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Abstract: — The gain for the receding horizon (RH) H> finite impulse response (FIR) filter is derived using linear
matrix inequality (LMI) under uncertainties, disturbances, initial, and measurement errors. The RH H»-FIR filter
is developed by minimizing the squared Frobenius norm of the weighted error-to-error transfer function, where
the weights are related to errors. The filter is tested by a harmonic model with an uncertain system matrix, and its
higher accuracy is shown against the OFIR, Kalman, maximum likelihood FIR, and unbiased FIR (UFIR) filters.
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1 Introduction

Receding horizon (RH) finite impulse response (FIR)
filtering was developed in [[I]], and generalized in [2],
for model predictive control, [3], to produce a
predicted estimate at the discrete time index k& over
a finite horizon [m — 1,k — 1] of N points, where
m = k— N + 1. The following advantages have been
noticed: 1) bounded input bounded output (BIBO)
stability, [4], 2) insensitivity to errors beyond [m —
1,k — 1], [8], 3) round-off errors reduction, [6], and
4) higher robustness, [[7]. The H> filter, [§], [9], has
attracted attention due to the ability to operate as the
robust H, and energy-to-peak filters, [[10], Kalman
filter (KF) in white Gaussian environments, [[11]],
and optimal FIR (OFIR) filter, [[12], [13]. The Hs
filter minimizes the squared Frobenius norm of the
error-to-error transfer function 7 and has closed form
solutions, [[14], [15]. The gain for the Hs filter can
also be computed numerically using a linear matrix
inequality (LMI), [16], [17], [18], [19], [20], [21],
[22].

First robust RH Hs-FIR filters for disturbed
systems were developed in [23]], [24], and other early
designs can be found in [25], [26], [27]. Later,
the RH H>-FIR approach has resulted in various
robust RH FIR structures, [28], [29], [30]. A
serious drawback of the early results is that the FIR
filter gain is obtained by minimizing the unweighted
T. A novel approach developed in [31], [32],
suggests minimizing the squared Frobenius norm of
the weighted transfer function 7. For disturbed
systems, it gave the following efficient solutions:
RH bias constrained H»-FIR filter, [31], RH H»-FIR
predictor, [B3]], a posteriori optimal unbiased Ho-FIR
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filter, [B4]], and a posteriori Ho-FIR filter, [35]. In
this paper, we apply the approach, [31], to uncertain
systems under disturbances and other errors.

2 Model and Problem Formulation

Consider a linear system represented in discrete-time
state-space with the following equations,

Tp1 = (F+AF )z, + (B + AEg)uy,
+(B + ABy)wy, (1
Yp = (H -+ AHk)xk + (D + ADk)wk + v2)

where 2, € RE, u, € RE, 3, € RP, F € REXE,
H € RPXE B ¢ REXL B ¢ REXM and
D € RP*M_ The uncertain matrices AF},, AEy,
ABy,, AHy, and A D, are zero mean, norm-bounded,
and mutually uncorrelated, [36]. The disturbance
wp € RM and data error v, € RY are zero mean
and mutually uncorrelated with norm-bounded error
matrices Q = E{wyw] } and R = E{vzv}}, where
E{z} means averaging of z. By reorganizing the
terms, we represent ([I}) and (f]) as

Fxp + Eug + &,
ka+Ck7

A3)
“)

where the vectors &, and (; unite the uncertainties,
disturbances, and errors as

(. = AHgxp + (D + ADp)wy + vy . (6)

To derive the RH Hs-FIR filter, we will first
follow, [[13], and extend (B) and (H) to the horizon

Te+1 =
Ye =
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[m, k] to have a prediction at k£ + 1. Then we will
change a time variable and arrive at the RH estimate
at k over [m — 1,k — 1].

Given the state space equations (B) and (), their
extensions to [m, k| are the following,

Xonsipt1 = (Fn+ Fog)zm
+(Sn + ngc)Um’k
+(DN + D) Wi » @)
YmJg = (HN + flmk)wm

+(L + Lon ) U

+(TN + Tm,k)Wm,k + Vm,k’ a(8)
where all of the block vectors and matrices are defined
in Appendix [Al.

To justify the above model, use the
forward-in-time solutions and extend (B) to [m, k] as

X1 k1 = FNzm + SNUng + ENEmk,  (9)

and similarly extend the uncertain matrix Z,, j, as

(10)
Combine () and ([L0) and arrive at (). Note that
setting the uncertain terms to zero makes (7)) the
standard extended equation, [[13].
Reasoning similarly, extend (H) to [m, k] as

Ym,k = Hnxpy + LkUm,k + MNEm,k: + Hm,k (11)

and represent the block vector IL,,, ;. as

A A A =
IL,r = Nm,kxm + Lmkam,k + Mka:'m,k

(T + T ) Winge + Vine - (12)
Combine ([L1)) and ([12)), obtain (§), and complete the
proof. Note that zero uncertainties makes () the

standard extended equation, [|13].
From (f)), extract the predicted state as

Te+1 = (FN + Fm,k)xm + (gN + gm,k)Um,k
+(DN+Dm,k)Wm,k7 (13)
Having (§) and ([13)), we proceed with the one-step

Hy-OFIR predictor and then will obtain the RH
H5-OFIR filter.

3 RH H,-FIR Filter

Using the definition given in []], and taking into
account (§), we define the one-step ahead predicted
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FIR estimate as
Tt HN Yo + Hy Uk
= Hy(Hn+ ﬁmk)xm
+HN(LN + Lo ) U i
+HN(GN 4 Ty k) Win
A HN g+ Hn Vi, (14

where H is the fundamental gain and HY is the
forced gain.
The unbiasedness condition FE{Zji1} =

E{xp11} applied to (13) and (14) gives two
unbiasedness constraints,

FN HNHN, (15)
HYy = Sy—HyLn. (16)
The estimation error €11 = Tg41—Tk41 becomes
cos1 = (FN —HNHy + Fpp — HnHp)m
+(Sn — HyLy — HY + Sk
—HN L) Ui + (Dx — HNTy + Dy s
~HNT k) Wonk — HN Vi (17)
and can further be generalized as
i1 = (BN + Bug)Tm + U pUp i
+(WN + Wi ) Win e — VN Vi 1o (18)

where the regular error residual matrices By, Wy,
and Vy are given by

By = FN_—HyHy, Wy =Dn—HnTyN,
VN = Hn, (19)
and the uncertain error residual matrices as

Bk ﬁmk — HNHp i,

Unjp = §mk — HNLm

Wik = Dmg—HyTm- (20)

We next introduce the sub errors

Exht1) = BNTm, Ewr1) = WNWik,
Eo(k+1) YNVinks €x(kr1) = BmkTm s
Ewktl) = WmiWmk, Eukr1) = UnmkUnik,

21
and represent the error model as
= Ep(kt1) T Ewlk+1) + Eu(kr1) T Ex(hr1)
Fewkr1) + Euhr1) 5 (22)

which will be further used to derive the Hy-FIR
predictor.

Ek+1
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3.1 H>-FIR Predictor

To derive the H>-FIR predictor for uncertain systems,
we will need the following definitions.

Given a block column matrix Z,, =

(2L, 2L 4 ... 2L ]7 specified on [m, k]. Its recursive
form is [28],
Zm,k = Ame—l,k—l + szk y (23)

where A, and B,, are strictly sparse matrices,

010 ...0 0

001 ...0 0

0 00 I 0

0 00 0 I
Ay | By

Given the system [ C ] , where the sparse
w

0
matrices A,, and B, are defined by (24) and C,,
is a real matrix, the transfer function 7(z) =
Cw(Iz — Ay) '2By,, and a symmetric positive
definite weighting matrix =. Then the squared
Frobenius norm of the weighted transfer function

T (z) is [31],

2w

ITEIF = 5 ; tr [T(T)ET* (1)) dwT

= tr(C,ZCT). (25)
Using the above definitions, the trace of the error
matrix of the Hs-FIR predictor can be written as
trP = E{(Epkt1) + Ewkr1) + Evlhr) + Ex(lr1)
+Eu(ka1) + Eutrern)” ()}
= IBEIE+ ITa@IE + TGN
HITeIE + 1 Ta ()7 + 1 Ta ()l
(26)

where (...) means the term that is equal to the
relevant preceding term and the squared Frobenius
norms are defined by

1T ()|} = wE{Tworwi T"}. (27)

which gives

ITz(2)7 = t(ByxmBY), (28)
1Ta(2)|F = tOWNONWE),  (29)
IT5()F = t(VNRNVY). (30)
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Using (R3), the || 7z(2)||% can be written as
ITe()E = wE{Bmpwm Byt
= tr<‘){(}?’m,1€ — /HNI’T[mk)Cle‘Z;
X (B — Hy Hyp)T}
= (X — X Hy — HNXm"
HHN X HN) (31)

where two uncertain matrices are given by

ot = E{(Fppaman 0L L}, (32)

m

X = E{Hpprmol, Hl b, (33)

an_d two others, Y and ¥IF', are ignored by the filter
galr%'he |75 (2)||% can be transformed to
1Ta()E = CEWVmpWan kW 1 Wi i}
— w&{(Dyy — HNT o)) Wi p WL,
X (D e — Hn'Tomi)"}
= tr(QN — QN Hy — HN QY
+HNOQVHN) (34)
where two uncertain matrices are taken into account
QN' = 5{5m,ka,kW£,kT£,k} , (395)
QN = ETusWasWasIos},  (36)
and Q][\), and Q]:C,D are ignored by the filter gain.
The || 72(2)||% becomes

ITa() % = wE{UnpUniUb UL}
= tr€{(Smk — HNLin k) Uk Uk
X (S — HN L)'}
— tw(ME — MSEHT — LS
Y HNMEHT), (37)

where two uncertain error matrices have the value,

MY = E{SmaUniUL LT}, (38)
My = E{LmpUniUp Ll i} (39)

and M j\q, and M ]65 are not used in the filter gain.

3.2 Gain for the RH H,-FIR Filter using
LMI

By changing the time variable, the batch RH H>-FIR
filter can now be defined by

Fr=HNYm-1k-1+ (Sv — HNLN)Upm—1k-1,
(40)
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and the error covariance matrix can be written as

BnxmBY + WnONWE + VyRAVE
+P, + P, + Py, (41)

where the uncertain error matrices are defined by

P =

= X — X Hy —HNRRT
+HN XM (42)
Py = EWpniWnaWih WE 1}
= QF — QN Hy —HNQV
+HNQNHE (43)
Py, = E{UpUn iUk Uk 1}
— M§ - MYHY — HyME
+HNMEHE. (44)

The gain for the suboptimal bias-constrained RH
Ho FIR filter can also be computed numerically using
LMI. To this end, we introduce a positive definite
matrix Z such that

Z > WNOWWE + VvRNVE
+P,+ P, + P,. (45)
Then, we substitute (19) and (20), transform (#3) to

Z — (HNGN — DN)ON(HNGN — D)
~HNRNHY — X + X0 HE + HN T
—~HNXHN — QN + QX HY + Hy QR
~HNQNHY — My + MG I
+HNME — HNMEHE >0,

and generalize as

Z — A+ BHL +HNC —HNDHEL >0,  (46)

where auxiliary matrices are defined as A =
DnONDY + X5 + Q% + M5, B =GR QvDY +
T HQRTHMEC = Dy QyGH +11F+QRP+
MES and D = Qn — ¥ — Q% — ML, Using the
Schur complement, we further represent (#6) in the
LMI form of

Z—A+BHL +HNC Hy
Hy D!

Finally, the gain for the suboptimal RH Hy-FIR
filter can be determined numerically by solving the
minimization problem

Hyn =

>0. (47

min trZ
Hn,Z

subject to (E7)

(48)
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where the minimization should be started with the
UFIR filter gain Hy = (CLCN)'CL. Next, we
consider an example of a quasi harmonic model.

4 Numerical Example

A quasi harmonic system is represented by the
following state space equations,

0.6 0.4 1
Thel [—0.4 0.6 + 5] Lkt M wi > (49)
ye = [1 g+ v, (50)
where § > 0 is the uncertain constant, [37]. We
represent the uncertain system matrix as F* = F +
= 0.6 04 0 0
AF = F +0F = [_0‘4 0.6] —i—d[o 1} and

the uncertain vector (3) as &, = 0F%, + Buwy.
The disturbance wy, is assumed to be Gauss-Markov
wigr1 = ¢wk + (g, where ¢, € N(0,1), and the
colored measurement noise vy, to be vi 1 = Y +&,
where & € N(0,1). The block error matrix Qy of
wy and Ry of vy are computed numerically. The
initial state is assumed to be known.

For the model (#9) and (50), only the uncertain
matrices QQT and Q% should be specified for the
filter gain. To transform matrix Q]?,T (B3), we start
with Dy = F ND% and represent matrix D]% as
D]% = 0 Zp, where

0 .. 0 0
FB 0 .. 0 0

ZN = : : KPR
FFN=3B FFN=4B ... 0 0

FFN—2B FFN-3B FB 0

Matrix EN can now be written as DN = FNDA,
where Fiy = [FN~! FN=2 | F I]is the last row
vector in Fly. Next, matrix Ty = HyFyD% gives

ONT = FnOANFEHE, where Q% is determined by
averaging as

Qf = DREW,  WE IDY" = 622y On 2] .

Similarly, we obtain o = H NFN Q%Fﬁf_]}\;

The RH Hs-FIR filter gain can now be
determined numerically by solving the minimization
problem (#§) and the estimate computed as
2 = HNYm—1k—1. It is worth noting that the
gain Hy is obtained by (#§) for full block error
matrices Qxn and R that makes it more accurate
than the Kalman-like recursive schemes when w;
and v, are not white and thus Qy and R are not
diagonal. We next assume that the uncertainty can
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—— RH H,-OFIR

Filtering error
o S

iN
o

OFIR i KF

Figure 1: Filtering errors produced by the filters for
uncertain system with 6 = 0.4 under the heavy
disturbance with ¢ = 0.95.

5

ML-FIR

\/
2 \ LTl
P

OFIR

RH H,-OFIR

0 0.1 0.2 0.3 0.4
S

Figure 2: RMSEs produced by the filters as functions
of ¢ for uncertain system with § = 0.4 under heavy
disturbance with ¢ = 0.95.

take values from 6 € [0...0.4] and investigate
filtering errors using the UFIR filter, [38], OFIR
filter, [13], ML-FIR filter, [39], and KF, [3§], as
benchmarks.

In the first case, we set v = 0 and ¢ = 0.95, and
tune the filters to & = 0.4. Typical filtering errors
are shown in Fig. [, and we infer that the UFIR filter
(Nopt = 4) fails to give accurate estimates, while the
RH H>-FIR filter looks the best. The effect of § on the
RMSEs is shown in Fig. [, and we deduce that the
UFIR filter is the most robust and the less accurate.
The most accurate RH H5-FIR filter demonstrates a
sufficient robustness, and the remaining filters give
in-between estimates (Table [1)).

Table 1: Case 1: RMSEs Produced by the filters for

various 9
Filter 0 0.1 0.2 0.3 0.4
UFIR 4.005 4.005 4.018 4.066 4.199
KF 1.302 1.331 1.452 1.752 2.390
OFIR 0.730 0.786 0.996 1.440 2.249
ML-FIR 0.735 0.737 1.026 1.486 2.316
H>-FIR  0.793 0.737 0.803 1.122 1.831
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3.0

2.5
UFIR

ML-FIR

RH H,-OFIR

1.0

0 0.1 0.2 0.3 0.4

Figure 3: RMSEs produced by the filters as functions
of § for uncertain system with § = 0.4 and system
disturbance with ¢ = 0.95.

Table 2: Case 2: RMSEs Produced by the filters for
various §

Filter 0 0.1 0.2 0.3 0.4
UFIR 2.169 2.143 2.121 2.107 2.112
KF 2790 2.789 2.796 2818 2.871
OFIR 1.258 1.279 1325 1412 1.569
ML-FIR 1280 1.304 1.348 1.426 1.565
H>-FIR  1.269 1.282 1.317 1.390 1.529
In the second extreme case we set ¢p = 0.95

and ¢ = 0. The RMSEs are sketched in Fig. [.
What we can see is that the KF is the worst here, the
UFIR filter (IVope = 5) gives better estimates, and the
ML-FIR, OFIR, and RH H»-FIR filters produce the
smallest and consistent estimates, although the latter
still increases errors at a lower rate (Table ).

5 Conclusions

The robust RH H»-FIR filter developed in this paper
for uncertain and disturbed systems operating under
initial errors and data errors has demonstrated a better
performance than other filters. This was achieved
by by minimizing the squared Frobenius norm of the
weighted error-to-error transfer function with weights
related to errors. An example of a harmonic model
has shown that the RH Hs-FIR filter has a better
accuracy than the OFIR, ML-FIR, and Kalman filters
and is almost as robust as the UFIR filter.
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A Partitioned Vectors and Matrices
The block vectors are defined as

Xong = [zl =l i | ’ ,
Yor = [vh v - wf]
Unk = [ng u%—i—l uﬂ ’ )
Wik = [wh whg - wﬂT
Vik = [vm Ve - UI{]Tv
Emk = €L €L, en’,
My = (¢4 oy o 17

and the block matrices as

Fy = [FT p2" . pN-1" pNT)T
E 0 .. 0 0
FE 0 .. 0 0

SN = : : PR ol
FN=2Fp FN=3ER ... E 0

FN-1p FN—2p FE E
matrix Dy becomes matrix Sy if we replace £ with
B,Hy = HyF'Fy, Ly = HySn, Ty = Gy +
TN, GN = HNDN, HN = diag(H,H H),
———

~ N

Ty =diag(D,D ... D),

—————

N
AR, T
AFy 1 FL,
A .
Fm,k = :~ )
AF, 1 F",
| AFRF
FUF! ... F), g<r+1,
Fi = I, g=r+1 |,
0, g>r+1

where F}' = F+AFj, j € [g,r], matrix Sﬁ’k is given
at the top of the next page, matrix Dﬁ  becomes
Sﬁk if we replace AFE; with AB;, i € [m, k], and
FE with B, FmJg = FNFW%J?, S’m,k = FA‘NST%,]C’

Dm,k = FN-DT%LJ@’
I 0 0 0
F I 0 0
Ey=1| : : :
FN—Q FN—3 I 0
FN—l FN—2 F I
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Fy k> Sm i, and Dm & are the last row vectors in Fm ks
Sunks and Dy, i, respectively, Hy = HyF~!Fy,
Ly = MNyEN,

r 0 0 0 O
H 0 0 0
My = : : N I
HFN=3 HFN=% .. 0 0
|HFN—2 gFN-3 H 0
T AH,,
AI—Im-HF’
A .
Nm,k‘ = . )
AH_FN—2
| AH,FN-1
L%,k = Mﬁ,kEN’ Tﬁ,k =
diag( AD,, ADy,—1 ... ADy ), and
Hyp = Npp+ My +M5OFS
Ly = L?%,k + (M + Mn%,k)sﬁ,m
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