonalization might be applied.

Since it was shown in [2] that the matrix-valued inner
product and Orthogonality B provide a complete Karhunen-
Loève expansion for matrix-valued signals, which a scalar-
valued inner product may not do, it is believed that what
was studied in this paper for matrix-valued inner product for
matrix-valued signal space will have fundamental applications
for high dimensional signal analysis in data science.

As a final note, after this paper was written, it has been
found that the matrix-valued signal space with the matrix-
valued inner product in this paper is related to Hilbert modules,
see, for example, [15]- [19]. Interestingly, it was mentioned
in [18] that there does not exist any general notion of “C∗-
linear independence” due to the existence of zero-divisors. We
believe that the linear independence for matrix-valued signals
introduced in this paper is novel.
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