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Abstract: - The problem of determining the position of a wave radiation transmitter is important in the fields of
communications and digital signal processing, where the transmitter’s spatial position is specified with respect
to a reference point. Spectral estimation methods differ in their characteristics, with the ability to distinguish
between closely spaced transmitters being one of the most notable. This study focused on two methods: the
Fourier Transform (FT) as a classical method and Root-MUSIC as a modern method. The positions of one and
two transmitters were estimated under noisy and noise-free conditions, with the percentage error (Ep,) in the
position of each transmitter is calculated. The minimum separation (dy,, ), which represents the smallest distance
at which two transmitters can be distinguished, was also calculated. Simulation results showed that Root-
MUSIC outperforms the fast Fourier transform (FFT) in terms of accuracy in positioning and resolving the
minimum distance between the transmitters.
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1 Introduction environments  characterized by noise and
The challenge of positioning wave radiation interference. To accomplish this, an antenna array is
transmitters is considerable, especially in the fields e.mployed,‘ln which the sensing units are p0s1t10n§d
of communications, digital signal processing (DSP), linearly with equal distances separating -them. This
seismic technologies, sonar, radar, and medical type of array is known as a uniform linear array

sciences, [1], [2]. The precision of the positioning (ULA), [6]. ) ) N )

estimation method is the main factor on which these Understandmg ?lther the position of the s.1gnal’.s
services depend. These applications heavily depend source or the dlrectlor_l of the source of the signal is
on the positions of radiating transmitters relative to necessary for array signal processing (ASP) to get
spatially separated sensors. Such as the position of a the .1nte.nded resplts, .[1], . [71, [8]. Typlcal. ASP
mobile device transmitting a signal with respect to a applications entail estimation of the direction of

reference point. For instance, advanced processing arriyal (DOA), extracf[ion of source position, and
techniques can improve the quality of the received multlpath problem.s in the presence of strong
signal in wireless communication systems and interference and noise, [9], [10]. ASP enhancgs t.he
lessen the impact of noise and interference, [3]. outputs of the sensors in antenna arrays to optlmlze

Data is recorded in time-varying quantities system performance when compared to a single

antenna. It has the advantages of increased signal-

called signals, which can be either analog or ! : )
to-noise ratio (SNR), sidelobe (SL) control, and

discrete. These could be biological signals like heart

electrical pulses, sonar or ultrasound signals, video impr.oved' array .resolution. ULA increases the
signals, audio signals (music, speech), or a variety received signal gain, [11]. o .

of different electromagnetic signals, [4]. After being Based on the application  requirements,
received by the array antenna, the continuous-time frequenpy _estimation techniques, or spectral
signals are transformed into discrete signals for estimation in general, can be parametric (modern
processing, [5]. method) or nonparametric (classical method), [12],

In many applications, there is a need to receive [13]. _
signals and determine the number of incoming The classical methods made use of Cooley and

Tukey’s fast Fourier transform (FFT) in 1965.

signals, ~which is particularly crucial in ) > POUtIeh X
Despite their simplicity and speed of use, their
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precision is poor, and they suffer from side lobes
(SL), which lowers the quality of the results.
Moreover, noise sensitivity limits their effectiveness
in noisy environments, [14], [15], [16].

High-resolution or subspace methods are
branches of parametric methods, including the Root
Multiple Signal Classification (Root-MUSIC or R-
MUSIC) algorithm. They provide negligible SL
levels, high resolution, and lower sensitivity to
noise. The R-MUSIC method relies on polynomial
roots analysis and offers super-resolution. The R-
MUSIC algorithm usually does not present results
as graphs, but gives outcomes in numbers, [17]. For
a uniformly spaced linear array, the search for
angles, closed frequencies, and positions can be
performed by finding the roots of a polynomial
using R-MUSIC, [8], [18].

2 Problem Formulation

An array is a collection of several sensors or
antennas. An array element is a single sensor or
antenna within the array. Spatial signals refer to the
signals sent by transmitters in space or the signals
received by the sensors. The ULA is a type of
antenna array. It is composed of several elements
placed in a straight line, with equal spacing, where
the first element is positioned at the origin
(reference axis). The distance between the elements
is represented by A.. The array has a total length of
(n—1) A, where 7 is the number of array elements.
Figure 1 shows the geometry of a ULA with n
elements (sensors), [19], [20].

2 o (Reference axis)
A

Transmitter | ~ Transmitter 2
B—%
N’ dpl N
g N
. A o ¢
i 2 3 4 n Receiving

axis

1
|= m-1) A, ={

Fig. 1: Uniform linear array (ULA) coordinate

system
Source: created by the authors

If there are L transmitters qi, q, ..., q., where q;
represents the transmitter signal amplitude with L <
1, then the detected or received signal y(n) for the n
elements can be written in vector and matrix form,
considering noise presence, as given by:
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y(n)=Sq(n) + u(n). (D

The signals received by all the n elements are

organized into an mxl observation vector,
represented as:

Y = Y1 Y2, Y3 oo Yl 2
where T denotes the transpose of a matrix or vector.
g is the Lx1 transmitting signal vector, as given
below:

d=1[q1, 2, q3, .-, q]" (3)
Similarly, the observation noise vector, which
has dimensions nx1, is defined as [19], [20]:
u = [up, Uz, U3, ..., Uy]". )
The array response matrix (or transmission
matrix), denoted by S, is as follows:

S = [8(91), S(¢2), 5(93), ..., S(PL)]. ()
S(¢i) denotes the signal's positioning vector with
position pyi of the ith transmitter for n elements and
is defined as follows:
S(¢)=[1, exp(—j 2m 4i pPoi / Z L), exp(—j 4m At Poi
IZ)), ..., exp(—j 2w Ay poi (M — 1) / 2 V)] (6)
where
di= exp(—j 2m Ai poi / Z 1), @)

A is the sampling interval, py; is the position of
the ith transmitter on the transmitting axis, z is the
axial distance between the transmitting (Tx) and
receiving (Rx) axes, and A is the wavelength of the
transmitting signal.

2.1 Classical Method (Fourier Transform)
The Discrete Fourier Transform (DFT) is one of the
fundamental tools in signal analysis, as it relies on
representing the signal using exponential functions
with purely imaginary exponents. The DFT is
distinguished as the only form of Fourier analysis
that is discrete and finite in both time and frequency,
making it suitable for digital applications and easy
to implement on computers or digital devices. Thus,
the DFT of a sequence y(n) with length n is given in
[21], [22]:

Y@ =31y exp(—j2manin).  (8)

Fourier analysis possesses the power
preservation property, which means that power can
be computed either in the time domain or the
frequency domain, yielding the same result.
Consequently, the DFT with a finite number of y(n)
samples can be used to approximate the power
spectral density (PSD) as:

Py (0)=1/m|Y(a) [ ©)
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2.2 High-resolution Method (Root-Music)
The R-MUSIC algorithm is one of the subspace
techniques and relies on the eigenstructure, which is
similar to the multiple signal classification (MUSIC)
algorithm but differs in the estimation approach. In
the MUSIC algorithm, searching for spectral peaks
requires intensive computations, whereas R-MUSIC
replaces this step with finding the zeros (roots) of a
polynomial of degree 2(L—-1), reducing
computational complexity while maintaining high
accuracy. This method analyzes the roots of the
spectral polynomial based on the eigenvectors of the
sensor correlation matrix. These extracted roots
represent the estimation of the signals (transmitters),
[23], [24]. The MUSIC method can be expressed as:

Prusic (p) =1 /st \A Vﬂ S. (10)
where H is the Hermitian and V, = [VL+1, ..., V] is the
matrix containing the eigenvectors corresponding to
the noise subspace, [25], [26].

The signal vector can be expressed as:

s=1[1,exp(—j 2mn 4t po !/ Z L), exp(—j 4 Ai po [ Z N),
ey €Xp(—j 2T 4P (M — 1) /2 V)] (11)

Let x = exp(—j 2m A pv / z A); then Eq. (11) can

be written in algebraic form as:

s=1[1,x %2 .., x"". (12)

As mentioned earlier, when receiving a signal

from a transmitter or transmitters, the following
relationship is obtained:

PiLsic (Po) = Poly (po) =s" (Vu VH) s, (13)
where:
Pr:ullsic (pb) = 1/ Prusic (pb) (14)

Let D = V, VI In order to find the roots, Py isic
(pv) must be equal to zero, i.e., [27], 28],

Prtsic (o) = Poly (o) =s"Ds=0.  (15)

Substituting (12) into (15) yields:
Poly (po) = X1 Zp_, ¥ DX ~"=0 (16)
or
Poly (ps) = Y=y Zpey Do X" =0 (17)

To simplify the final double summation, set £ =
k—m to reduce it to a single sum, as shown below:

Promusic (Pb) = Xj—_ 1) De X' =0, (18)
where D¢ =>¢=k—m Dmk.

Eq. (18) represents a polynomial of degree 2(L-

1), which contains L-1 pairs of zeros. The zeros are
distributed such that one is inside the unit circle
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(i.e., its magnitude is less than 1) and the other is
outside. The roots are functions of transmitters’
positions. This is clear from Eq. (7) and Eq. (12);
hence, the positions could be determined from the
roots.

3 Simulation Results

This paper presents simulation results for estimating
the position of radiating transmitters, considering
both single and dual transmitters, with and without
noise. To achieve this, the classical FFT method and
the modern method (super-resolution method),
namely R-MUSIC, were utilized. All simulations
were implemented in MATLAB.

The position of the transmitter is identified with
respect to a reference point. Several parameters are
used. pp1 and pp2 represent the positions of the first
and second transmitters, respectively. A denotes the
wavelength, A, represents the distance between
antennas, and z indicates the distance between the
Tx and Rx axes. All parameter units are in
centimeters (cm). m corresponds to the number of
antennas.

3.1 Error and Minimum Separation Criteria
Definition
1- The percentage error (Ep ) in the transmitter

position is calculated by using the formula:
E. = Ip,, (actual) — p, (reconstructed) | «100%

Pb
19)
where pp (actual) is the actual position of the
transmitter, and py (reconstructed) is the estimated
position after processing the received data by
applying the method.

2- The minimum separation (dp) is calculated
when there are two transmitters, representing
the smallest distance between the transmitters
that the method distinguishes between them and
determines their positions.

p,, (actual)

The dy is calculated using the following
equation:
dpt = Pb, — Db, (20)
In order to calculate the minimum separation
between the two transmitters, the following
procedures are followed:
a- Fixing the first transmitter, ppi, in its position.
b- Moving the second position, py, toward the first
one until a certain criterion is reached.
i- In the FFT algorithm, a number of sidelobes
appear. The most dominant and important
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sidelobe is that which appeared between the
two peaks that correspond to the two
transmitters (in general, these peaks are of
equal value since they were proposed to be
equal in simulation). When the second
transmitter's position becomes very close to
the first one, the peak of the dominant
sidelobe increases in its value. A criterion of
-3 dB between the transmitter peak and the
sidelobe is selected. So as long as the
criteria are not reached, the moving of the
second transmitter is continued and stopped
when reaching this criterion. This separation
between the two transmitters is regarded as
a minimum separation that the algorithm
could resolve (distinguish).

ii- In the R-MUSIC algorithm, the second
transmitter's position is moved towards the
first one until the Ep, is still considerably
less than that of the FFT algorithm, such
that it does not exceed 12.5% of R-MUSIC.

3.2 Single Transmitter Position Estimation
without Noise

The position estimation of a single transmitter was
studied using the following parameters: p,,, =2 cm,
A=03cm, A;=2cm, z=50 cm, and n = 7. Figure
2 shows the implementation of the FFT method.
Using the FFT method, the estimated transmitter
position is pp, = 2.0215 cm with E;,, = 1.07% and
observed sidelobes. In contrast, the R-MUSIC
method was implemented, which provides a direct
estimation of the transmitter position as a numerical
value after processing. Using R-MUSIC, the
estimated value of py, is 2 cm with E, = 0%.

The results indicated that this estimated value
precisely matches the actual transmitter position,
achieving the lowest Ey, and negligible SL, all of
which enhance its accuracy in transmitter position

estimation.
FFT

Py, = 2.0215 cm

80

(=)
(=1

Power (dB)
.
(=]

20

0

0 | 2 3 4 5 6 7 8
Position (cm)

Fig. 2: FFT method for estimating the position of a
single transmitter when p,, =2 cm, A = 0.3 cm, A=
2cm,z=50cm,andn =7

Source: created by the authors
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Table 1 presents a comparison of the percentage
error (Ep) between the FFT and R-MUSIC
methods, using a set of parameters.

Table 1. A percentage error (Ep, ) for FFT and R-
MUSIC methods with A =0.3 cm, A,=2 cm, and | =

7
Parameters FFT EPI;{-MUSI C
Pp, =2 ¢m, z=50 cm 1.07% 0%
Pp, =2 cm, z=70 cm 2.54% 0%
Pp, =4.5¢cm,z=50 cm 0.91% 0%
P, =4.5¢cm,z=70 cm 1.17% 0%

Source: created by the authors

Figure 3 and Figure 4 illustrate the results of
applying the FFT and R-MUSIC methods for
estimating the position of a single transmitter in a
noise-free environment. The figures show the
relationship between Ey, and n for the cases pp1 = 2
cm and pyi = 4.5 cm, respectively, with the same
other parameters. The results indicate that Eg
remains constant regardless of changes in 1, and the
R-MUSIC method achieves a significantly lower Ep,
compared to the FFT method, with E, = 0%.
Additionally, it was observed that increasing z
results in an increase in Ep, for the FFT method
only. Moreover, it was observed that increasing pui
to 4.5 cm leads to a reduction in E, compared to
the case when py,, =2 cm.

FFT and R-MUSIC

b

3

FFT, z=70 (cm)
e FFT, z = 50 (cm)
R-MUSIC, z = 50 and 70 (cm)

[¥]

Percentage error, pr (%)

2 5 8 11 14 17 20

No. of antennas
Fig. 3: Comparison of Ep and n for pp, =2 cm, A

=0.3cm, and A;=2 cm
Source: created by the authors

15 FFT and R-MUSIC

FFT,z=70 (cm)
FFT. z= 50 (cm)
R-MUSIC, z = 50 and 70 (cm)

;Ji

Percentage error, pr (%)

2 5 8 11 14 17 20
No. of antennas

Fig. 4. Relationship between E, and n for py, =
4.5cm, A=0.3 cm, and A;=2 cm

Source: created by the authors
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3.3 Two Transmitters’ Position Estimation
without Noise
The estimation of the two transmitters’ positions
was studied using the following parameters: py,, =2
cm, while py,, was varied to determine the minimum
distinguishable  distance  between the two
transmitters (dp,, ). The other parameters used were A
=03 cm, Ac=2 cm, z= 50 cm, and n = 7. Figure 5
shows the results of applying the FFT method. The
FFT method estimated the transmitters’ positions at
pp, = 1.8164 cm and p,, = 3.1055 cm, with the
minimum distinguishable distance recorded as d,, =
0.88 cm and pr1 = 9.18% with clear sidelobes.

When the R-MUSIC method was implemented, it
estimated the positions of two transmitters at py,, =
1.9999 cm and py,, = 2.02 cm, with dp = 0.02 cm
and pr1 =0%.

The results indicate that R-MUSIC achieves
superior performance, offering more precise
transmitter position estimation with negligible SL,
lower dp, and E, values compared to the previous
method.

30 T

pr, = 1.8164 cm
pr, = 3.1055 cm

=)

Power (dB)

niéépééé%x
osition (cm

Fig. 5: FFT method for es‘éin}lating the position of
two transmitters when py, = 2 cm, with py,, varied
to determine dpt’ A=03cm, Ai=2cm, z= 50 cm,
andn =7

Source: created by the authors

Table 2 presents a comparison of the minimum
separation (d,;) between the FFT and R-MUSIC
methods using a set of parameters.

Table 2. A minimum separation (d) for FFT and R-
MUSIC methods with A= 0.3 cm, A,=2 cm, and n =

7
Parameters Minhou G
FFT R-MUSIC
pp, =2and 4.5 cm, z 0.88 cm 0.02 cm
=50 cm
Pp, =2and4.5em,z | 0y 0.06 cm
=70 cm

Source: created by the authors
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Table 3 presents a comparison of the E,, between
the FFT and R-MUSIC methods using a set of
parameters.

Table 3. A percentage error (Ep, ) between FFT and
R-MUSIC methods with A= 0.3 cm, A;= 2 c¢m, and

n=7
Parameters FFT prR—MU SIC
Pb, =2 cm, z=50 cm 9.18% 0%
Pb, =2 cm, z=70cm 11.82% 0%
Pp, =4.5cm, z= 50 cm 4.30% 0%
Pp, =4.5cm,z=70 cm 5.21% 0%

Source: created by the authors

Figure 6 illustrates a comparison of d, and n
after applying the FFT and R-MUSIC methods to
estimate the positions of two transmitters in a noise-
free environment. The results show that the R-
MUSIC achieves the lowest d, value, very close to
zero, indicating its high accuracy in distinguishing
between very closely spaced transmitters. In
contrast, the FFT records a significantly higher dp
value. Additionally, it is observed that as z increases,
dye increases, implying that a greater separation is
required to distinguish between the transmitters.
Furthermore, increasing pp1 from 2 cm to 4.5 cm
results in the same minimum dp; value for both R-
MUSIC and FFT methods. It is observed that, as m
increases, dy begins to decrease in the FFT method.

FFT and R-MUSIC

FFT, z=70 (cm)
FFT, z= 50 (cm)
R-MUSIC, z =70 (cm)

(cm)

3 x

pt

x R-MUSIC, z = 50 (cm)

Minimum separation, d

S T

2 4 6 8 10 12 14 16 18 20
No. of antennas

Fig. 6: Relationship between d,, and n for pp,, =2
and 4.5 cm, with py,, varied to determine dp, , A =

0.3 cm, and A;=2 cm
Source: created by the authors

Figure 7 and Figure 8 illustrate the relationship
between Eyp and n after implementing the FFT and
R-MUSIC methods to estimate the positions of two
transmitters in a noise-free environment (without
noise) for the cases py1 = 2 cm and pw = 4.5 cm,
respectively, with the same other parameters. The
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results show that the R-MUSIC method achieves the
lowest Eyvi value, reaching 0%, while the FFT
method records considerably higher values,
especially for n < 6. Additionally, it was observed
that increasing z results in an increase in Epy; for the
FFT method only. Also, as n increases, Epp1 begins
to decrease. Finally, the results show that increasing
the value of py, to 4.5 cm leads to a reduction in

pr1 compared to the case when py,, = 2 cm for the

FFT method.
. FFT and R-MUSIC
FFT, z=70 (cm)
c? FFT, z=50 (cm)
= 247 % R-MUSIC,z=50and 70 (cm) | |
B
g 16
g
&
0F P P S S P SE b Jub Gep b e e e e Sy 3
2 4 6 8 10 12 14 16 18 20

No. of antennas

Fig. 7: Relationship between pr1 and n for p,, =

2 cm, with py, varied to determine dp, , A = 0.3 cm,

and Ar=2cm
Source: created by the authors

FFT and R-MUSIC

FFT, z= 70 (cm)
FFT, z= 50 (cm)

x R-MUSIC, z = 50 and 70 (cm)

Percentage error, I_-'phl (%)

0r XX K AAXANAAARXAAXAAXAXX

2 4 6 8 10 12 14 16 18 20
No. of antennas

Fig. 8: Relationship between Epy, and n for py,, =
4.5 cm, with py, varied to determine d, , A = 0.3

cm, and A =2 cm
Source: created by the authors

3.4 Single Transmitter Position Estimation
with Noise
When a signal is transmitted from Tx and received
at Ry, it is affected by additive white Gaussian noise
(AWGN). This noise is added to the original
transmitted signal, and its impact on the results is
examined.
The estimation of a single transmitter position
is studied using the following parameters: py, = 2
cm, A=0.3cm, Ac=2 cm, z= 50 cm, SNR = 10 dB,
and n = 7. Figure 9 indicates the implementation of
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the FFT method. The results show that the FFT
method estimated the transmitter position at py, =

2.0215 cm with Ep = 1.07% with observed
sidelobes. When the R-MUSIC method was
implemented, it estimated the transmitter position at
Pp, = 2.0149 cm with E, = 0.75%. Hence, its
achievement is better, clearly, than the FFT method.

FFT

Py, = 2.0215 cm

50

4071

Power (dB)

o 1 2 3 4 5 6 71 %
Position (cm)

Fig. 9: FFT method for estimating the position of a

single transmitter when ps, =2 cm, A = 0.3 cm, A=

2 cm,z=50cm, SNR=10dB, andn =7

Source: created by the authors

Table 4 presents a comparison of the Epb
between the FFT and R-MUSIC methods using a set
of parameters.

Table 4. A percentage error (Ep, ) for FFT and R-
MUSIC methods with A= 0.3 cm, A;=2 cm, and n =

7
Parameters TFT Epl; NUSIC
PR 0dn | 107 | 075%
pblazj&nﬁzzzssf];m’ 6.93% |  2.68%
pb;:dzs;nﬁ :07 Egm’ 459% | 3.12%
pblazj;;nﬁi:;f;m’ 459% | 3.12%
"t R ot | 5% | 033%
P Znﬁ'ss;‘ﬁ’f s jg M o21% | 0.57%
pbl;ﬁ §N°§ s 7d(])3°m’ 299% | 1.19%
5 :nfi'ss;mR’:Z 5 gg M 208% | 1.24%
Source: created by the authors
Figure 10 and Figure 11 illustrate the

relationship between Ey, and the parameter n after
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applying the FFT and R-MUSIC methods to
estimate the position of a single transmitter in a
noisy environment with p,, = 2 cm for both z = 50
cm and z 70 cm, respectively, with different
SNRs. The results indicate that increasing n
contributes to a reduction in Ep,. Moreover, the
results for z = 50 cm are better than those of 70 cm.
A lower SNR results in an observed higher E,, as
compared with the noise-free environment case.

FFT and R-MUSIC

FFT,z=70 (cm)
FFT, z=50 (cm)

< 12 R-MUSIC, z = 70 (cm)
= R-MUSIC, z = 50 (cm)
L)
L)
g
£ /N
= =h--4='"=::=b-m |

2 4 6 8 1 .(] 12 ll-’l I.ﬁ 1‘8 2I0.

No. of antennas
Fig. 10: Relationship between E, and n for pp, =2
cm, A =0.3 cm, SNR=10dB, and A;=2 cm

Source: created by the authors

FFT and R-MUSIC

FFT,z=70 (cm)

FFT, z=50 (cm)
R-MUSIC, z = 70 (cm)
R-MUSIC, z =50 (cm) | |

- Nz

L }"4:,

Percentage error, pr {%)

2 4 6 8 10 12 14 20
No. of antennas

Fig. 11: Relationship between Ej, and n for pp, =2

cm, A=0.3 cm, SNR =5 dB, and A;=2 cm

Source: created by the authors

16 18

Figure 12 and Figure 13 illustrate the
relationship between Ep, ~and the parameter n after
applying the FFT and R-MUSIC methods to
estimate the position of a single transmitter in a
noisy environment with py,, = 4.5 cm for both z =
50 cm and z = 70 cm, respectively. The results show
that increasing the value of py, to 4.5 cm leads to a
reduction in E,, compared to the case when py,, =2

cm. Also, it is clear that the achievement for z = 50
cm is better than that of z=70 cm.
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FFT and R-MUSIC

=

FFT, z=70 (cm)
S 5+ FFT, z= 50 (cm)
5.:: ————— R-MUSIC, z =70 (cm)
._,;"—4 ————— R-MUSIC, z =50 (cm)
£ 3l
o
&
22
g
¥ 1
o 1

~,
0 v #"’ \L“é--:':'.:...—l-'_\.:-f_".:n
2 4 6

8 10 12 14
No. of antennas

Fig. 12: Relationship between E, —and n for py, =

4.5cm, A=0.3cm, SNR=10dB, and A;=2 cm
Source: created by the authors

FFT and R-MUSIC

FFT, z=70 (cm)
FFT, z= 50 (cm)
R-MUSIC, z=70 (cm)
R-MUSIC, z =50 (cm)

Percentage error, pr (%)

WP L AN
g 10 12 14 \
No. of antennas

Fig. 13: Relationship between E, and n for py, =

4.5cm, A=0.3 cm, SNR=5dB, and A;=2 cm
Source: created by the authors

16 I8

o
F
=2

20

3.5 Two Transmitters' Position Estimation
with Noise
The estimation of the positions of two transmitters
was studied using the following set of parameters:
Pb, = 2 ¢cm, with a varying value of py,, A = 0.3 cm,
Ay=2 cm, z=50 cm, SNR = 10 dB, and n = 7.
Figure 14 indicates the results of applying the FFT
method to estimate the transmitters’ positions under
the same noise conditions. The results showed that
the FFT method estimated the transmitters’
positions at pp, = 1.8164 cm and py, = 3.1348 cm,
with d,, = 0.9 cm and pr1 = 9.18%. When the R-

MUSIC method was applied, it estimated the
transmitters’ positions at py,, = 2.088 cm and py, =
2.348 cm, with dp = 0.6 cm and pr1 = 4.4%.
Hence, its achievement is better, clearly, than the
FFT method.

Table 5 presents a comparison of the d, between
the FFT and R-MUSIC methods using a set of
parameters.
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FFT

Py, = 1.8164 cm
Py, = 3.1348 cm

Power (dB)
o

Position (cm)
Fig. 14: FFT method for estimating the position of
two transmitters when py, =2 cm, with py,, varied
to determine dpt, A=03cm, A;=2cm, z=50 cm,
SNR=10dB, andn=7
Source: created by the authors

Table 5. A minimum separation (d,;) between FFT
and R-MUSIC with A =03 cm, A;=2 cm, and n =7

Parameters A
FFT R-MUSIC
Pb, = Zsclilnl’{Z:SSc?ch’ and | 01 em 0.81 cm
R RET R
P, = Zsclilnl’{Z:;c?ch’ and | 31 om 0.8 cm

Source: created by the authors

Table 6 presents a comparison of the E,, between
the FFT and R-MUSIC methods using a set of
parameters.

Table 6. A percentage error (Ep, ) for FFT and R-
MUSIC method with A=0.3 cm, A;=2 cm, and 1 =

7
Parameters FFT EPE_MUSIC
Po, = 28;11;{ . 052];“1’ and | g 150 | 4.4%
Py, =2 .z :55(;)ch’ and | yo64% | 401%
Py, = ZS;% jg?ﬂgm’ and 1820 | 8.56%
Py, =2 ;;IHRZ: :57(;)ch’ and | sog0, | 1231%

Source: created by the authors

Figure 15 and Figure 16 illustrate the relationship
between d,: and the parameter 1, following the
application of the FFT and R-MUSIC methods for
estimating the positions of two transmitters in a
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noisy environment. The results indicate that an
increase in z leads to a higher value of d;,, for SNR =
10 dB and SNR = 5 dB, respectively. Additionally, a
decrease in SNR causes an increase in dp. Finally, as
1N increases, a gradual decrease in dp is observed.
The results show that the R-MUSIC achieves the
lowest dy value, indicating its high accuracy in

distinguishing between very closely spaced
transmitters.
. FFT and R-MUSIC
— FFT, z=70 (cm)
5] FFT, z =50 (cm)
=3 R-MUSIC, z = 70 (cm)
= R-MUSIC, z = 50 (cm)
£ 2}
|
=
ot

2 4 6 8 10 12 14 16 18 20
No. of antennas

Fig. 15: Relationship between dj,, and n for p,, =2
cm, with py, varied to determine dpt, A=0.3 cm, A

=2 cm, and SNR =10 dB
Source: created by the authors

FFT and R-MUSIC

—~ FFT, z=70 (cm)
é FFT, z =50 (cm)
=3 R-MUSIC, z = 70 (cm)
P R-MUSIC, z = 50 (cm)
g,
£2
By
=
0 i i i i
2 4 6 8 10 12 14 16 18 20

No. of antennas
Fig. 16: Relationship between d,, and n for ps, =2
cm, with py,, varied to determine dp, , A = 0.3 cm, A

=2 cm, and SNR =5 dB
Source: created by the authors

Figure 17 and Figure 18 illustrate the
relationship between E,i and the parameter 1 after
applying the FFT and R-MUSIC methods to estimate
the positions of two transmitters in a noisy
environment. The findings indicate that decreasing
SNR increases E,b1 for low values of . Moreover, as
n increases, a gradual decrease in Epi is observed.
The R-MUSIC method has a clearly better
achievement for lower values of ).
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FFT and R-MUSIC

40
FFT, z=70 (cm)

;:\, FFT, z =50 (cm)
VE 30 V| ——— R-MUSIC, z = 70 (cm)
o N | me——— R-MUSIC, z = 50 (cm)
E 20
)
E
2 10}
L
-

ol \\'/ \..___a\\—\:'._’{_

> 4 6 8 10 12 14 16 18 20
No. of antennas
Fig. 17: Relationship between pr1 and n for pp, =
2 cm, with py,, varied to determine dpt, A =0.3 cm,

A¢=2 cm, and SNR =10 dB
Source: created by the authors

FFT and R-MUSIC

50
FFT, z= 70 (cm)
= 0l FFT, z = 50 (¢cm)
=1l | ——— R-MUSIC, z = 70 (cm)
:Qw ----- R-MUSIC, z = 50 (cm)
E
gﬁ 20
5 10t ;
e TN - N SR
N
| NN RN e

2 4 6 8 10 12 14 16 18 20
No. of antennas

Fig. 18: Relationship between pr1 and n for pp, =

2 cm, with py, varied to determine dp, , A = 0.3 cm,
Air=2 cm, and SNR =5 dB

Source: created by the authors

Pt

4 Conclusion

In this paper, the performance of the modern high-
resolution method, also called the super-resolution
method (Root-MUSIC), was studied and compared
with the classical method (FFT) for estimating the
position of one and two transmitters relative to a
reference point, both in the presence and absence of
noise. Several parameters were used to study their
effect on the performance of the mentioned
methods, namely, poi, pv2, Z, and 1. In addition, both

dp, which represents the smallest separation
between the transmitters that the method
distinguishes between and determines their

positions, and E,,, which represents the error in
transmitter position estimation, were calculated.

The FFT method is characterized by its
simplicity; however, it suffers from poor accuracy in
the transmitter’s position estimation, especially
when the transmitters are very close to each other. It
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also exhibits high SL levels and has a wide peak. On
the other hand, the modern method (Root-MUSIC)
is distinguished by its high accuracy in estimating
transmitter positions even when they are close to
each other, with no SL levels. Although this method
involves more computational complexity, this does
not pose a significant challenge due to the speed and
advancement of modern computers.

The simulation results, in the absence of noise,
showed that the R-MUSIC method is the most
accurate in estimating transmitters’ positions,
achieving the lowest Ep, value of 0% and the
smallest d,, with values very close to zero. In
contrast, the highest values of E,, and d, were
recorded using the FFT method.

In the presence of noise, the R-MUSIC method
also outperformed the FFT for different parameters.
Hence, the R-MUSIC method showed higher
achievement than the FFT method.

The contribution of the work is to deal with high-
frequency signals (75 - 100 GHz) and the modeling
of the transmitters' positioning problem for the R-
MUSIC method. Also, the errors (Ep, dp) are
decreased as the distance of the first (nearest)
transmitter from the reference axis increases.

The transmitters' positioning estimation problem
could be applied to problems of mobile devices'
positioning with respect to some reference axis, and
also to the civil rescue problem.
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