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Abstract: - Distributed Kalman filter (DKF) is classified into the information fusion Kalman filter (IFKF), i. e.
the centralized Kalman filter (CKF), and the Kalman consensus filter (KCF) in distributed sensor networks.
The KCF has the advantage to improve the estimate of the state at the sensor node uniformly by incorporating
the information of the observations and the filtering estimates at the neighbor nodes. In the first devised KCF, a
user adjusts the consensus gain. This paper designs the recursive least-squares (RLS) Wiener consensus filter
and fixed-point smoother that do not need to be adjusted in linear discrete-time stochastic systems. In addition
to the observation equation at the sensor node, an observation equation is introduced excessively. Here, the new
observation is the sum of the filtering estimates of the signals at the neighbor nodes of the sensor node. Thus, it
is interpreted that the RLS Wiener consensus estimators incorporate the information of the observations at the
neighbor nodes indirectly because the observations are used in the calculations of the filtering estimates. A
numerical simulation example shows that the proposed RLS Wiener consensus filter and fixed-point smoother
are superior in estimation accuracy to the RLS Wiener estimators.
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1 Introduction

Over the last decade or more, the Kalman consensus Olfati-Saber [14]-[16] is the first proposer of the

filter (KCF) has been studied extensively in linear
discrete-time or continuous-time systems, e.g., [1]-
[9]. Casbeer and Beard [10] present an information
consensus filter (ICF) in distributed sensor
networks. Li, Caimou, and Haoji, [11], study the
KCF and the ICF, where they propose a new
optimization procedure to update the consensus
weights of the ICF. Wu et al., [4], propose the KCF
by introducing the consensus gain, as shown in (7)
and (8) in the paper, for linear continuous-time
systems.  AminiOmam, Torkamani-Azar, and
Ghorashi, [12], propose a generalized Kalman
consensus filter for nonlinear discrete-time systems,
and its stability on the asymptotical convergence is
proved based on the Lyapunov method. Chen et al.,
[13], propose the distributed state estimator in
discrete-time nonlinear systems and present the
distributed cubature information filtering algorithm.
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KCF. Referring to Olfati-Saber [14]-[16], Takaba
[17] explains in Japanese the distributed Kalman
filter (DKF). The DKF is classified into the
information fusion Kalman filter (IFKF), i. e. the
centralized Kalman filter (CKF), and the KCF in
distributed sensor networks. The KCF has the
advantage to improve the estimate of the state at the
sensor node uniformly by incorporating the
information of the observations and the filtering
estimates at the neighbor nodes. In the calculation of
the filtering estimate at the sensor node, the KCF,
[16], uses the one-step-ahead prediction estimates of
the states at the neighbor nodes of the sensor node in
addition to the observed value at the sensor node. In
the first devised KCF, a user adjusts the consensus
gain. This paper designs the recursive least-squares
(RLS) Wiener consensus filter and fixed-point
smoother that do not need to be adjusted in linear
discrete-time stochastic systems. In addition to the
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observation equation at the sensor node, a new
observation equation is introduced excessively.
Here, the new observation is the sum of the filtering
estimates of the signals at the neighbor nodes of the
sensor node. Thus, it is interpreted that the RLS
Wiener consensus estimators incorporate the
information of the observations at the neighbor
nodes indirectly because these observations are used
in the calculations of the filtering estimates at the
neighbor nodes.

Section 2 introduces the least-squares consensus
fixed-point smoothing problem. Section 3 presents
the RLS Wiener consensus filtering and fixed-point
smoothing algorithms. Section 4 presents the
recursive algorithm for the estimation error variance
function of the RLS Wiener consensus fixed-point
smoother. Also, the asymptotic stability condition of
the RLS Wiener consensus filter and the existence
of the RLS Wiener consensus fixed-point smoother
are shown. A numerical simulation example is
shown in section 5 to demonstrate the estimation
characteristic of the RLS Wiener consensus filter
and fixed-point smoother. From the numerical
simulation example, the proposed RLS Wiener
consensus filter and fixed-point smoother are
superior in estimation accuracy to the RLS Wiener
filter and fixed-point smoother respectively.

2 Least-squares consensus fixed-point
smoothing problem

Consider the state equation for the state vector x(k)
in linear discrete-time stochastic systems

x(k +1) = dx(k) + Tw(k), @

where x (k) is the state vector with n components at
time k, @ is the system matrix, I is the input matrix
and w(k) is the zero-mean input noise. For the
sensor nodes, i = 1,2,---, N, each sensor node has
the observation equation

yi(k) = Cix(k) + v;(k), z;(k)
= Cix(k), @

where y; (k) is the m-dimensional observed value at
the sensor node i, z;(k) is the signal at the sensor
node i, C; is the m by n observation matrix at the
sensor node i and v;(k) is the zero-mean
observation noise at the sensor node i. The auto-
covariance functions of w(k) and v;(k) are given

by
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Ew(iowT (s)] = Q8 (k — 5),Q > 0,
Ewk)] =0, 3)
E[vit)(v)" ()] = Riso (k = 5),

where 6k () denotes the Kronecker § function.
According to the observation equation (2), Olfati-
Saber [16] shows the Kalman consensus filter as
follows.

Filtering estimate of the state x(k) at the sensor
node i: x;(k | k)

Xi(k|k)=2%;(k|k—1)
+K; (k) (yi (k) — €% (k |k — 1)) +

+U, (k) Z(a@-(mk ~1)

@
—Xi(k|k—1)),
2,k |k —1) = O, (k — 1|k — 1),
2(k|k—1) = ok — 1|k — 1)

K;(k) and U;(k) are the Kalman gain and the
consensus gain respectively. The equations for the
Kalman gain and the consensus gain are shown in
the paper. In (4), the filtering estimate at the sensor
node i uses the observed value y;(k) at the sensor
node i together with the one-step-ahead prediction
estimates £;(k | k — 1) of x(k — 1) at the neighbor
nodes j € N; of the sensor node i. Here, it should be
noted that the Kalman filter calculates the estimates
%;(k | k — 1) recursively with the observed values

yj(k —1).

Referring to Olfati-Saber [14]-[16], Takaba [17]
summarizes the Kalman consensus filter as follows.
The observation Z; (k) at the sensor node i is given

by
Zi(k) = Hix(k) + d;(k),

[Cl ] [ vi(k) ]

C: .

Hi=| ;| di(k) = vlls(k) . ®)
[CiNiJ vy, (k)

From (2) and (5), Z;(k) consists of the observed
value y;(k) at the sensor node i and its neighbor
observed values y; (k), y;, (k) y;, (k) attime k.

d; (k) has the auto-covariance function.
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R; = E[d; () (d)" (k)]

[ Ri Riy, Ry, ]
— I Ril,i Ri1'i1 RilriNi I (6)
Riy.i Riy.i Riy in,

The Kalman consensus filter calculates the filtering
estimate x;(k | k), at the sensor node i, of the state
x (k) recursively by (7) - (10).

Xi(k|k) = %;(k|k—1)
+K;(k)(2;(k) — Hi%i(k |k — 1))

+eP;(k|k — 1)
x Y (Rik|k—1)—%k|k—1), )

£i(k|k—=1)=d2;(k—1|k—1),
2|k —1) = ®2;(k — 1|k — 1)

Kalman gain:
Ki(k) = Pu(klk = D(HD" @
X (R; + C;P(klk — 1)(C)T

Riccati equation:
Pi(k|k—1) 9
=oP(k—1|k—1)(®)T+Q ®)
P;(k|k)
= (= KiOH) Pkl =1) )

X (I, = Ki(k)H)"
+K; (k)R; (K; (k)"

Here, ¢ is a positive parameter determined by a user.
So, the Kalman consensus filter is suboptimal. In
(7), N; denotes the neighbor nodes of the sensor
node i in the distributed sensor networks. At the
sensor node i, in estimating the state x(k), the
Kalman consensus filter uses the observations at the
sensor node i and the observations at the neighbor
nodes of the sensor node i together with the one-
step-ahead prediction estimates X;(k | k — 1) at the
neighbor nodes j € N; of the sensor node i. Taking
into consideration of the Kalman consensus filtering
algorithm, we newly introduce the augmented
observation equation as follows.
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Y;(k) = Hpx(k) + Vi (k),

yi(k)

Y;(k) = C; % (k|k)|

;i jrj

C; (11)
H; = z 0|

JEN;

- o~ [vik)
0 =5 |

y;(k) is the observed value at the sensor node i.
Yjen; Cj Xj(k|k) denotes the sum of the filtering
estimates Z;(k|k) of the signal z;j(k) = C;x(k) in
the neighbor nodes j € N; of the sensor node i. In
this paper, the RLS Wiener filter calculates the
filtering estimates X;(k|k) of the state x(k), for the
neighbor nodes j, j € N;, of the sensor node i, with
the observed values y;(k) recursively. Since the
filtering estimate X;(k|k) is calculated with the
information of the observed values y;(k), the RLS
Wiener consensus estimators in this paper do not
include the observed values from the neighbor
nodes in the observation equation (11). (k)
represents the sum of the filtering errors of the
signals at the neighbor nodes j € N; of the sensor
node i.

B(k) = C;, (R, (k | k) = x(K))
+Cy, (%, (k 1K) = (k) ) -+

+Cy, (21, (k1) = x(0)) (12)
= > G k1K) =5k
=i

It is seen that the processes %; (k|k) —x(k),
X, (k| k) = x(k) e Ry (kK —x(k) are
mutually uncorrelated. Let the auto-covariance

function K(k,s) of the state x(k) have the semi-
degenerate kernel form

K(k,s) = E[x(k)x" (s)]

_ [A()BT(s), 0<s<k,

h {B(s)AT(k), 0<k<s,

A(k) = ®F, BT(s) = ®5K(s,s),

(13)

in wide-sense stationary stochastic systems [18].
The auto-covariance function R (k) of #(k) is given
by
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E[5(k)D" (s)] = R(k)Sk (k — 3),
R(k) = C; (K(k, k)
) JZ ’ (14)
—P;(klk)) (€)DD),
Pi(k | k) = E[%;(k | k)(&; (e | K))T],

j = il' iz, tte, lNi'

Hence, the auto-covariance function of V;(k) is
given by

EV(l)(Vi(s)'] = Ri(k) 8k (k — 5),
_ [Rz O (15)
Rik) = [ 0 R(k)]'

Now, the consensus estimation problem is reduced
to estimate the state x(k) with the augmented
observation Y; (k) of (11).

Let the fixed-point smoothing estimate x;(k|k + L)
of x(k), at the sensor node i, be expressed by

L
0L = ) k(e jIDRG)  (16)
j=1

]

as a linear transformation of the observed values
Y;(j)), 1<j<L. In (16), hi(k,j|L) is called the
impulse response function. We consider the fixed-
point smoothing problem, which minimizes the
mean-square value (MSV)

J = E[llx(k) — £:(k|L)]I?] (17)

of the fixed-point smoothing error at the sensor node
i. From an orthogonal projection lemma, [18],

L

XU = ) b G YD) LY, gg
=1

0<k, s]S L,

the impulse response function, at the sensor node i,
satisfies the Wiener-Hopf equation

[x(k) (Fi(s))"]
L
- z hi (k,j | LK, s), (19)
j=1

Ki(k,s) = E[V;(])(Y;(s))"].
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In (18), © 1L’ denotes the notation of the
orthogonality. K;(k,s) is the auto-covariance
function of the augmented observed value Y;(k).
Substituting (11), (13), and (15) into (19), we obtain
the equation for the optimal impulse response
function h;(k, s | L) at the sensor node i.

hi(k,s | L)R;(s) = K (k, s) ()"

L
=) b (e IDAKGHEY,  (20)
j=1
0<ks<L
Starting with (20), the RLS Wiener estimation
algorithms are derived based on the invariant
imbedding method. Section 3 proposes the RLS
Wiener consensus filtering and  fixed-point
smoothing algorithms.

3 RLS Wiener consensus filtering and
fixed-point smoothing algorithms

Starting with (20), which the optimal impulse
response function h;(k, s | L) satisfies, based on the
preliminary formulations of the least-squares
consensus estimation problem, Theorem 1 presents
the RLS Wiener consensus filtering and fixed-point
smoothing algorithms.

Theorem 1 Let the state equation for the state x (k)
be given by (1). Let the observation equation at the
sensor node i with the consensus of the neighbor
nodes j € N; of the sensor node i be given by (11).
The auto-covariance function of the observation
noise is given by (15). Then the RLS Wiener
consensus filtering and fixed-point smoothing
algorithms consist of (21)-(29) in the linear discrete-
time wide-sense stationary stochastic system.

Fixed-point smoothing estimate of the signal z; (k)
at the sensor node i: Z;(k|L)

Zi(k|L) = Ci&;(k|L),i =12, N; (21)

Fixed-point smoothing estimate of the state x(k) at
the sensor node i: x; (k|L)

Xi(k|L) =%(k|L—1)
+hy(k, L | L)(Y;(L) (22)
—H;®%;(L—1|L—1))

Smoother gain at the sensor node i: h;(k,L | L)
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hi(k,L|L) = (K(k,K)(@T) " *(H)T
—qi(k | L —1)®T ()T

x (R;(L) + H;K(L, L)

X —H;®S;(L — 1)) (H)")™

(23)

qi(k|L) = qi(k|L - 1)®"
+h;(k,L| L)(H;K(L, L)
—H;®S;(L — 1)®7),

qi(k | k) = S;(k)

Filter gain at the sensor node i: G;(L, L)

(24)

Gi(L' L)

= (K(L,L) — ®S;(L — D) (H)"

x (Ry(L) + H;(K (L, L) (25)

—®S;(L - 1)o7

x (H)")™
Filtering estimate of the signal z;(k) at the sensor
node i: Z;(k|k)

2i(klk) = C;%;(k | k) (26)

Filtering estimate of the state x(L) at the sensor
node i: X;(L|L)

£(LIL) = ®%;(L—1|L—1)
+G;(L, L) (Vi (L)

—H;®%,(L — 1|L — 1)),
£,(010) =0

(27)

The variance of the filtering estimate x;(L | L) at the
sensor node i: S; (L)

S;(L) = ®S;(L — 1)®T
+G;(L, L)(H;K (L, L)
—H;®S;(L — 1)®T),
5;(0)=0

(28)

Here, the variance of the observation noise V;(L) is
given by
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Ri(l) = Lo R(L)]’
R(L) = C; (K(L,L)
JZ : (29)

—Pj(LIL)) €N

= > G KWL = 5L ).
Jj=i
Proof of Theorem 1 is deferred to the Appendix.
Section 4 proposes the algorithm for the RLS
Wiener consensus fixed-point smoothing error
variance function. Also, the asymptotic stability
condition of the RLS Wiener consensus filter and

the existence of the RLS Wiener consensus fixed-
point smoother are shown.

4 RLS Wiener consensus fixed-point
smoothing error variance function

The RLS Wiener consensus fixed-point smoothing
error variance function is defined by

Py(k | L) = E[(x(k)
— % (k| L)) (x(k)
—&;(k | L)T]. (30)

From (22) and the relationship S;(L) =
E[%;(L|L)(%;(L|L))T], (30) is developed as

P;(k|L)

= K(k, k) — E[%;(k | L)(&;(k | L)"]
= K(k,k) — E[(%;(k|L—1)
+h;(k, L | L)(Y;(L)
—H;®%;(L—1|L—1))

X (&;(k |L—1) + hy(k, L | L)(Y;(L)
—H;®%;(L—1|L—-1)7]

= K(k, k)
—E[&(k|L—1)(&((k|L—-1)"] (31)
—h;(k, L | LYE[(Y'(L)

—H;®%;(L — 1| L - 1))(¥;(L)
—H;®%;(L—1|L—-1)7T]

X (hi(k,L| L))"

= P;(k|L—1)—h;y(k,L|L)

x (R;(L) + H;(K(L, L)

—®S;(L - D) (H)")

x (hy(k,L|L))".
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Here, h;(k, L | L) is calculated by (23)-(25) and (28)
recursively. S;(L) is calculated by (25) and (28)
recursively.

Also, the RLS Wiener consensus fixed-point
smoothing error variance function P;(k|L) is
written as P.(k|L)=K(k,k) -
E[x;(k | L)(®;(k | L)) E[&i(k | L) (% (k| L)"]
represents the variance of the fixed-point smoothing
estimate £;(k | L) at the sensor node i. P;(k | L) and
E[&;(k|L)(®;(k|L)T] are positive-semidefinite
matrices. From this fact, the variance of the fixed-
point smoothing estimate E[%;(k | L)(%;(k | L))T] is
upper bounded by the variance of the state x(k) and
lower bounded by the zero matrix as

0 < E[%;(k | L)(%:(k | L)T] < K(k, k).

This shows the existence of the fixed-point
smoothing estimate x;(k | L).

The asymptotic stability of the filtering equation
(27) is assured by the condition that & —
G;(L,L)H;® is a stable matrix. Namely, for the
stability of the filtering equation (27), all the
eigenvalues of ® — G;(L, L)H;® must lie within the
unit circle.

5 A numerical simulation example

Let us consider the state equation

x(k +1) = dx(k) + Tw(k),

_[Q11 Q2] L [Ih
®= [a21 azz]'F - [Fz]'

x, (k)
x(o = [7100], 32
0 =[200 (32)
a4 = 085, Ay = _02, a1 = 02,
Ayy = 076,

I, = 0.952,T, = 0.2.

The auto-covariance function of the input noise
w(k), with mean zero, is given by

Elw(B)w(s)] = 028, (k —s),0% = 0.52.
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Fig.1 Directed graph of topological structure for the
distributed sensor networks with three sensor nodes.

Fig.1 illustrates the directed graph of the topological
structure for the distributed sensor networks with
three sensor nodes. Its adjacency matrix is given by

1 1 0
A=10 1 1}
1 0 1

The observation equations at the sensor nodes are
given as follows.

Observation equation at the sensor node 1:

y1(k) = Cyx(k) + vy (k),
z1(k) = Cyx(k), (33)
C; =[095 -0.4]

Observation equation at the sensor node 2:

y2(k) = Cyx(k) + v, (k),
zy (k) = Cyx(k), (34)

Observation equation at the sensor node 3:

y3(k) = C3x(k) + v3(k),
z3(k) = C3x(k), (35)
C; =105 1]

Here, the variance R;; of the observation noises
v;(k), i = 1,2,3, are the same. Substituting H;, ®,
K(k, k), Y;(L) and R;(L) into the RLS Wiener
consensus fixed-point and filtering algorithms of
Theorem 1, we calculate the fixed-point smoothing
estimate Z;(k|L) and the filtering estimate Z;(k|k)
of the signal z;(k), i = 1,2,3, recursively.

Fig.2 illustrates the signal z;(k), the filtering
estimate 2, (k|k) and the fixed-point smoothing
estimate Z,(k|k +5) for the observation noise
N(0,0.5%) at sensor node 1 under the consensus
with neighbor node 2. Fig.3 illustrates the mean-
square values of the filtering and fixed-point
smoothing errors z,(k) —Z;(k|k + Lag) , 0 <
Lag <5, of the signal z; (k) at the sensor node 1
vs. Lag, for the white Gaussian observation noises
N(0,0.32), N(0,0.5%) and N(0,0.7%), by the RLS
Wiener consensus estimators, under the consensus
of the sensor node 1 with the neighbor node 2, and
the RLS Wiener estimators. Fig.4 illustrates the
mean-square values of the filtering and fixed-point
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smoothing errors z,(k) —Z,(k |k +Lag) , 0 <
Lag <5, of the signal z,(k) at the sensor node 2
vs. Lag, for the white Gaussian observation noises
N(0,0.3%), N(0,0.5%) and N(0,0.72), by the RLS
Wiener consensus estimators, under the consensus
of the sensor node 2 with the neighbor node 3, and
the RLS Wiener estimators. Fig.5 illustrates the
mean-square values of the filtering and fixed-point
smoothing errors z3(k) —Z3(k |k +Lag) , 0<
Lag <5, of the signal z;(k) at the sensor node 3
vs. Lag, for the white Gaussian observation noises
N(0,0.3%), N(0,0.5%) and N(0,0.72), by the RLS

=3t et

Sigral. Filtering

Seiichi Nakamori

Wiener consensus estimators, under the consensus
of the sensor node 3 with the neighbor node 1, and
the RLS Wiener estimators. From Fig. 3, Fig.4, and
Fig.5, it is seen that the estimation accuracies of the
RLS Wiener consensus filter and fixed-point
smoother are superior to those of the RLS Wiener
filter and fixed-point smoother respectively for each
observation noise. Here, the MSVs of the filtering
and fixed-point smoothing errors are calculated by
»2900( z,(k) — 2;(k|k + Lag))?/2000,0 < Lag <

5, for the RLS Wiener consensus estimators and the
RLS Wiener estimators.

Higmal
* Filtar

*  Fixed-g0int

NE oxtimnts

swmuthing astieate

Fig.2 Signal z, (k), filtering estimate Z; (k|k) and fixed-point smoothing estimate Z; (k|k + 5) for the

observation noise N (0, 0.5%) at sensor node 1 under consensus with neighbor node 2.
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Fig.3 Mean-square values of the filtering and fixed-point smoothing errors z; (k) — Z;(k | k + Lag),0 <
Lag <5, of the signal z; (k) at the sensor node 1 vs. Lag, for the white Gaussian observation noises
N(0,0.3%), N(0,0.52) and N(0,0.72), by the RLS Wiener consensus estimators under the consensus of the

sensor node 1 with the neighbor node 2 and the RLS Wiener estimators.
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Fig.4 Mean-square values of the filtering and fixed-point smoothing errors z, (k) — Z,(k | k + Lag), 0 <
Lag <5, of the signal z, (k) at the sensor node 2 vs. Lag, for the white Gaussian observation noises
N(0,0.3%), N(0,0.52) and N(0,0.72), by the RLS Wiener consensus estimators under the consensus of the

sensor node 2 with the neighbor node 3 and the RLS Wiener estimators.
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Fig.5 Mean-square values of the filtering and fixed-point smoothing errors z; (k) — 2;(k | k + Lag), 0 <

Lag < 5, of the signal z3 (k) at the sensor node 3 vs. Lag, for the white Gaussian observation noises
N(0,0.3%), N(0,0.52) and N(0,0.72), by the RLS Wiener consensus estimators under the consensus of the

sensor node 3 with the neighbor node 1 and the RLS Wiener estimators.

6 Conclusion

This paper has originally developed the RLS Wiener
consensus filter and fixed-point smoother in linear
discrete-time stochastic systems. The new points of
this paper are to incorporate the sum of the filtering
estimates of the signals at the neighbor nodes as the
observed value in the observation equation as shown
in the augmented observation equation (11) and
derive the RLS Wiener consensus estimators.

From the numerical simulation results in section
5, the estimation accuracies of the RLS Wiener
consensus filter and the fixed-point smoother are
superior to those of the RLS Wiener filter and fixed-
point smoother respectively for each observation
noises

A future task is to apply the robust RLS Wiener
filter to linear distributed sensor networks with
degraded observations generated by state-space
model and observation equation with uncertain
parameters.

E-ISSN: 2224-3488

Appendix A: Proof of Theorem 1

From (20), the impulse response function h(k, s|L)
satisfies

hi(k,s|L)R;(s) = K(k,s)(H;)"

L
= hikjIDEKGSE, (A
=1
0 JS k,s < L.
Subtracting hi(k,s|L — 1DR;(s) from
h;(k,s | L)R;(s), we have
(hi(k,s| L) — h;(k,s | L — 1))R;(s)
= —h;(k,L | L)H;K (L, s)(H)"
L-1
= Ul 1D (A2)
=1

—hi(k,j | L = DYHK(,s) x (H)".

Introducing
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Ji(L,$)R;(s) = BT (s)(H)T
L
= i W DAKG, ) A, (A9
=1
we obtain

hi(k,s|L) — h;(k,s|L—1)

= —h(k LI DEALL-1s). A

Subtracting J;(L — 1, s)R;(s) from J;(L, s)R;(s), we
have

Ui(L,s) = Ji(L = 1,s)R:(s)
= —Ji(L, L)A;K (L, s)(A)T

L
A-5
= Uil A
i=1
—Ji(L — L, ))HK(,s)(H)".
From (A-3) and (A-5), we obtain

Ji(L,s) —J;(L—1,s)
= _]i(LI L)I:ILA(L)]l(L — 1, S).

(A-6)
From (A-3), J; (L, L) satisfies
Ji(L, L)R;(L) = BT (L)(H)"
L
= > Ji W DAK G LT
=1
= BT W)@ A7)

L
= > I WHRBOAT L,
j=1
Introducing

L
R = ) JiLHABG), (A9)

Jj=1
we obtain

Ji(L, LRi(L) _
= BT(L)(H)" - rWATW@H)T.  (A9)

Subtracting r;(L — 1) from r;(L) and using (A-6),
we obtain

E-ISSN: 2224-3488

10

Seiichi Nakamori

r;(L) = (L —1) = J;(L,L)H;B(L)
L-1
£ (6 = Jo = 1,1)) ABG)
j=1
= J;(L, L)(H;B(L)
—HA(L)r;(L — 1)),
T'l'(O) =0.
Let us introduce the function
Si(L) = dtry(L)(@MH".
From (A-10), we obtain

S;(L) = ®S;(L — 1)®T
+G;(L, L)(H;K (L, L)
—H;05;(L — 1)®7).

Here,
G;(L, L) = ®LJ,(L, L).
From (A-9), we have

Gi(L, L) = (K(L,L)(H)T
—=S;(LYHE)DHR; L)

From (A-12) and (A-14), we obtain (25).

From (20), h;(k, L | L) satisfies

hi(k'L | L)Rl(s) = K(k, L)(Hl)T

L
=1
= K (k, k)(®T) 7 ()"
—pi(k|L) (@ (H),

where

L
piCkIL) = ) i (e j | DABO).

j=1

(A-10)

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

Subtracting p; (k|L — 1) from p; (k|L) and using (A-

4) with (A-8), we have
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pi(k|L) =pi(k|L—1)
+hy(k, L | L)H;B(L)

L-1
+) (i (kj 1)
j=1
—hi(k,j | L — 1D)H;B())
= pi(k] L= 1)

+hy(k, LD (HB)
~AAW (L — 1),

(A-17)

Introducing

qi(k | L) = p;(k | L)(PT)E,

from (A-17) and (A-18), we obtain

(A-18)

qi(k|L) =qi(k|L—1)
+h;(k, L | L)(H;B(L)
~HAWL)r(L = 1)) (@T)*
=qk|L—-1)
+h;(k,L|L)(H;K(L,L)
—H;05;(L — 1)®T).

(A-19)

In (A-1), putting L = k, we have
hi(l;,s | )R;(s) = K(k, s)(H;)"
= bk j OBKG, )Y, (A20)

j=1
0<s<k.
From (A-3), it is clear that
h;i(k,s | k) = ®KJ;(k, s). (A-21)
From (A-18), we have
qi(k | k) = pi(k | kK)(@T)".

Putting L = k in (A-16), from (A-21), we have

(A-22)

k
piCie 1) = D" hy G j 1 IOHB()
j=1

— v Lt pB0) o
= (D";j(;c).
From (A-11) and (A-22), we have
@i 1K) = 5,0 (a-22)
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From (A-15) and (A-18), we obtain

hi(k, L | L)R;(s)

= K (k, k)(®T) " (A" (A-25)
—q;(k|IL)(H)".
Substituting (A-19) into (A-25), after some

manipulations, we obtain (23).

Now, from (16), the filtering estimate x;(L|L) is
given by

L
21D =) BWIIDLGD.  (A26)
i=1

]

Let us introduce the function

L
L1 = ) i LNT(DA-27  (A2])
j=1

From (A-21), we get

R;(L|L) = dLe;(L|L). (A-28)

Subtracting the equation obtained by putting L —
L —1in (A-27) from (A-27), we have

e(L|L)—e;(L—1|L—1)
= J;(L, L)Y, ()
L

£ Uil = i = LDGG)
j=1
—J;(L, )H;A(L)e;(L —1|L —1).

(A-29)

Substituting (A-29) into (A-28), using (A-13), we
obtain (27).

The fixed-point smoothing estimate X; (k|L) is given
by (16). Subtracting X;(k|L — 1) from %;(k|L), and
using (A-4), we have

X (k| L) = %i(k|L—1)
= h;i(k, L | L)Y;(L)

L-1
+]Z=1(hi k,jIL) A30)

—h;(k,j | L = D)Y:(j)

= h;(k,L | L)(Y;(L)
—H;®%;(k | L — 1)).
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The initial condition of the fixed-point smoothing
estimate X;(k|L) at L = k is the filtering estimate
xi(k | k).

(Q.E.D.)
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