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Abstract: This paper is concerned with the problem of robust exponential stabilization for a class of nonlinear

uncertain systems with time-varying delays. By using appropriately chosen Lyapunov-Krasovskii functional,

together with the Finsler’s lemma, sufficient conditions for exponential stability of nonlinear uncertain systems

with time-varying delays are proposed in terms of linear matrix inequality (LMI). Then, novel sufficient

conditions are developed to ensure the nonlinear uncertain system with time-varying delay is robust

exponentially stabilizable in terms of linear matrix inequality with state feedback control. Finally, a numerical

example is given to illustrate the efficiency of proposed methods.
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1. Introduction

During the past twenty years, nonlinear system
have been extensively studied and successfully
applied to various science and engineering fields
such as mechanics, electrical engineering, automatic
control and so on. Stability analysis and control
design of nonlinear systems are very important
research topics, which have attracted extensive
attention from researchers [1-6]. In [1], stabilization
of nonlinear time-delay systems was considered. He
et al. [3] studied the global sampled-data output
feedback stabilization for a class of stochastic
nonlinear systems with time-varying delay. In [5],
Dong et al. investigated exponential stabilization and
Lr-gain for uncertain switched nonlinear systems
with interval time-varying delay. Recently, Dong et al.
[7] investigated robust exponential stabilization for
uncertain neutral neural networks with time-varying
delays by periodically intermittent control.

Time delays, both constant and time varying, are
frequently encountered in various engineering,
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biological, chemical systems and economic systems.
The existence of time delay worsens the dynamic
performance of a system and even leads to instability
of the system. Therefore, time-delay systems have
been studied by many researchers [8-10]. Stability
analysis and stabilizing controller design are key
issues in the study of time-delay systems [11-13]. In
[12], Hou et al. considered the robust exponential
stability for discrete-time switched Hopfield neural
networks with time delay. Zhang et al. [13] dealt with
observer-based output feedback controller for
discrete-time fuzzy systems.

On the other hand, the problem of robust
stabilization of systems with uncertainties has also
received much attention in recent years [14-16].
Delay-dependent exponential stabilization for
with
differentiable time-varying delays was studied in [14].

uncertain linear systems interval non-
In [15], Dong et al. considered the exponential
stability and stabilization for uncertain discrete-time

periodic systems with time-varying delay.
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Motivated by the above discussion, this paper
investigates the stability and stabilization for a class
of nonlinear uncertain systems with time-varying
delays. By using appropriately chosen Lyapunov-
Krasovskii functional, together with the Finsler’s
lemma, new sufficient conditions for exponential
stability in terms of linear matrix inequalities are
proposed for nonlinear uncertain time delay system.
Then, we give a novel criterion which guarantees that
the nonlinear uncertain system with time-varying
delay is exponentially stabilizable via state feedback
control. Finally, a numerical example is given to
illustrate the less conservatism and effectiveness.

The paper is organized as follows. Section 2 states
the problem formulation and preliminaries. Section
3 presents the main results for stability analysis and
controller design by using Lyapunov-Krasovskii
functional method. We present sufficient conditions
for the exponential stabilization of the nonlinear
ncertain system with time-varying delay. A
numerical example is given in Section 4. Finally, the
conclusion is given in Section 5.

Notations: A’ denotes the matrix transpose of A.
A symmetric positive (negative) definite matrix is
expressed by A>0(A<0). R"and R™ stand for
Euclidean n-space and the set of all nxm real
(A)and A, (A) be the

maximum and minimum eigenvalues for a given

matrices, respectively. A\
matrix A. The symbol “* > is used to indicate the
elements induced by symmetry; The notation ||||

denotes the Euclidean vector norm.

2. System formulation and

preliminaries

Consider the following system with time-varying
dela
X(t) =[A+ AAJX(t) +[B + AB]x(t — z(t))
+ Hu(t) + f(x(1)),
X(t)=o1), te[—r,,0]
where X(t) €R" is the state vector, u(t)€R" is the
control input. 4, B, H, are known real constant

(M

E-ISSN: 2224-2678

313

Meng Liu, Yali Dong, Xinyue Tang

matrices of appropriate dimensions. The functio z(t)
is the time-varying delay satisfying

0<r, <) <r7,, tH)<u<],
where  7,,7,,u are  positive  constants.
@(t) € L,[—7,,0] is the initial function. The function

f(X(t)) is a known nonlinear function satisfying
f(0) =0 and the Lipschitz condition:

”f(Xl)— f(X2)||§p”X1 _Xz (2)
where p is the Lipschitz constant. AA(t) and AB(t)

are time-varying matrices satisfying:
[AAM) ABM]=MSMOH, H,],

, VX, %, €R",

3)

where M,H,,H, are known matrices and S(t) is an

unknown time-varying matrix satisfying the
following condition:
STMSH) <1, Vvt>0. 4)

Definition 1. [17] The system (1) with u(t)=0 is
said to be exponentially stable with decay rate , if
there exist scalars « > 0 and y >0 satisfying

[x®]<vlele ™, t=0.  ©)

where [¢] = sup [6(0)].

Lemma 1. (Finsler’s lemma [18]) Consider

Xt)eR", ®eR™ and U €R™" such that

rank(U)=r < n. Then, the following conditions are

equivalent:

1. X®x<0,VXxeR" such that x=0 and

Ux =0.

2. 3F € R™™ satisfying ® + FU +U'F' <0.
Lemma 2. [10] For any time-varying matrix S(t)

satisfying ST(t)S(t)<| and a scalar #, the
following condition is satisfied:
MS(H)N +N'STOM™ <p 'MMT +4N"N,  (6)

where M, N are known matrices with appropriate
dimensions.

3. Main Results

Consider system (1) with u(t)=0 and let
A= A+ AA(t), B=B+ AB(t). We have
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X(t) = AX(t) + Bx(t — z(t)) + f(x(t)),
x(t) = o(t), te[—1,,0].

The following theorem presents

(7

sufficient
conditions to guarantee that the time-delay system (7)
is exponentially stable.

Theorem 1. For given parameters ¢,¢,,&;,¢,,

p>0, a<0, 0<7, <7, and u <1, the system (7)

is exponentially stable with decay rate x = —%, if
there exist symmetric positive definite matrices P,
Q, Q, R, X and apositive scalar 7, such that the
following LMI holds:

\Illl \1112

II= <0,
l £, (®)

where
M, M, A X" 1
* I
\Pn: 2

* *

14
83XT IT,,
—Q  &XB|
* * * I,
eX XM gH[ |
eEX XM 0 0
X XM 0 0|
g X & XM 77H2T 0
¥, =diag(—e™Q,—1,—xl,—yl,—p1),
I, =R+Q+Q—aP +&XA+¢A X",
M,=P—¢gX+eA X", 9)
M, =& XB+eA X",
I, =—&X —gX',
,, =¢,XB—¢, X",
M, =(u—-1e"R+¢XB+¢B X'.
Proof. Let us define the Lyapunov functional

12—

&
|
S o o o

candidate as following:

V(O =X OPxt)+ [ ) eI (Rx(s)s
+ [ et (s)Qxtds (10)
+ ft i e“xT (5)Qx(t)ds.
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Then
J=V({t)—aV(t)

=2x" (1)PX(t) + X" (1)(R+Q +Q —aP)x(t)
— (1= 2(t)e™ X" (t — () RX(t — 7(t))
—eix (t—1,)Qx(t—1,)
—e" X" (t —7,)QX(t — 7,)

<2x" ()PX(t) + X" (1)(R+Q +Q —aP)x(t)
— (1= e x" (t—7(D)Rx(t — (1))
—e" X" (t—7,)QX(t — 7,)
—e“ix" (t —7,)Qx(t —1)).

(11
Moreover, from (2), we have
P*XTOX(®) — T (x®) f (x(1) > 0. (12)
Combining (11) and (12), we get
J < OIED), (13)
where

M =[®.gm)
M =[x"®),x" @],
M) =[x"(t—7),x" (t—z(t),x (t—1,), f T (X()],

J, P 0 0 0 0
x* 0 0 0 0 0
—e” 0 0 0
I, = * % Q ,
* % * Ju 0 0
x % * x  —e™Q 0
x % * * * —I
Jn= R—aP + p’l +Q+(§,
Jy=u—De"™R.
On the other hand, from (7), we obtain
A =1 0 B 0 Ij&m=0. (14

According to Lemma 1, if there exist parameters &,,

€,&,&, and the symmetric positive definite

matrices X satisfying the following inequality, then
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ET(HIT,E(t) will be negative at the points satisfying
(14)
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I, I, &A'X" I, 0 gX
I, —&X' ﬁ24 0 &X
r—|* * I, &XB 0 &X ,
* * * nm, 0 ¢gX
* * * * IT, 0
* * * * *  —l

g X AT
g, X —I1
fi—m+>%& -1 0 B o 1]+
g, X B'
0 0
0 I
faXT eXT X X 0 0]<o,
(15)
which is equivalent to
ﬁll 1illz r:llz 1?14 0 X
* I, I, I, 0 ¢&X
ﬁ]: * * ﬁ33 1j[34 0 &X <0,
x % * I, 0 ¢gX
* * * * 1:155 0
* * * * * —1

(16)

where
I, =R—aP+p’l +Q+Q+5XA+5A X",

,=P—gX+¢A X",

,=¢A"X",

M, =gXB+¢A X",

M, =—&X—gX",

1:123 = —83XT,

,, =&,XB—¢g X",

I, = —e"Q,

IT,, =&, XB,

O, =(u—1eR+¢gXB+eB X,

I, = —e™Q.

The above inequality can be rewritten as follows:
II, =T +6,S5(t)6, +0s" )e], (17)

where

@T:[SlMTXTagzMTXTa%MTXT’84MTXT’O’O]’
®,=[H, 0 0 H, 0 0],
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I, =R—aP+p’1 +Q+Q+¢XA+5A X",

I,=P—¢gX +A X",

I, =¢XB+¢A X",

I, =&, XB—g,X",

1, =(u—1e™R+¢XB+¢B X"
According to Lemma 2, we can get

0, <T+7,'0,0] +,00,. (18)

Using Schur complement lemma, from (8) we have
IT, <0. Hence, it follows that
V(x(©) —aV (x(1) <0,
which yields
V() <e™V(0).

From (10), we have

(19)

VO =X PO+ [ X (sRx(s)ds
+ [ e (sru(s)s
+ fio e X" (s)Qx(s)ds
<X (OPx(O) + [ 0 e T (s)Rx(s)ds
[ o (XS
+ L 0 e X" (s)Qx(s)ds

<(A4 + 41,07 + A reT" + AT,e7 )
2
=Aj¢[

o

(20)
where
A=A+ 41,67 16" + Ar,e ™,
b = 2o (P A5 = 2430 (R),
2y = D Q) 25 = A Q).
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Combine (19) and (20), we have

V() < e ¢ (21)

On the other hand

2
s

V() > A4[x(®)

(22)

where \ =X, (P).
From (19) and (20), we have
A kO < e o]

The above inequality can be rewritten as follows:

pol= [Ze' @

By Definition 1 and inequality (23), we have that

system (7) is exponentially stable with decay rate

K= —%. This completes the proof.

Remark 1. When t(t) =z, the system (7) will be

modified as follows:

{x‘(t) = AX(t) + Bx(t — 7) + f(x(1)),

(24)
X(t) = d(t),t €[—7,0].

The following corollary can be obtained immediately.

Corollary 1. For given parameters g,¢,,&;,p0,
a<0,7>0, and <1, the system (24) is

. . a .
exponentially stable with decay rate x = 5 if

there exist symmetric positive definite matrices P,
R, X and a positive scalars #, such that the

following LMI holds:

Q, Q, Q;, X XM ’7H1T

* Q,, Q. X XM 0
o_|* Q. &X XM gH] <0,
* * x =l 0 0
* * * * -l 0
* * * * * —l

where

Q,=R—aP+p’l +XA+A X",
Q,=P—gX+egA X",
Q,=gXB+egA X", Q,=—&X—gX',
Q,=,XB—g X", Q,=6XB—gX".
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Proof. The proof follows from the similar lines of
theorem 1 by picking

VO =x OPxO+ [ " e O (S)RX(S)Gs.

The proof is similar that of Theorem 1, and the
detailed proof is omitted.
We consider a state feedback controller as
following
u(t) = Kx(t). (25)
Substituting (25) into the system (1) leads to the
following closed-loop system

X(t) =[ A+ AAIX(t) + Bx(t — z(t)) + f (X(1)),
X() = o(t), te[—r,,0].

where A= A+ HK.
For the system (26), we can obtain following

(26)

theorem.
Theorem 2. For given parameters g,¢,,&;,¢,,
p>0, a<0, 0<7, <7,,and u <1, the closed-loop

system (26) is exponentially stable with decay rate

a . . . . 5
K= 5 if there exist symmetric matrices P >0,

Q:>O, Q>0, R>0, X >0, any matrix Y and a
positive scalar 77, such that the following LMI holds:

Ell EIZ . El3~ 314 0
* =26, X X 2, 0
* * —e“1Q  ¢,BX 0
* * * 544 0
== % * * * _eafzé
* * * * *
* * * * *
* * * * k
* * * * *
gl eiM  XH' X
gl enM 0 0
gl enM 0 0
e eiM XH] 0
0 0 0 0 [<0,
—I 0 0 0
* =l 0 0
* * —l 0
* * * —p2|

27)
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where

Z,=R—aP +Q+6+81A)Z + g HY
+e XAT +eYTH,

E,=P—gX +&,XA" +¢YTHT,

Ea=eXAT +YTHT,

Z,=6BX +XAT +¢YTHT,

E :ng)Z _54)Z,

Eu= (ﬂ_l)emzé‘F&;BX +64)ZBT.

(28)

Moreover, the controller gain matrix is designed by
K=YX"

Proof. By replacing A instead of 4 in the inequality

(8), we can obtaint

ﬁll HIZ l:I13 1:[l4 O
I, &X' T, 0
* *  —e“Q & XB 0
* * * I1,, 0
M=| « * * * —e‘“zd

* sk * * *
* * * * *
* *k * * *
* * * * *

gX XM gH/ I

X XM 0 0

X XM 0 0

e, X &XM yH] 0

0 0 0 0 [<0, (29

-1 0 0 0

* -l 0 0

* * —nl 0

* * x  —pl

where
M, =R—aP+Q+Q+&XA+gA X",
M,=P—¢gX +&A X" I, =¢,ATX".

Denote 7=75", R=X"'RX',Q=X"'QX ",
Q:: X716X717 ﬁ: X71PX71 Py X~ - Xil.
Now Pre- and post-multiplying (29) by

diag(X ', X, XX UX L Ly,
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we get that
1:III ﬁlZ ﬁlB 1:[14 0
* fI22 —e, X" ﬁ24 0
* x —e"Q &BX 0
R * * * ﬁ44 0
= * * * —e‘"ZQ
* * * * *
* * * * *
* * * * *
* * * * *
gl &iM  XH' X
gl enM 0 0
gl enM 0 0
el &M XH] 0
0 0 0 0 |<0,
—I 0 0 0
x =l 0 0
* * -7l 0
* * x  —p’l
where

I, =R—aP +Q+Q+5AX +&HKX + ¢ XAT
+eXKTHT,

M, =P—&X +&,XA" +,XK'H",

I, =e,XA" +e,XK"H",

I, =&BX +&,XA" +,XKTHT,

I, =—&,X —&,X",

ﬁ%:szB)z —54)2,

I,, = (u—1)e"*R+¢,BX +¢,XB".
Let KX =Y. We obtain (27). This completes the
proof.

4. Numerical example

In this part, we will use a numerical example to
verify the practicability of the forward variation
theorem.

Consider the system (26) with the following
parameters

5 11 1 4 2 4
A= . B= . H= :
R A
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-9 _[0.12sin(x, (1))
M _ll 3 ] f(x(t))_l 0.1sin(x, (t)) ]
\0.6 0 ] [0.2 0 l
H, = , H,= ,
0 0.6 0 0.2
1 0 .
S(t):\O ik 7(t) =0.11—0.1sin(t).

Consider the decay rate «=0.02. Let us take
u=04,6, =09,e,=¢,=0.Le, =0.2, p=0.5.

Then by solving the LMI (27) with the use of
MATLAB LMI toolbox, we can obtain the following
feasible solution

: \0.2713 0.0403]

0.0403 0.6259

- [1.1233  —0.1300
—0.1300 0.5341

= 02779  0.0206
~10.0206 0.1096/’

~ l0.8233 0.2314]

0.2314 2.0154

o [0.1854  —0.2060
~1-0.2060  0.3163 |’
_[-12161 —0.4915
~|-0.4915 —0.8029/
n=0.9301.
The control gain is
_[-30.0219 —21.1118
" 1-19.8259  —15.4542|

According Theorem 2, the closed-loop system (26)
is exponentially stable.

Fig. 1 shows the simulation results of the state
trajectory of the system (26) under the control gain
proposed above. From Fig. 1, it is evident that the
state responses converge quickly to the equilibrium
point.
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State responses
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Time (s)

Fig.1. The state trajectory of system (26)

5. Conclusion

This paper deals with the problem of the
exponential stabilization for a class of nonlinear
uncertain systems with time-varying delay. In this
paper, we apply the Finsler’s lemma to deal with the
system’s uncertainty. We proposed a new criterion for
the exponential stability of nonlinear uncertain
system, and the sufficient condition of exponential
stability for a class of nonlinear uncertain systems
with constant time delay is given. Then, sufficient
conditions of robust exponential stabilization for
nonlinear uncertain systems with time-varying delay
are derived. The state feedback control gain is
designed. Finally, a numerical example is given to
illustrate the effectiveness of the method.
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